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INTRODUCTION 

The  high  fidelity  simulation  COMLNK  [ Bogusch ,  1989,  1990,  1996;  Bogusch 
and  Michelet,  1993]  is  intended  to  facilitate  the  design,  development,  specification, 
testing,  and  evaluation  of  digital  communications  links  operating  in  fading  channels. 

For  example,  COMLNK  allows  the  link  designer  to  quickly  evaluate  the  relative  merits 
of  various  signal  processing  algorithms  or  tracking  loop  parameters  or  many  of  the 
myriad  design  details  in  modem  digital  modems.  Accuracy  is  very  important  because 
selection  of  the  best  algorithm  for  a  particular  function  may  be  based  on  slight  differ¬ 
ences,  sometimes  a  fraction  of  a  decibel,  in  performance. 

During  the  hardware  development  process,  implementation  choices  can  be  evalu¬ 
ated  with  COMLNK.  For  example,  the  difference  in  the  performance  of  a  Viterbi  de¬ 
coder  using  three  or  four  bits  of  soft  decision  amplitude  information  can  be  measured 
with  the  code.  Another  issue  that  faces  the  hardware  designer  is  the  following:  Given 
an  input  signal-to-noise  ratio,  does  the  design  meet  its  performance  requirements?  Here 
a  fraction  of  a  decibel  can  make  the  difference  between  a  design  that  is  acceptable  and 
one  that  requires  further  refinement. 

The  development  of  link  specifications  is  another  area  where  accuracy  is  criti¬ 
cally  important.  Real  hardware  has  real  implementation  losses.  If  such  losses  are  inac¬ 
curately  specified,  two  things  can  happen  and  both  can  be  bad.  If  the  specified  loss  is 
too  large,  a  sloppy  design  that  wastes  precious  power  resources  may  result.  If  the 
specified  loss  is  too  small,  the  design  may  either  be  more  expensive  than  necessary  or 
simply  may  not  be  possible  with  existing  technology. 

Hardware  testing  is  yet  another  application  of  simulation  results  where  accuracy 
is  very  important.  When  wiring  together  a  complex  communications  system  and  test 
equipment  to  measure  link  performance  in  fading  channels,  any  number  of  things  can 
be  wrong.  Thus  the  prudent  tester  often  will  use  simulation  results  as  the  “truth” 
against  which  the  efficacy  of  test  results  is  determined.  If  the  “truth”  is  in  error,  then 
good  test  results  can  be  rejected  because  they  vary  too  much  from  expected  results. 

Eventually,  a  good  hardware  test  engineer  will  get  valid  results  whether  or  not 
he  or  she  has  accurate  predictions  of  performance.  However,  there  are  inherent  limita¬ 
tions  of  such  tests  because  of  real  limitations  in  hardware  channel  simulators.  Gener¬ 
ally,  one  cannot  test  a  communications  link  over  all  possible  variations  in  the  fading 
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channel.  When  such  limitations  occur,  the  comparison  of  hardware  test  results  and 
simulation  results  for  the  channels  that  can  be  tested  is  a  practical  method  of  validating 
the  simulation,  provided  the  two  results  agree  to  within  an  acceptable  margin. 

Once  validated  against  test  data  (or  theoretical  performance  curves  when  test 
data  are  not  available),  the  simulation  can  then  be  used  confidently  to  measure  link  per¬ 
formance  under  channel  conditions  that  cannot  be  tested  or  to  evaluate  the  performance 
of  similar  communications  links.  Indeed,  a  simulation  may  be  the  only  way  to  under¬ 
stand  and  mitigate  link  disruptions  that  occur  infrequently  in  the  actual  operating  envi¬ 
ronment.  The  key  to  using  the  simulation  with  confidence  for  any  of  these  purposes  is 
accuracy. 

The  COMLNK  code  has  been  designed  from  the  beginning  to  do  two  things  well. 
First,  it  is  designed  to  be  as  accurate  as  possible,  and  second,  it  is  designed  to  be  as  fast 
as  possible.  Sometimes  these  two  goals  conflict,  particularly  in  the  simulation  of  the 
fading  channel.  An  example  is  the  number  of  delay  samples  that  defines  the  tap  spacing 
in  a  frequency  selective  fading  channel  simulator.  COMLNK  uses  two  delay  samples 
per  modulation  period.  Our  validation  results  show  that  this  choice  may  be  too  coarse 
for  some  applications,  and  the  number  may  become  a  user  input  in  the  future.  How¬ 
ever,  it  may  not  be  desirable  to  increase  the  number  of  delay  samples  in  all  cases.  For 
example,  hardware  channel  simulators  also  employ  sampled  channels,  and  one  would 
like  the  software  and  hardware  to  exhibit  similar  fidelity. 

The  purpose  of  this  work  is  to  assess  the  accuracy  of  COMLNK  in  performing 
the  most  basic  of  communications  link  functions — demodulating  the  received  signal.  It 
is  in  the  simulation  of  the  demodulator  that  additive  white  Gaussian  noise  (AWGN),  the 
transmitted  modulation,  and  the  fading  channel  come  together  when  constructing  the 
received  signal. 

To  assess  the  accuracy  of  COMLNK  we  found  that  simple  “textbook”  error  rate 
curves  for  demodulation  performance  are  inadequate  because,  in  general,  they  do  not 
include  fast  fading  or  frequency  selective  fading  effects  nor  do  they  include  the  effects 
of  carrier  tracking.  Furthermore,  such  curves  do  not  address  channel  delay  sampling, 
and  channel  sampling  is  the  primary  source  of  the  differences  we  observed  between 
theoretical  and  simulated  demodulation  performance. 

Thus  much  of  the  theoretical  work  on  demodulation  performance  in  fading 
channels  reported  here  is  new  and  is  not  yet  in  the  literature.  A  notable  exception  is  the 
work  of  Bello  and  Nelin  [1962a,  1962b,  1963],  now  over  35  years  old,  which  develops 
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the  performance  of  differentially  coherent  phase-shift  keying  (DPSK)  and  binary  fre¬ 
quency-shift  keying  (BFSK)  in  fast  or  frequency  selective  fading  channels.  However 
their  results  do  not  include  the  fading  spectra  that  represent  the  transionospheric 
propagation  channel  and  do  not  include  delay  sampling  effects. 

The  new  analytic  delay  error  and  demodulation  error  rate  results  in  this  report, 
that  to  our  knowledge  have  not  yet  been  reported  in  the  literature  with  the  exception  of 
ideal  delay  tracking  results  [Dana,  Bogusch,  and  Milner,  1995],  include: 

•  Ideal  direct  sequence  spread  spectrum  (DS/SS)  delay  offset  and  code  correlator 
loss  in  continuous  and  sampled  frequency  selective  fading 

•  Ideal  delay  offset  for  DPSK  without  an  underlying  spread  spectrum  code  in  fre¬ 
quency  selective  fading 

•  DPSK  demodulation  error  rate  in  fast,  frequency  selective  fading  with  sampled 
and  continuous  channels 

•  DPSK  demodulation  error  rates  in  slow  fading  with  two-  and  three-channel  di¬ 
versity  combining 

•  M- ary  FSK  demodulation  error  rates  in  fast,  transionospheric  fading  excluding 
tone  filter  cross  correlation 

•  Ideal  delay  offset  for  M-ary  FSK  with  and  without  hopping  in  frequency  selective 
fading 

•  BFSK  demodulation  error  rates  with  hopping  in  slow,  frequency  selective  fading 
with  sampled  and  continuous  channels  and  ideal  delay  offset 

•  BFSK  demodulation  error  rates  with  hopping  in  fast,  frequency  selective  fading 
with  sampled  and  continuous  channels 

•  BFSK  demodulation  error  rates  without  hopping  in  slow,  frequency  selective 
fading  with  sampled  and  continuous  channels 

These  theoretical  delay  offsets  and  demodulation  error  rates  are  discussed  in  the  ap¬ 
pendices  to  this  report.  Our  goal  in  outlining  the  often  tedious  mathematics  is  to  allow 
-  the  interested  reader  to  follow  the  theoretical  developments  and  use  the  results  for 
simulation  validation  or  for  use  in  analytic  models  of  communication  links. 

While  the  initial  purpose  of  developing  these  analytic  results  was  COMLNK 
validation,  in  the  process  we  learned  a  great  deal  about  the  simulation  of  fading  chan- 
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nels  that  we  probably  would  not  have  known  without  the  theory  together  with  the 
simulation.  Much  of  this  understanding  is  related  to  the  effects  of  delay  sampling  of  the 
channel.  But  we  also  investigated  the  effects  of  temporal  sampling  of  the  channel  and 
verified  that  time  sampling  in  COMLNK  accurately  represents  the  effects  of  the  chan¬ 
nel  Doppler  frequency  spectrum  on  the  demodulation  process. 

A  natural  question  is  why  not  extend  this  work  to  include  other  processes  within 
a  communications  link.  One  part  of  the  answer  is  that  many  of  the  other  processes  are 
highly  nonlinear  and  not  amenable  to  analytic  solution.  The  other  reason  is  that  it  is  not 
really  necessary  because  most  of  the  other  processes  are  emulated,  rather  than  simu¬ 
lated,  using  the  same  algorithms  as  in  a  microprocessor-based  receiver. 

An  example  of  a  complex  link,  taken  from  a  COMLNK  display,  is  shown  in 
Figure  1-1.  This  link  includes  cyclic  redundancy  check  (CRC)  error  detection  encod¬ 
ing,  convolutional  encoding  for  error  correction,  a  convolutional  interleaver  (IL),  bi¬ 
nary  to  M- ary  conversion,  a  chip  repeater,  synchronization  multiplexer,  frequency 
hopping,  and  frequency-shift  keying  (FH/FSK)  modulation  at  the  data  source.  There  is 
then  an  uplink  channel  to  a  processing  satellite,  for  example,  where  the  received  signal 
is  demodulated  and  converted  back  to  bits  so  it  can  be  combined  with  data  from  other 
satellite  users.  Then  the  satellite  data  are  converted  back  to  M-ary  and  again  FH/FSK 
modulated  and  sent  over  a  downlink  channel  to  the  receiver.  Here  all  the  signal  proc¬ 
essing  functions  performed  at  the  transmitter  are  undone  to  form  the  received  message. 


Figure  1-1.  Example  complex  communications  system  simulated  with  COMLNK. 
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In  a  modem  digital  communications  system  the  only  analog  parts  are  the  modu¬ 
lator,  the  channel,  and  the  demodulator.  Indeed,  even  the  demodulation  process  is  often 
performed  using  digital  samples  out  of  an  analog-to-digital  (A/D)  converter.  Thus  the 
only  simulation  in  COMLNK  is  in  the  generation  of  the  A/D  samples.  After  this  point, 
the  receiver  is  digital  and  COMLNK  is  an  emulation  of  the  digital  signal  processing 
that  occurs.  Validation  of  the  digital  signal  processing  within  COMLNK  is  done  by 
comparing  bit  by  bit  and  sample  by  sample  the  processing  with  the  digital  signal  proc¬ 
essing  algorithms  within  actual  receivers. 

Most  of  the  signal  processing  is  highly  nonlinear  and  defies  analytic  analysis  that 
is  possible  for  demodulation.  Whenever  possible,  results  from  COMLNK  are  compared 
with  analytic  theory,  results  from  other  simulations,  and  test  results.  This  is  an  ongoing 
validation  effort. 

Although  in  this  report  we  consider  only  the  output  of  a  demodulator  after  a 
communications  signal  has  propagated  once  through  a  fading  channel,  we  believe  that 
this  is  sufficient  to  validate  the  modulation,  demodulation,  channel  model,  and  AWGN 
generation  processes  within  COMLNK.  Indeed,  a  good  comparison  of  the  simulated 
demodulation  error  rate  with  theory  validates  a  number  of  other  related  processes,  as 
indicated  in  Figure  1-2  which  shows  a  FH/FSK  demodulator  in  more  detail.  This  block 
diagram  shows  the  tracking  loops  necessary  for  data  demodulation,  including  automatic 
gain  control  (AGC),  delay-lock  loop  (DLL),  and  automatic  frequency  control  (AFC). 

A  major  result  of  this  work  is  that  COMLNK  does  indeed  accurately  demodulate 
DPSK  and  M- ary  FSK  signals  in  fast,  frequency  selective  fading  channels.  The  differ¬ 
ences  we  observe  between  ideal  performance,  as  defined  by  the  analytic  results,  and 
COMLNK  results  are  the  result  of  channel  model  sampling.  When  we  then  compare 
COMLNK  results  with  ideal  performance  that  includes  sampling,  we  get  excellent 
agreement. 

To  demonstrate  the  validation  process  and  to  provide  the  interested  reader  with 
useful  theoretical  results,  this  report  is  organized  as  follows.  First,  we  outline  in  Sec¬ 
tion  2  the  time  and  frequency  selective  fading  channel  model  used  in  COMLNK  and  in 
our  theoretical  developments.  This  model  is  based  on  official  Defense  Special  Weapons 
Agency  (DSWA)  transionospheric  channel  models  with  the  turbulent  approximation  to 
separate  time  and  frequency  selective  fading  effects. 
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Figure  1-2.  Example  frequency  hopped,  frequency-shift  keying  (FH/FSK)  receiver. 


In  Sections  3  and  4  we  compare  COMLNK  delay  tracking  and  demodulation  er¬ 
ror  rate  results,  respectively,  with  theory  for  all  of  cases  listed  above.  These  two 
chapters  contain  all  the  COMLNK  validation  results  in  this  report.  The  rest  is  analysis. 

Theoretical  developments  are  reported  in  appendices  for  interested  readers.  Ap¬ 
pendix  A,  included  primarily  for  completeness,  contains  a  brief  discussion  of  coherent 
PSK  demodulation.  This  modulation  format  generally  performs  poorly  in  fading  chan¬ 
nels  and  is  a  poor  choice  for  analytic  validation  because  its  performance  is  dependent 
on  that  of  a  highly  nonlinear  phase-lock  loop  (PLL).  The  PLL  cannot  be  treated  ana¬ 
lytically,  although  it  is  readily  handled  in  a  simulation. 

In  Appendix  B  we  discuss  DPSK  performance  with  an  underlying  pseudonoise 
(PN)  code  in  fast,  frequency  selective  fading  channels.  This  appendix  is  a  summary  of 
work  reported  earlier  [Dana,  1995c],  and  includes  delay  offset  and  code  correlator  loss 
for  continuous  and  sampled  channel  impulse  response  functions  (CIRFs).  The  perform¬ 
ance  of  DPSK  without  an  underlying  PN  code  in  fast,  frequency  selective  fading  with 
sampled  and  continuous  CIRFs  is  developed  in  Appendix  C.  This  work,  to  our  knowl¬ 
edge,  is  new.  A  short  derivation  of  the  basic  demodulation  error  rate  formula  for 
DPSK  and  BFSK  is  given  in  Appendix  D.  A  new  calculation  of  the  DPSK  demodulation 
error  rate  with  diversity  combining  in  slow  fading  channels  is  reported  in  Appendix  E. 

Approximate  (upper  bound)  expressions  for  the  demodulation  performance  of 
M- ary  FSK  in  fast,  flat  Rayleigh  fading  are  derived  in  Appendix  F.  Because  M-ary 
FSK  demodulators  are  often  implemented  using  discrete  Fourier  transforms  (DFTs), 
the  effects  of  time  sampling  are  also  considered.  The  question  investigated  here  is 
whether  or  not  the  sampling  is  sufficient  to  capture  the  full  Doppler  frequency  spec¬ 
trum  of  the  fading  channel  and  what  effect,  if  any,  time  sampling  has  on  demodulation 
performance  relative  to  that  possible  with  analog  demodulation  ( i.e .,  using  continuous 
Fourier  transforms).  The  final  two  Appendices,  G  and  H,  cover  BFSK  performance, 
with  and  without  frequency  hopping,  respectively,  in  frequency  selective  fading.  These 
calculations  are  sufficiently  complex  that  we  have  not  attempted  to  extend  them  to 
M- ary  FSK,  although  such  extensions  are  possible  in  principle.  To  our  knowledge,  all 
of  these  FSK  results  are  essentially  new  and  have  not  been  published  elsewhere. 
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SECTION  2 


THE  FADING  RADIO  CHANNEL 

Scintillation  of  radio  frequency  signals  propagating  through  the  ionosphere  or 
the  troposphere  arises  from  random  variations  in  the  index  of  refraction.  Tropospheric 
index  of  refraction  variations  result  from  atmospheric  turbulence,  rain,  or  dust.  Iono¬ 
spheric  index  of  refraction  variations  result  from  ionization  irregularities  produced  by 
plasma  instabilities,  which  cause  the  ionization  to  form  long  filaments,  or  striations, 
aligned  with  the  earth’s  magnetic  field.  One  can  visualize  such  striations  as  long  sheets 
or  rods  of  relatively  high  electron  density  embedded  in  a  background  of  lower  electron 
density,  as  shown  schematically  in  Figure  2-1  [Bogusch,  et  al.,  1981]. 

Consider  for  a  moment  an  unmodulated  wave  traversing  a  region  of  random 
fluctuations  in  the  index  of  refraction.  The  wave  first  suffers  random  phase  perturba¬ 
tions  due  to  the  variations  in  phase  velocity.  As  the  wave  propagates  farther,  diffractive 
effects  introduce  fluctuations  in  amplitude  as  well  as  phase,  resulting  in  undesired  com¬ 
plex  modulation  of  the  carrier. 

In  the  ionosphere,  the  index  of  refraction  and  phase  velocity  depend  on  the  fre¬ 
quency  of  the  propagating  electromagnetic  wave.  A  communications  or  radar  signal 
encompasses  a  spectrum  of  frequencies  because  of  the  transmitted  modulation.  The  fre¬ 
quency-dependent  index  of  refraction  causes  each  spectral  component  of  the  signal  to 
experience  different  phase  and  amplitude  scintillation  when  propagating  along  a  tran- 
sionospheric  path.  If  the  resulting  differences  are  minor  ( i.e .,  if  the  scintillations  are 
highly  correlated  across  the  signal  bandwidth),  the  propagation  channel  is  said  to  be 
non-frequency  selective,  or  flat  fading.  When  significant  statistical  decorrelation  is  ob¬ 
served  across  the  signal  bandwidth,  the  channel  is  said  to  be  frequency  selective. 

Radio  wave  propagation  through  regions  of  index  of  refraction  fluctuations  has 
been  studied  for  many  years  by  numerous  researchers.  An  extensive  body  of  data  has 
been  accumulated  from  a  variety  of  field  experiments.  Recordings  of  signal  amplitude 
and  phase  scintillation  have  been  made  in  the  natural  equatorial  and  polar  regions  of 
the  earth’s  ionosphere  [e.g.,  Fremouw,  et  al. ,  1978],  and  in  experiments  involving  the 
release  of  barium  chemical  compounds  at  high  altitudes  [e.g.,  Davis,  et  al.,  1974;  Wol¬ 
cott,  et  al.,  1978].  The  various  data  have  been  subjected  to  considerable  analysis  to  de¬ 
termine  the  statistical  characteristics  of  scintillation  [e.g.,  Dana,  1992b;  De  Raad  and 
Grover ,  1990;  Fremouw,  Livingston,  and  Miller,  1980;  Whitney,  et  al.,  1972], 
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Figure  2-1.  Propagation  through  a  striated  ionosphere. 


The  resulting  distributions  of  signal  amplitude  and  phase  are  described  by  the 
first-order  scintillation  statistics.  Temporal,  spatial,  and  spectral  correlation  properties 
are  described  by  the  second-order  statistics. 

2.1  FLAT  FADING  CHANNELS. 

As  noted  above,  when  the  random  fluctuations  of  each  spectral  component  of  the 
received  signal  exhibit  essentially  identical  behavior  in  time,  scintillation  is  said  to  be 
flat  or  non-selective  over  the  signal  bandwidth.  Note  that,  in  this  context,  the  term  non- 
selective  refers  to  frequency  selectivity  only.  Fading  channels  always  exhibit  time 
variation,  which  is  sometimes  called  time  selectivity. 

Flat  fading  is  often  a  good  approximation  in  cases  where  the  signal  modulation 
bandwidth  is  small,  or  where  index  of  refraction  fluctuations  are  weak.  A  monochro¬ 
matic  (CW)  signal  is  a  clear  example  of  a  situation  where  the  channel  is  flat  or  non- 
selective.  In  flat  fading  conditions,  the  effect  of  the  propagation  channel  can  be  repre¬ 
sented  mathematically  by  a  complex  multiplicative  factor  on  the  transmitted  signal. 
Thus,  if  the  real  transmitted  signal  is  written  as 


ST(t)  =  Re[w(r)exp(ycocf)} 

where  m{t)  is  the  transmitted  modulation,  coc  is  the  carrier  angular  frequency,  and 
Re(  )  denotes  the  real  part  of  the  argument,  then  the  received  signal  in  a  flat  fading 
channel  can  be  written  as 

SR(t)  =  r  Re{<2(t)m(t)exp[j9(r)  +  ycocr]}  (2.1) 

where  r  is  the  nominal  received  signal  amplitude  (i.e.,  the  received  signal  amplitude  in 
the  absence  of  fading),  a(t)  is  the  time-varying  amplitude  modulation  imposed  by  the 
propagation  channel,  and  0(f)  is  the  corresponding  channel-imposed  phase  modulation. 
The  in-phase  (7)  and  quadrature-phase  ( Q )  components  of  the  channel  modulation  are 
«(f )  cos  [0(f)]  and  a(r)sin[0(?)],  respectively.  The  first-order  statistics  of  the  fading 
channel  therefore  can  be  defined  either  in  terms  of  the  amplitude  and  phase  fluctua¬ 
tions,  or  in  terms  of  the  in-phase  and  quadrature  components. 

2.1.1  First-Order  Statistics. 

Statistical  analysis  of  experimental  and  theoretical  results,  encompassing  many 
measurements  and  calculations,  reveal  than  when  scintillation  is  intense  or  fully  devel¬ 
oped,  the  random  signal  amplitude  is  Rayleigh  distributed,  and  the  random  channel 
phase  is  uniformly  distributed  over  27t  radians.  Thus  in  a  Rayleigh  fading  channel,  the 
phase  function  0  is  uniformly  distributed  over  the  interval  [0,  2k],  and  the  amplitude 
function  a  is  described  by  the  Rayleigh  probability  density  function: 

fRay(°)  =  ^TeXP 

where  a2  is  the  variance  of  each  of  the  in-phase  and  quadrature-phase  components  of 
the  scattered  signal  voltage.  In  terms  of  received  signal  power  S  -  a  ,  the  value  of  a 
is  equal  to  one-half  the  mean  power,  and  the  Rayleigh  distribution  becomes 

-f«p[-SA>]  s> o  , 

where  S0  =  2  a2  is  the  mean  fading  signal  power.  [The  quantity  S0  is  often  set  to  unity 
so  that  amplitude  r  in  Equation  (2.1)  is  determined  by  the  signal-to-noise  ratio  of  the 
received  signal.]  The  cumulative  distribution  of  the  fading  signal  power  S  in  a  Rayleigh 
fading  channel  is  then 


a 


2a" 


a> 0  , 
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W«  =  J/s„/y)fiS'  =  l-exp[-S/S0]  S>0  . 

0 

This  cumulative  distribution  is  plotted  in  Figure  2-2.  It  is  seen  that  in  a  Rayleigh 
fading  channel,  the  received  signal  exhibits  fades  below  10  dB  about  10  percent  of  the 
time,  below  20  dB  one  percent  of  the  time,  and  below  30  dB  one-tenth  of  one  percent 
on  the  time. 

This  strong  scattering  limit  can  also  be  obtained  by  applying  the  central  limit 
theorem  to  the  superposition  of  many  randomly  scattered  waves.  The  /  and  Q  compo¬ 
nents  of  the  resulting  electric  field  are  found  to  be  zero-mean  Gaussian  random  vari¬ 
ables,  statistically  independent,  with  equal  variances  of  one-half  the  mean  signal  power. 
These  conditions  are  both  necessary  and  sufficient  for  Rayleigh  statistics,  which  de¬ 
scribe  the  envelope  of  a  narrowband  Gaussian  noise  process.  Thus,  when  scintillation 
has  saturated  at  a  Rayleigh  fading  condition,  the  first-order  signal  statistics  are  the 
same  as  those  for  narrowband  Gaussian  noise. 


Figure  2-2.  Cumulative  distribution  of  received  signal  power  in  Rayleigh  fading 
channels. 
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One  measure  of  the  intensity  of  scintillation  is  the  scintillation  index,  S4,  which  is 
the  normalized  standard  deviation  of  signal  power.  In  terms  of  the  signal  voltage  a  or 
the  fading  power  S,  the  scintillation  index  is  defined  as 

'  i  i 


S4  = 


V>-(«2)2' 

2 

~(s2)-sf 

(a2? 

C 2 

L  J 

where  angular  brackets  denote  ensemble  averages. 

In  intense  scintillation  conditions  the  value  of  S4  saturates  at  unity,  which  is  a 
necessary  (but  not  sufficient)  condition  for  Rayleigh  statistics'.  The  value  of  S4  is  zero 
in  the  case  of  no  fading.  Values  of  S4  between  zero  and  unity  correspond  to  relatively 
weak  scattering  conditions  where  signal  fading  is  less  severe  than  Rayleigh.  Values  of 
S4  somewhat  greater  than  unity  are  occasionally  measured;  such  values  are  associated 
with  focusing  effects  that  often  accompany  multipath  conditions. 

When  the  scintillation  is  not  intense  or  fully  developed,  the  first-order  statistics 
are  not  neatly  described  by  a  single  mathematical  expression,  as  is  the  case  for  Rayleigh 
fading.  However,  two  distributions  that  describe  the  amplitude  fading  statistics  of  non- 
Rayleigh  fading  are  in  common  use.  These  are  the  Nakagami-m  [Nakagami,  1960]  and 
Rician  [Rice,  1948]  distributions. 


There  is  some  evidence  that  the  Rician  distribution  represents  a  reasonable 
worst-case  distribution  for  non-Rayleigh  fading  [De  Raad  and  Grover,  1990;  Dana, 
1992b].  This  distribution  has  the  added  advantage  of  being  as  easily  implemented  in  a 
channel  model  as  is  Rayleigh  fading  since  a  Rician  distributed  random  process  can  be 
obtained  by  adding  a  constant  component  to  a  Rayleigh  distributed  process. 


The  Rician  probability  density  function  for  the  fading  power  S  is 


fmceiS) 


1 

- exp 

s0a-R)  F 


s/sq  +  r~ 

1  -R  . 


*0 


2-^RS  /  S0  " 

.  1  -R  .  ’ 


(2.2a) 


where  Z0(  )  is  the  modified  Bessel  function,  and  R  is  the  “Rician  index,”  which  is  de¬ 
fined  as 


1  Sufficient  conditions  for  Rayleigh  fading  are  that  the  in-phase  and  quadrature-phase  components  of  the 
signal  be  independent,  zero-mean,  Gaussian  random  processes  with  equal  variance. 
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(2.2b) 


R  =  -Jl^sJ 


The  cumulative  distribution  of  the  Rician  fading  power  is 


FRice(S)  =  l-Q 


V2R  J2  STSp 

vt zrR'  vr 


where  Marcum’s  Q  function  [ Marcum ,  1960]  is 

oo 

Q{a,b)=  Jxexp[-^(x2  +  a2)]l0(ax)dx  . 
b 

The  Rician  cumulative  distribution  is  plotted  in  Figure  2-3  for  a  few  values  of 
the  scintillation  index.  The  Rician  distribution  is  Rayleigh  when  S4  is  unity  and  R  is 
zero.  Note  that  RS0  is  the  mean  power  in  the  constant  component  of  S,  and  (1  -  R)S0  is 
the  mean  power  of  the  fluctuating  part  of  S. 


2.1.2  Second-Order  Statistics. 

Relative  motion  between  the  propagation  path  and  scattering  region,  due  to 
movement  of  the  path  or  scattering  region  or  both,  causes  the  signal  propagation  chan¬ 
nel  to  vary  with  time.  The  resulting  time-varying  amplitude  and  phase  modulation  im¬ 
posed  by  the  channel  is  sometimes  referred  to  as  time- selective  fading.  The  rate  at 
which  the  signal  amplitude  and  phase  vary  with  time  can  range  from  very  slow  to  quite 
fast.  The  fading  rate  is  a  function  of  the  relative  path  velocity,  intensity  of  the  scatter¬ 
ing  irregularity  structure,  and  wave  frequency.  A  precise  measure  of  the  fading  rate  is 
provided  by  the  signal  decorrelation  time,  which  is  a  parameter  involved  in  the  second- 
order  statistics. 

The  signal  decorrelation  time  is  denoted  by  t0  and  is  defined  as  the  He  point  on 
the  time  autocorrelation  function  of  the  fluctuating  part  of  complex  channel  modula¬ 
tion.  Writing  the  complex  modulation  as 

E(t)  =  E0  +  a(t )  exp  [jQ(t)]  , 

where  E0  is  a  constant  component  (E(J  is  zero  for  Rayleigh  fading),  the  autocovariance 
function2  is  defined  by 


2 

The  time  autocovariance  function  is  equal  to  the  time  autocorrelation  function  for  Rayleigh  fading  where 
the  constant  component  E$  of  E(t)  is  zero. 
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Relative  Fading  Power,  S/S0  (dB) 


Figure  2-3.  Cumulative  distribution  of  received  signal  power  in  a  Rician  fading 
channel. 


C(T)  =  ({E(t)-E0]*[E(t  +  T)-EQ]}  , 

where  the  asterisk  denotes  complex  conjugation.  The  autocorrelation  function  of  the 
fluctuating  part  of  E(t)  is 

p(t)  =  C(x)/C(0)  , 

and  the  decorrelation  time  is  defined  as  p(t0)  =  He. 

Because  small  values  of  x0  correspond  to  fast  fading  while  large  values  corre¬ 
spond  to  slow  fading,  the  decorrelation  time  is  an  inverse  measure  of  the  fading  rate. 
Thus  the  fading  rate  can  be  defined  as  l/x0 .  Another  measure  of  fading  rate  that  is  in 
use,  particularly  in  the  HF  community,  is  the  Doppler  spread.  In  this  context,  Doppler 
spread  refers  to  the  spectral  spreading  of  the  signal  resulting  from  the  time  variation  of 
the  undesired  amplitude  and  phase  modulation  imposed  by  the  propagation  channel. 

The  more  rapid  the  scintillation,  the  greater  the  Doppler  spread.  Thus,  small  values  of 
T0  correspond  to  large  values  of  Doppler  spread,  and  conversely.  Doppler  spread  is  de- 
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fined  by  the  bandwidth  of  the  signal  scintillation  Doppler  frequency  power  spectrum 
SD((0D)>  which  is  the  Fourier  transform  of  the  autocorrelation  function: 

o© 

SD( 0>z))=  Jp(x)e~;a)otdx  . 

—CO 

The  Doppler  radian  frequency  co^  is  measured  relative  to  the  signal  carrier  frequency. 

Measurements  of  the  fading  power  spectrum  have  been  made  with  experimental 
data  from  satellite  transmissions  and  with  signal  realizations  from  multiple  phase 
screen  (MPS)  calculations  [Knepp,  1983a].  The  spectrum  has  also  been  investigated 
analytically.  In  slow  fading  conditions  the  spectrum  is  generally  found  to  exhibit  a 
power-law  dependence  on  Doppler  frequency,  with  an  f4  dependence  being  repre¬ 
sentative  of  the  observed  spectra.  In  fast  fading  conditions  the  fall-off  with  Doppler 
frequency  is  more  rapid,  limiting  to  a  Gaussian  spectrum  when  the  fading  is  quite  fast. 

A  Gaussian  spectrum,  which  is  often  employed  in  analytical  investigations  be¬ 
cause  of  its  mathematical  tractability,  is 

SD(<3D)  =  VrcXo  exp[— —  4 (x0  top)2]  •  (Gaussian  Spectrum)  (2.3) 

The  Fourier  transform  of  a  Gaussian  function  retains  the  Gaussian  form,  and  the  auto¬ 
correlation  function  corresponding  to  Equation  2.2  is  found  to  be 

x2 

p(x)  =  exp  — j  •  (Gaussian  Spectrum) 

L  To  J 

An  /~4  form  for  the  fading  power  spectrum  is  particularly  convenient  for  chan¬ 
nel  simulation  because  it  can  be  synthesized  using  two-pole  filters,  which  are  easily  im¬ 
plemented  in  hardware  or  software.  When  the  two-pole  filters  are  formed  using  pairs 
of  cascaded  single-pole  RC  filters,  the  J-4  spectrum  is  given  by 

SD((0D)  =  - - 4T°/(X4  2  ,  (Z-4  Spectrum)  (2.4) 

[l  +  (x0coD/a4)  J 

where  x0  /a4  is  the  time  constant  of  each  of  the  single-pole  RC  filters.  The  value  of 
a4  is  obtained  from  the  autocorrelation  function,  given  by  the  Fourier  transform  of 
Equation  (2.4): 

/ x  i  a4bh  (  ajxn  , .. _ 
p(x)=  1  +  — 1 — 1  exp - 1 — 1  .  (/  Spectrum) 

V  To  J  To 
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Upon  setting  p(x0) =  1/e  and  solving  the  resulting  equation  numerically,  one  obtains 
a4  =  2.146193  •. 


A  channel  with  a  Gaussian  Doppler  frequency  spectrum  also  can  be  synthesized 
approximately  using  multiple-pole  filters  with  suitable  weights.  However,  Dana  [1994] 
has  shown  that  temporal  statistics  ( i.e .,  the  mean  fade  duration  and  separation)  of  an 
/"6  spectrum  are  a  close  approximation  to  those  of  the  Gaussian  form.  The  f~6  form 
can  be  synthesized  using  three-pole  filters,  and  when  the  three-pole  filters  are  formed 
using  three  cascaded  single-pole  RC  filters  the  resulting  /" 6  spectrum  is 


(/  6  Spectrum) 


(2.5) 


where  again  x0  /  oc6  is  the  time  constant  of  each  of  the  single-pole  RC  filters.  The  value 
of  a6  is  obtained  from  the  autocorrelation  function: 

W2' 


P(x)  = 


1  + 


a*  x 


1 


cux 


lo  J 


exp 


a*  x 


lo  J 


(/  Spectrum) 


Upon  setting  p(x0)  =  He  and  solving  the  resulting  equation  numerically,  one  obtains 
a6  =  2.904630- ••.  The  use  of  multiple,  uncorrelated  f~6  flat  fading  realizations  to 
construct  a  realization  of  the  frequency  selective  channel  impulse  response  function  is 
described  later  in  the  subsection  on  channel  modeling. 

The  /-4  and  /~6  spectra  given  by  Equations  (2.4)  and  (2.5)  fall  off  less  rapidly 
at  high  Doppler  frequencies  than  does  the  Gaussian  spectrum  given  by  Equation  (2.3). 
These  three  Doppler  spectra  are  compared  in  Figure  2-4.  The  greater  high  frequency 
content  of  random  amplitude  and  phase  modulation  makes  the  /~4  spectrum  a  more 
stressing  case  for  most  communications  systems.  Demodulation  and  tracking  functions 
tend  to  degrade  more  rapidly  in  the  presence  of  “noisier”  signal  fluctuations  corre¬ 
sponding  to  this  power-law  spectrum.  The  fact  that  the  f"4  spectrum  represents  a  rea¬ 
sonable  worst  case,  coupled  with  its  ease  of  implementation  in  hardware  and  software, 
has  made  it  the  standard  for  use  in  flat  fading  channel  simulators.  As  can  be  seen  from 
the  figure,  the  f~6  spectrum  lies  between  the  Gaussian  and  Z"4  spectra. 
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Figure  2-4. 


Comparison  of  Gaussian,  /  6  and  Z-4 


fading  signal  power  spectra. 


2.2  FREQUENCY  SELECTIVE  CHANNELS. 

When  the  signal  modulation  bandwidth  is  large  and  the  propagation  channel  is 
highly  disturbed,  frequency  selective  fading  becomes  important.  No  longer  can  the  ef¬ 
fect  of  the  channel  be  represented  by  a  multiplicative  factor  on  the  transmitted  signal. 
Instead,  the  channel  is  represented  by  a  time- varying  linear  filter,  and  the  received  sig¬ 
nal  is  given  by  the  convolution  of  the  transmitted  signal  and  the  channel  impulse  re¬ 
sponse  function: 

SR{t)  =  Re  [«(*)  exp  (-/cocr)] 

oo 

u(t)  =  r\m(t  —  x)h(t,x)d%  ,  (2.6) 

o 

where  r  is  the  amplitude  of  the  received  signal  in  the  absence  of  propagation  effects. 
The  quantity  u(t )  is  the  complex  envelope  of  the  received  signal,  and  h(t,%)  is  the  time- 
varying  impulse  response  function  of  the  propagation  channel.  As  before,  m(t)  is  the 
transmitted  modulation,  and  coc  is  the  carrier  angular  frequency. 
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The  primary  measure  of  the  level  of  frequency  selectivity  is  the  frequency  selec¬ 
tive  bandwidth,  denoted  by  /0.  This  is  another  parameter  involved  in  the  second-order 
signal  statistics.  The  relationship  between  /0  and  the  standard  deviation  of  signal  time 
delay  jitter  aT  arising  from  angular  scattering  is 

^  ~  2%  gt 

The  value  of/0  is  commensurate  with  the  maximum  modulation  rate  that  the 
channel  will  support  with  little  intersymbol  interference.  Small  values  of  /0  therefore 
correspond  to  severe  frequency  selectivity,  while  large  values  are  associated  with  flat 
fading  or  undisturbed  channels.  Depending  on  the  level  of  disturbance  in  the  propaga¬ 
tion  medium,  the  frequency  selective  bandwidth  can  range  from  very  large  to  quite 
small  values. 

Another  measure  of  frequency  selectivity  that  is  in  common  use  is  the  multipath 
delay  spread  of  the  signal.  The  delay  spread  is  related  to  the  angular  scatter-induced 
time  delay  jitter  and  hence  is  inversely  related  to  the  frequency  selective  bandwidth. 
Thus  small  values  of/o  (severe  frequency  selectivity)  correspond  to  large  values  of 
multipath  delay  spread,  and  conversely. 

Determination  of  the  statistical  properties  of  a  frequency  selective  propagation 
channel  encompasses  the  relationship  between  the  statistics  of  the  scattering  region  and 
those  of  the  received  signal.  Significant  progress  has  been  made  in  recent  years  in  ana¬ 
lytically  establishing  this  link  between  environmental  descriptions  and  signal  statistics 
[Knepp,  1983b \  Dana,  1986 \  Dana,  1991], 

As  shown  in  Equation  (2.6),  the  frequency  selective  propagation  channel  is  con¬ 
veniently  represented  in  terms  of  the  time-varying  channel  impulse  response  function 
h(t,x).  An  equivalent  representation  may  be  cast  in  terms  of  the  Fourier  dual,  the  time- 
varying  channel  transfer  function  H(t,  co).  The  former  is  the  channel  response  at  time  t 
to  an  impulse  transmitted  at  t-x.  The  latter  is  the  channel  response  to  a  sinusoidal  ex¬ 
citation  at  frequency  co. 

Propagation  theory  can  be  used  to  compute  specific  realizations  of  the  channel 
impulse  response  function,  but  these  calculations  must  be  performed  numerically.  What 
can  be  obtained  analytically  is  the  statistical  description  of  the  channel  response.  This 
relationship  is  formulated  in  terms  of  the  generalized  power  spectral  density  (GPSD) 
of  the  received  signal. 
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The  derivation  of  the  GPSD  starts  with  Maxwell’s  equations,  from  which  the 
parabolic  wave  equation  is  derived.  A  necessary  condition  for  the  parabolic  wave 
equation  to  be  valid  is  that  the  phase  perturbation  over  a  distance  comparable  to  a 
wavelength  be  small  relative  to  one  radian.  A  sufficient  condition  is  that  the  angular 
deviation  of  the  wave  relative  to  the  principal  propagation  path  be  small  relative  to  one 
radian.  These  conditions  are  generally  satisfied  whenever  attenuation  of  the  propagat¬ 
ing  wave  is  not  significant  in  the  scattering  medium. 

The  parabolic  wave  equation  can  be  solved  to  give  the  received  electric  field  for 
a  specific  distribution  of  the  index  of  refraction.  The  difficulty  lies  in  the  fact  that  the 
index  of  refraction  is  a  random  process,  so  the  received  electric  field  is  also  a  random 
process.  The  parabolic  wave  equation  is  therefore  used  to  derive  an  equation  for  the 
two-time,  two-frequency,  two-position  mutual  coherence  function.  The  solution  of  the 
differential  equation  for  the  mutual  coherence  function  provides  a  description  of  the 
second-order  statistics  of  the  received  electric  field.  The  Fourier  transform  of  the  mu¬ 
tual  coherence  function  is  the  GPSD  of  the  received  signal.  Two  of  the  parameters  in¬ 
volved  in  the  GPSD  are  the  decorrelation  time,  x0,  and  the  frequency  selective  band¬ 
width,  /o. 

The  GPSD  has  a  particularly  simple  form  in  the  limit  that  spatial  and  temporal 
fluctuations  of  the  scintillation  are  decoupled  (the  so  called  turbulent  model).  In  this 
limit,  the  GPSD  can  be  written  as  product  of  the  Doppler  frequency  power  spectrum 
SD((0D)  and  the  power  impulse  response  function  G(x): 

S((HD,x)  =  SD(GiD)G(x)  ,  (2.7) 


where  t  is  the  time  delay.  In  the  limit  that  the  scattering  is  isotropic  about  the  propaga¬ 
tion  direction,  the  power  impulse  response  function  is  exponential: 


G(t)  =  |C0c^  exp(-0)coAt) 


X>0 

X<0 


(2.8) 


where  the  coherence  bandwidth  (ficoh  is  related  to/o: 

®c^=27t/0  . 

The  quantity  G(x)  dx  is  the  mean  signal  power  arriving  in  the  delay  interval  x  to  x  +  dx 
relative  to  the  nominal  propagation  time. 


I 
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The  Fourier  transform  of  the  power  impulse  response  function  is  the  two- 
frequency  mutual  coherence  function,  which  describes  the  correlation  in  the  fading  at 
two  frequencies  in  the  signal  bandwidth: 


r(co)  =  (//*(r,co1)//(r,co2))  =  J  G(x)e~j(m  dx  = 

o 


1 

i+;(A///0) 


where  co  is  the  difference  between  two  radian  frequencies  (00  =  0)]  -  co2),  and 
A/  =  27tco.  As  indicated  in  the  expression  for  r(co),  this  function  is  also  equal  to  the 
expectation  of  the  channel  transfer  function  at  two  frequencies. 

The  fact  that  T(co)  is  complex  indicates  that  there  is  correlation  between  the  real 
part  of  the  channel  impulse  response  function  at  one  frequency  and  the  imaginary  part 
at  another  frequency.  As  a  consequence,  for  example,  the  correlation  in  the  outputs  of 
the  two  binary  frequency-shift  keying  (BFSK)  tone  filters  in  frequency  selective  fading 
is  complex.  A  more  interesting  observation  is  that  the  magnitude  of  r(co), 

1 

Vl  +  (A///0)2  ' 


varies  as  /0  /  A/  for  small  values  of  the  ratio.  Thus  the  fading  measured  at  one  time  on 
two  frequencies  separated  by  /0  or  larger  exhibits  a  higher  degree  of  correlation  than 
does  the  fading  on  one  frequency  measured  at  two  times  separated  by  T0  or  larger. 

In  conjunction  with  Rayleigh  first  order  statistics,  the  GPSD  provides  a  complete 
statistical  description  of  the  frequency  selective  scattering  channel.  Given  values  of  the 
signal  decorrelation  time  and  frequency  selective  bandwidth,  the  GPSD  can  be  used  to 
generate  specific  realizations  of  the  channel  impulse  response  function.  The  channel 
impulse  response  function  then  enables  specific  realizations  of  the  received  signal  to  be 
generated  for  uses  in  analysis  and  testing.  The  procedure  for  simulating  the  channel  is 
described  in  Dana  [1991,  1994]  and  is  summarized  in  Bogusch  and  Michelet  [1993]. 


2.3  CHANNEL  MODELING  TECHNIQUES. 

Design,  testing  and  evaluation  of  digital  communications  and  radar  equipment  in 
fading  channels  are  areas  in  which  there  is  an  increasing  utilization  of  channel  models 
to  simulate  the  effects  of  propagation  disturbances.  The  design  process  is  greatly  fa¬ 
cilitated  and  made  quite  precise  by  the  use  of  software  channel  models  in  conjunction 
with  detailed  computer  simulations  of  the  receivers.  Once  a  design  is  selected,  verifica¬ 
tion  that  it  has  been  properly  translated  into  hardware  relies  heavily  on  hardware 
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channel  models  that  perturb  transmitted  signals  either  at  RF  or  after  downconversion 
to  IF.  Channel  models  have  been  developed  for  both  the  flat  fading  channel  and  the 
frequency  selective  fading  channel,  and  these  models  have  been  implemented  in  soft¬ 
ware  and  in  hardware.  This  subsection  summarizes  two  techniques  that  have  proven 
useful  in  modeling  the  fading  radio  channel. 


2.3.1  Flat  Fading  Channels. 


Simulation  of  flat  fading  channels  is  readily  accomplished  in  either  software  or 
hardware.  The  basis  for  a  flat  fading  channel  simulator  is  the  fact  that  the  effect  of 
non-selective  scintillation  is  to  impose  a  multiplicative  complex  modulation  (amplitude 
and  phase)  on  the  transmitted  signal.  In  other  words,  the  channel  transfer  function  is 
independent  of  frequency  over  the  signal  bandwidth,  and  the  channel  impulse  response 
function  is  a  Dirac  delta  function  in  delay: 


H(r,oo)  =  a(t)eje{t) 
h{t,x)  =  a{t)em  8(t) 


(Flat  Fading) 


With  these  relationships,  it  is  readily  seen  that  the  convolution  in  Equation  (2.6) 
reduces  to  a  multiplication  of  the  transmitted  signal  times  the  complex  modulation 
a(t)e}Q{t\  which  yields  the  expression  for  the  received  signal  given  in  Equation  (2.1). 
When  the  transmitted  data  modulation  is  real,  Equation  (2.1)  can  be  rewritten  as 

SR(t)  =  a{t)m(t) cos [9(0] cos (cocr)- a(t) m(t) sin [9(r)]sin(cocf)  .  (2.9) 

Implicit  in  this  representation  is  the  usual  assumption  that  both  the  data  modulation  and 
the  fading  power  spectra  are  narrowband  with  respect  to  the  carrier  frequency.  Equa¬ 
tion  (2.9)  can  be  rewritten  in  terms  of  two  quadrature  modulating  waveforms: 

SR(t)  =  I(t) [m(f) cos (cocr)]  +  Q(t ) [ m(t ) cos (co ct  +  n/ 2)]  , 

where 

7(r)  =  a(t)  cos  [0(f)] 

Q(t)  =  a(t)  sin  [0(f)] 

These  equations  show  that  the  flat  fading  received  signal  can  be  generated  by 
passing  the  transmitted  signal  through  a  power  splitter,  shifting  the  phase  of  one  of  the 
outputs  by  90  degrees,  and  then  passing  the  signal  and  its  phase-shifted  version  through 
two  product  modulators.  The  quadrature  modulating  waveforms,  I(t)  and  Q(t),  repre- 
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sent  the  fading  channel.  These  waveforms  can  have  any  statistical  descriptions;  hence 
the  simulator  is  not  limited  to  any  particular  type  of  channel  as  long  as  it  can  be  ade¬ 
quately  represented  as  narrowband  and  non-selective  over  the  signal  bandwidth. 

One  way  of  generating  specific  realizations  of  the  quadrature  modulating  wave¬ 
forms,  applicable  to  Rayleigh  or  Rician  fading  channels,  is  to  invoke  the  signal  statisti¬ 
cal  approach.  In  this  case  the  I  and  Q  waveforms  are  each  represented  by  zero-mean 
Gaussian  random  processes,  statistically  independent  of  each  other,  with  equal  vari¬ 
ances.  A  specular  or  constant  component  is  included  for  Rician  channels.  Given  the 
fading  power  spectrum,  white  Gaussian  noise  can  be  appropriately  filtered  to  produce 
the  desired  second-order  statistics  of  the  fluctuating  component. 

The  Z-4  fading  power  spectrum  defined  in  Equation  (2.4)  has  become  the  stan¬ 
dard  for  use  in  ionospheric  flat  fading  simulators,  because  it  represents  a  reasonable 
worst  case  and  is  easily  synthesized  [Wittwer,  1980].  This  spectrum  can  be  realized  by 
passing  white  Gaussian  noise  through  two  cascaded  single-pole  RC  lowpass  filters  in 
each  of  the  two  quadrature  channels.  Figure  2-5  illustrates  the  functional  configuration 
of  the  resulting  channel  simulator.  The  relationship  between  the  time  constant  of  each 
of  the  RC  filters  xRC  and  the  scintillation  decorrelation  time  x0  is  xRC  =  x0  /cc4  [see 
Eqn.  (2.4)],  and  the  relationship  between  the  “Rician  index”  R  and  the  scintillation  in¬ 
dex  S4  is  given  by  Equation  (2.2). 

This  flat  fading  channel  simulator  can  be  implemented  in  software  or  in  analog 
or  digital  hardware3.  In  a  digital  implementation,  the  two  white  Gaussian  noise  sources 
are  simply  two  independent  sequences  from  a  Gaussian  random  number  generator. 
Such  sequences  can  be  easily  generated  using  uniformly  distributed  random  numbers: 

gi  =  -\/-2c»2  ln(Mj)cos(27tw2) 

g2  =  -yj— 2(J2  ln(jq)  sin  (2rt  u2 ) 


3  Care  must  be  exercised  in  a  hardware  implementation  to  ensure  that  no  measurable  amount  of  unmodu¬ 
lated  signal  inadvertently  leaks  through  the  output  in  Rayleigh  fading.  Because  flares  to  nearly  +10  dB 
and  fades  to  below  -30  dB  relative  to  the  mean  signal  level  are  common  in  Rayleigh  fading  channels, 
the  quadrature  modulators  must  operate  over  at  least  a  40-dB  dynamic  range,  and  there  should  be  at 
least  50-dB  of  isolation  between  the  input  and  output  in  Rayleigh  fading  (R  =  0).  If  some  unmodulated 
signal  leaks  through,  the  resulting  specular  component  yields  Rician  fading,  which  may  be  significantly 
less  stressing  than  Rayleigh. 
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Figure  2-5.  Flat  fading  channel  simulator. 


where  u ;  and  u2  are  random  numbers  drawn  from  a  uniform  distribution  over  the  in¬ 
terval  (0,1),  and  g j  and  g2  are  independent,  zero-mean,  Gaussian  random  numbers, 
each  with  variance  a  . 

Each  single-pole  RC  filter  can  be  implemented  digitally  using  the  recursive  rela¬ 
tion 

Kk=rtk-1+Kk  .  (2.10) 

where  t, k  is  the  current  output  of  the  filter,  Clk  is  the  current  input,  and  k  is  the  sam¬ 
pling  index.  The  quantities  a  and  b  are  filter  coefficients,  where  a  is  determined  by  the 
filter  time  constant,  and  b  is  determined  by  the  filter  gain.  When  the  filter  gain  is  set  to 
unity,  the  values  of  a  and  b  are  given  by  [ Bogusch ,  1989] 

a  =  exp(-oc4  A t  /  x0) 


] 


where  At  is  the  sampling  time  interval.  Note  that,  as  in  any  digital  filter  implementa¬ 
tion,  the  sampling  rate  must  be  rapid  enough  to  minimize  spectral  aliasing.  Because  of 
the  stochastic  nature  of  the  fading  channel,  there  is  no  precise  definition  of  the  required 
sampling  rate.  The  sampling  rate  must  be  high  enough  to  ensure  that  the  portion  of  the 
fading  spectrum  that  will  be  aliased  contains  an  insignificant  fraction  of  the  total 
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power.  Experience  has  shown  that  choosing  Ar<x0  / 10  is  usually  sufficient.  To  accu¬ 
rately  represent  the  statistics  of  the  duration  of  fades  to  -30  dB  or  so,  sampling  inter¬ 
vals  Ar<x0/40  are  required  [Dana,  1982;  Dana,  1993]. 

If  the  filter  coefficients  are  held  constant,  the  statistics  of  the  flat  fading  channel 
will  be  stationary.  On  occasion  one  may  wish  to  simulate  a  non-stationary  channel.  This 
can  be  done  by  changing  the  filter  coefficients  sufficiently  slowly  that  the  channel  is 
quasi-stationary  insofar  as  the  sampling  process  is  concerned.  Thus  a  channel  whose 
statistical  properties  change  slowly  compared  to  the  fading  rate  can  be  readily  simu¬ 
lated  by  variation  of  filter  coefficients  in  the  channel  simulator  [Dana,  1994], 

2.3.2  Frequency  Selective  Fading  Channels. 

Simulation  of  frequency  selective  channels  is  straightforward,  albeit  more  com¬ 
plicated  than  flat  fading  channel  simulation.  Two  methods  of  implementing  frequency 
selective  channel  simulators  are  in  use.  These  are  the  Fourier  synthesis  method  (fre¬ 
quency  domain)  and  the  convolution  synthesis  method  (time  domain).  Up  to  now,  the 
choice  between  the  two  methods  has  been  largely  dictated  by  the  selection  of  software 
or  hardware  implementation.  The  Fourier  synthesis  method  has  been  extensively  ap¬ 
plied  in  previous  software  channel  simulations.  The  convolution  synthesis  method  is  • 
used  extensively  in  hardware  channel  simulators.  However,  convolution  synthesis  has 
also  been  implemented  in  software  ( e.g .,  COMLNK),  and  with  modem  digital  signal 
processing  technology  Fourier  synthesis  can  be  implemented  in  hardware. 

The  basis  for  the  Fourier  synthesis  technique  is  provided  by  Equation  (2.6)  with 
the  convolution  rewritten  in  terms  of  the  signal  spectrum  and  channel  transfer  func¬ 
tion: 

SR(t)  =  Re[w(r)e;COcr] 

=  Re[u(r)]cos(o)ct)-Im[w(r)]sin(coct)  ,  (2.11) 

oo 

u(t)  =  —  \M((D)H(t,U))eJ(*'  da 

2ft  _oo 

where  M(co)  is  the  Fourier  transform  of  the  transmitted  modulation  waveform  m(t). 

Once  values  of  the  channel  transfer  function  j Hit,  co)  have  been  computed  at  a  set 
of  discrete  frequencies  within  the  signal  bandwidth,  the  complex  envelope  u(t )  is  com¬ 
puted  from  the  integral  in  Equation  (2.11)  using  a  discrete  Fourier  transform.  The  ex- 
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pression  for  the  received  signal  in  this  equation  shows  that  SR(t )  can  be  generated  us¬ 
ing  the  same  type  of  quadrature  modulator  as  shown  in  Figure  2-5,  except  that  here  the 
/  and  Q  modulating  waveforms  are  given  by  Re[w(t)]  and  Im[w(f)],  respectively. 

The  convolution  synthesis  method  of  simulating  a  frequency  selective  channel  is 
the  time  domain  dual  of  the  Fourier  synthesis  method.  The  convolution  integral  in 
Equation  (2.6)  is  applied  directly  here.  Thus  both  methods  of  synthesizing  a  frequency 
selective  signal  require  an  integration  to  be  performed  at  each  time  that  the  signal  is  to 
be  sampled.  The  Fourier  synthesis  method  implements  the  integration  (Eqn.  2.11)  us¬ 
ing  a  discrete  Fourier  transform.  The  convolution  synthesis  method  implements  the 
integration  (Eqn.  2.6)  using  a  transversal  filter.  Perhaps  the  primary  difference  is  that 
in  the  convolution  synthesis  method  the  transmitted  modulation  waveform  m(t )  is  input 
directly  rather  than  in  spectral  form.  This  is  often  convenient  in  hardware  and  soft¬ 
ware  implementations  of  the  channel  simulator,  and  is  the  reason  for  using  convolution 
synthesis  in  COMLNK. 

A  discrete  version  of  the  convolution  integral  (Eqn.  2.6),  suitable  for  imple¬ 
mentation  in  a  tapped  delay  line  transversal  filter,  is  given  by 

vx-i 

u(t)=  ]T m(t-iAx)h(t,iAx)Ai  ,  (2.12) 

i= o 

where  Nx  is  the  number  of  taps  on  the  delay  line,  and  At  is  the  delay  spacing  between 
each  tap.  The  complex  tap  weights  h(t,i&x)  At  are  given  by  the  sampled  values  of  the 
channel  impulse  response  function  at  delays  /At.  Figure  2-6  illustrates  the  functional 
implementation  of  a  tapped  delay  line  frequency  selective  channel  simulator.  This  con¬ 
figuration  is  implemented  in  hardware  in  the  Defense  Special  Weapons  Agency  Nuclear 
Effects  Link  Simulator  (NELS  II)  [Hsiung,  1997],  which  operates  at  700  MHz  interme¬ 
diate  frequency  (IF)  and  employs  48  taps  on  a  coaxial  tapped  delay  line.  The  tapped 
delay  line  configuration  is  also  implemented  in  software  in  COMLNK.  The  number  of 
taps  used  in  COMLNK  depends  on  the  ratio  of  signal  bandwidth  to  the  channel  fre¬ 
quency  selective  bandwidth. 

With  either  the  tapped  delay  line  or  the  Fourier  synthesis  approach,  samples  of 
the  channel  impulse  response  function  (or  its  Fourier  transform)  must  be  generated  to 
simulate  the  frequency  selective  channel.  This  can  be  accomplished  using  either  the 
MPS  method  or  the  GPSD  statistical  method.  The  latter  approach  is  convenient  in  the 
limit  of  strong  scattering  (Rayleigh  fading). 
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Figure  2-6.  Tapped  delay  line  frequency  selective  channel  simulator. 


Under  strong  scattering  conditions  where  the  GPSD  is  valid,  the  real  and  imagi¬ 
nary  parts  of  the  channel  impulse  response  function  are  independent,  zero-mean,  Gaus¬ 
sian  random  variables.  Specific  realizations  of  the  impulse  response  function  can  be 
generated  using  the  CIRF  [ Wittwer ,  1980]  or  ACIRF  [Dana,  1992a]  codes.  This  ap¬ 
proach  enables  properly  correlated  realizations  of  the  received  signal  to  be  generated  at 
the  outputs  of  multiple  antennas  with  arbitrary  aperture  sizes,  locations,  and  orienta¬ 
tions  with  respect  to  the  scattering  directions. 

A  particularly  simple  special  case  arises  when  one  considers  the  turbulent  model 
with  isotropic  scattering,  a  small  antenna  aperture  (no  spatial  filtering),  and  diffractive 
effects  dominate.  In  this  case,  the  GPSD  takes  the  form  given  in  Equation  (2.7).  Spe¬ 
cific  realizations  of  the  channel  impulse  response  function  are  generated  by  choosing  a 
discrete  delay  grid  defined  by 

T,=i  At  (i  =  0,  1,  2,  •••,  iVT  -1)  . 

The  total  delay  spread  depends  on  the  signal  bandwidth,  determined  by  the 
modulation  period  T,  and  the  channel  bandwidth,  determined  by  the  frequency  selective 
bandwidth /0.  The  delay  spread  is  proportional  to  the  reciprocal  of  the  product  f0T. 

The  delay  spacing  and  the  number  of  delay  samples  needed  to  represent  the  channel  are 
therefore  functions  of  these  parameters.  If  Px  denotes  the  fraction  of  the  total  signal 
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power  that  is  to  be  contained  in  the  delay  grid,  then  integration  of  Equation  (2.8)  yields 
the  following  expression  for  the  number  of  delay  taps,  Nx: 


Nx=  1- 


In(l-A) 

271 /o  At 


(2.13) 


The  mean  signal  power  at  each  tap  is  obtained  by  integrating  Equation  (2.8)  over  the 
corresponding  delay  interval: 

(i+1)At 

PL=  J  G(t)  dx  -  exp  [-z  coco/l  At]  -  exp  [-(i  + 1)  C0co/j  At]  .  (2.14) 

i&T 

The  sampled  channel  impulse  response  function  for  the  ith  delay  tap  is  then 

hit, /At) A%  =  (xi+jyi)JFi  ,  (2.15) 

where  and  yi  are  independent,  zero-mean,  Gaussian  random  numbers  with  equal 
variance  of  1/2.  The  complex  Gaussian  factor  provides  the  Rayleigh  fading  time  his¬ 
tory  for  each  delay  sample.  It  is  important  to  remember  that  the  channel  impulse  re¬ 
sponse  function  is  delta-correlated  in  delay,  and  hence  x;-  and  y,  are  independent  for 
different  values  of  i  corresponding  to  different  delay  taps. 

At  times  it  is  desirable  to  generate  frequency  selective  realizations  by  time- 
domain  filtering  of  white  Gaussian  noise,  whereupon  it  is  again  convenient  to  assume 
that  the  Doppler  spectrum  can  be  represented  by  a  power-law  form  with  an  even  spec¬ 
tral  index.  The  f~6  Doppler  spectrum  produces  realizations  with  temporal  statistics 
(i.e.,  mean  fade  duration  and  separation)  that  are  close  to  that  produced  by  a  Gaussian 
spectrum.  Realizations  of  xk  and  yk  with  an  f~6  spectrum  can  be  generated  directly  in 
the  time  domain  using  three  cascaded  RC  filters  [Dana,  1994]. 

Each  single-pole  RC  filter  can  be  implemented  digitally  using  the  recursive  rela¬ 
tion  in  Equation  (2.10),  where  is  the  current  output  of  the  filter,  C,i  k  is  the  current 
input,  i  is  the  delay  index  and  k  is  the  sampling  index.  The  filter  coefficients  a  and  b 
for  a  unity  gain  filter  are  given  by  the  expressions 

a  =  exp(-a6  Ar/T0) 


b  = 


(l-a2)5  f 

1  +  4  a2  +a4_ 
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Separate  filters  with  independent  noise  sources  are  used  for  each  tap.  The  re¬ 
sulting  samples  of  the  channel  impulse  response  from  Equation  (2.15)  are  used  directly 
in  the  tapped  delay  line  model  of  Equation  (2.12).  Alternatively,  these  samples  can  be 
Fourier  transformed  to  yield  samples  of  the  channel  transfer  function  and  then  used  in 
the  Fourier  synthesis  channel  model,  Equation  (2.11). 
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SECTION  3 


EFFECT  OF  CHANNEL  TAP  SPACING  ON  DELAY  TRACKING  AND 
AUTOMATIC  GAIN  CONTROL  OPERATION 

Generally,  when  developing  analytic  demodulation  error  rates,  one  assumes  that 
the  receiver  has  negligible  tracking  errors  so  it  is  perfectly  locked  up  on  the  signal  in 
time-of-arrival,  frequency,  and  phase  (if  the  signal  is  coherently  demodulated).  Thus 
the  integration  period  of  the  analog-to-digital  (A/D)  converter  is  assumed  to  be  per¬ 
fectly  aligned  with  the  modulation  boundaries  in  the  received  signal,  and  the  phase  of 
the  signal  is  assumed  to  be  constant  or  varying  in  a  prescribed  manner  during  the  sam¬ 
ple  period.  Given  that  the  receiver  has  well-designed  tracking  loops,  these  may  be  rea¬ 
sonable  assumptions  if  the  propagation  channel  is  either  slow,  flat  fading  or  non¬ 
fading.  In  benign  or  flat  fading  propagation  environments  the  ideal  delay  offset  is  zero 
so  the  receiver  sampling  time  is  exactly  aligned  with  the  modulation  period  of  the  re¬ 
ceived  signal.  However,  in  a  frequency  selective  fading  environment,  where  the  signal 
energy  from  a  transmitted  symbol  may  arrive  at  the  receiver  over  several  symbol  pe¬ 
riods,  the  ideal  delay  offset  is  not  zero.  To  assume  otherwise  is  to  miss  an  essential  part 
of  the  problem.  This  is  particularly  true  in  spread  spectrum  receivers. 

In  this  section  we  develop  the  ideal  delay  tracking  offset  and  the  resulting  signal 
loss  of  direct  sequence  (DS)  and  frequency  hopped  (FH)  receivers  operating  in  fre¬ 
quency  selective  fading  channels.  This  section  is  primarily  concerned  with  the  question 
of  channel  model  simulation  accuracy,  rather  than  COMLNK  validation  per  se.  The  is¬ 
sue  addressed  here  is  the  effect  of  delay  sample  spacing  in  a  tapped  delay  line  repre¬ 
sentation  of  the  frequency  selective  channel. 

For  both  link  simulations  and  hardware  channel  simulators,  the  channel  impulse 
response  function  (CIRF)  is  necessarily  generated  with  a  finite  number  of  delay  sam¬ 
ples,  and  the  performance  of  a  delay-lock  loop  (DLL)  is  found  to  be  quite  sensitive  to 
the  coarseness  of  the  sampling.  Thus  we  calculate  ideal  delay  offset  and  the  resulting 
signal  loss  for  both  continuous  and  sampled  CIRFs1  and  then  compare  these  results  to 
measurements  from  COMLNK  and  actual  hardware  tests. 


1  By  “continuous  CIRF’  we  mean  that  the  delay  variable  is  continuous  and  by  “sampled  CIRF”  we 
mean  that  the  delay  variable  is  defined  only  at  discrete  values.  Because  the  CIRF  is  delta  correlated  in 
delay,  the  function  itself  is  “infinitely  discontinuous”  in  either  case. 


29 


Measurement  of  the  signal  energy  and  tracking  errors  in  COMLNK  is  done  in 
much  the  same  way  that  such  measurements  could  be  made  in  an  actual  receiver2.  To 
measure  signal  energy  we  monitor  the  operation  of  the  automatic  gain  control  (AGC) 
which  produces  a  control  value  that  is  roughly  proportional  to  the  signal  level.  This 
measurement  is  rough  because  the  input  to  the  AGC  is  signal  plus  noise,  not  just  signal, 
and  because  the  AGC  is  a  non-linear  tracking  loop  with  start-up  transients  and  dynami¬ 
cally  varying  output  as  the  input  signal  plus  noise  fluctuates  sample-by-sample.  The 
significance  of  this  will  become  apparent  when  we  compare  average  signal  energy  in 
COMLNK  with  theoretical  results.  Time  and  frequency  tracking  errors  are  measured 
by  comparing  the  tracking  loop  output  with  the  “truth.”  An  important  advantage  of  a 
simulation  over  actual  hardware  in  this  regard  is  that  the  truth  is  known,  so  tracking 
errors  can  be  measured  accurately. 

In  Section  3.1  we  summarize  the  calculation  of  the  ideal  delay  offset  in  fre¬ 
quency  selective  fading.  The  details  of  the  theoretical  calculations  are  presented  in  Ap¬ 
pendices  B  and  G  for  DS  and  FH  spread  spectrum  receivers,  respectively.  These  results 
are  compared  with  COMLNK  and  selected  test  results  in  Section  3.2. 

3.1  IDEAL  DELAY  OFFSET  AND  SIGNAL  LOSS. 

Direct  sequence  and  frequency  hopped  spread  spectrum  receivers  have  different 
mathematical  descriptions  for  the  early  and  late  samples  that  are  inputs  to  a  delay-lock 
loop  tracking  filter.  Thus  we  must  treat  them  separately. 

A  functional  block  diagram  of  a  direct  sequence,  phase-shift  keying  (DS/PSK) 
receiver  with  a  separate  code  correlator  for  DLL  tracking  is  shown  in  Figure  3-1.  An 
adaptive  automatic  frequency/phase  control  (AFC/Costas)  loop  is  used  to  track  phase 
when  possible  or  to  track  frequency  when  phase  lock  is  lost.  The  differentially  encoded 
PSK  signal  is  then  coherently  demodulated  (APSK)  or  differentially  coherently  de¬ 
modulated  (DPSK)  when  the  AFC/Costas  loop  is  in  phase  lock  or  not,  respectively. 


2  COMLNK  allows  monitoring  of  most  internal  parameters  that  could  in  principle  be  monitored  in  a  re¬ 
ceiver.  However,  there  is  usually  very  limited  access,  if  any,  to  such  parameters  in  an  actual  receiver, 
unless  it  is  specifically  designed  to  include  a  variety  of  test  points. 
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Figure  3-1.  Block  diagram  of  a  direct  sequence  PSK  receiver  with  early  and  late  code  correlators 
for  DLL  tracking. 


3.1.1  Direct  Sequence  Spread  Spectrum  Delay  Tracking. 

In  a  direct  sequence  spread  spectrum  (DS/SS)  receiver,  early  and  late  voltages 
are  formed  with  a  code  correlator3  using  early  and  late  versions  of  the  locally  gener¬ 
ated  pseudo-noise  (PN)  code.  The  DLL  error  measurement  is  proportional  to  the  dif¬ 
ference  in  the  energy  between  the  early  and  late  samples,  and  the  ideal  delay  offset  is 
that  for  which  the  mean  energy  difference  is  zero.  To  analyze  ideal  delay  offset  we 
must  construct  the  early  and  late  code  correlator  output  voltages  in  terms  of  the  trans¬ 
mitted  PN  sequence  and  the  channel  impulse  response  function. 

The  transmitted  DS/SS  modulation  is4 


m(t)  =  Xm/t  n 

k 


t 

Tc 


where  mk  =  ±1  randomly  is  the  PN  code,  and  Tc  is  the  chip  period  of  the  code 
(*c=  l/2c  is  the  code  rate).  The  symbol  n()  denotes  the  rectangular  function  that  is 
defined  as 


nw= 


if  j*[  <  | 
otherwise 


As  described  in  Section  2,  the  received  signal  is  the  convolution  of  the  channel  impulse 
response  function  and  the  transmitted  modulation: 

oo 

u(t)  =  rjm(t-x)h(t,x)dx  ,  (3.1) 

o 


3  The  early  and  late  voltages  are  usually  generated  by  the  same  code  correlator,  which  is  time-shared 
between  the  two  measurements. 

4  We  have  ignored  the  data  modulation  in  this  theoretical  analysis  because  we  assume  that  the  number  of 
PN  chips  per  channel  symbol  is  large  and  that  the  delay  error  tracking  measurements  are  all  made 
within  single  symbol  periods.  Because  we  consider  non-coherent  tracking  where  early  and  late  energy 
samples  are  compared,  the  ideal  delay  offset  is  independent  of  the  data  modulation.  This  is  only  one  of 
several  design  configurations  available  in  COMLNK,  wherein  effects  of  data  modulation  are  treated  in 
detail. 
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where  r  is  the  mean  received  signal  amplitude,  and  h(t,  x)  is  the  CIRF  which  is  a  func¬ 
tion  of  time  t  and  delay  or  time-of-arrival  x.  When  the  CIRF  is  sampled  the  integral  in 
this  equation  is  replaced  by  a  summation: 

Nz-\ 

u(t)  =  r  X  w(?  —  *At)  K  (0  > 

;=o 

where  Ax  is  the  delay  sample  size,  Nx  is  the  number  of  delay  samples  (Eqn.  2.13),  and 
/z;(r)  is  the  time-varying  channel  response  for  the  ith  delay  bin. 

If  we  assume  that  the  receiver  advances  or  retards  its  locally  generated  PN  code 
to  match  that  of  the  received  signal  and  integrates  over  a  fixed  sample  period  Ts,  then 
the  signal  contributions  to  the  early,  on-time,  and  late  voltage  samples  are  represented 
by  the  expressions 

1  Ts'2  * 

SE  =  —  jm*(t-xD  +TC  /2)u(t)dt 

TS  -Ts/2 

1  Ts'2  * 

S0=—  J  m*{t-xD)u{t)dt 

-Ts/2 

1  Ts/2 

SL=  —  \m\t-xD-Tc/2)u(t)dt 

*s  -Ts/2 

where  m*  (t)  is  the  locally  generated  PN  code,  xD  is  the  delay  offset,  and  u(t)  is  the 
received  signal.  Note  that  the  early  voltage  is  formed  by  correlating  the  received  volt¬ 
age  with  the  local  PN  code  advanced  in  time  by  one-half  chip  period,  and  the  late  volt¬ 
age  is  formed  by  correlating  the  received  signal  with  the  local  PN  code  delayed  by  one- 
half  chip  relative  to  the  on-time  code. 

It  is  shown  in  Appendix  B  that  the  signal  contributions  to  the  average  energy  of 
the  early,  on-time,  and  late  code  correlator  outputs  for  a  continuous  channel  impulse 
response  function  are 

(Ee)  =  (SES'E)  =  r2  J Tc G(TC|) A2 [td |]<i^ 

0 

CO 

(E0)  =  (S0S*0)  =  r2 \TC  G{TcQ A2  [xD- £] d%  (Continuous  CIRF) 

o 
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{El)  =  ( Vi)  =  r2  j  Tc  G(rcy  A2  [i0  -  4 + m 
0 


where  xD=xD /Tc  is  the  normalized  delay  error,  and  GQ  is  the  power  impulse  re¬ 
sponse  function  defined  in  Section  2.  The  triangle  function  A(  )  is  the  autocorrelation 
of  the  rectangular  function: 


A(x) 


1  -  \x\  if  \x\  <  1 
0  otherwise 


When  the  CIRF  is  sampled  the  integrals  are  replaced  by  sums: 

<£E)  =  r2  X ' Pi^D-Wo-h] 

i= 0 
Nx- 1 

(E0)  =  r2  £  />•  A2[xD-  i/ty,]  (Sampled  CIRF) 

1=0 

(£I.)  =  ’'2  f  ^A2[t0-i/A/0+|] 

1=0 

where  =  Tc/Ax  is  the  number  of  delay  samples  per  chip  period,  and  Pi  is  the  aver¬ 
age  fading  power  in  the  delay  samples  (Eqn.  2.14). 

A  non-coherent  DLL  attempts  to  equalize  the  energy  in  the  early  and  late  sam¬ 
ples,  so  the  DLL  error  signal  is  proportional  to  the  measured  difference  in  the  early 
and  late  samples,  Ee-El.  The  ideal  delay  offset  is  then  found  by  solving  the  equation 

{ee{^d))  ~  {El(*d)) 

for  the  normalized  delay  error  xD.  For  frequency  selective  fading  channels,  the  ideal 
delay  offset  is  a  function  of  the  ratio  of  the  frequency  selective  bandwidth  to  the  chip 
rate,  f0/Rc. 

The  signal  energy  at  the  output  of  the  on-time  code  correlator  is  just  {E0  (*&))■ 
This  quantity  is  less  than  r 2  (its  maximum  value  in  a  benign  propagation  environment) 
in  frequency  selective  fading  channels  because  signal  energy  arriving  either  early  or 
late  relative  to  xD  by  more  than  one  chip  period  is  severely  attenuated  by  the  code  cor¬ 
relation  process.  Stated  in  another  way,  the  received  signal  spectrum  is  distorted  by  the 
channel,  and  the  code  correlator  is  no  longer  matched  to  the  signal. 
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3.1.2  Frequency  Hopped  Spread  Spectrum  Delay  Tracking. 

A  functional  block  diagram  of  a  FH  M-ary  frequency-shift  keying  (FH/FSK)  re¬ 
ceiver  is  shown  in  Figure  3-2.  The  tracking  loops  in  this  example  receiver  are  the 
DLL,  automatic  gain  control  (AGC),  and  automatic  frequency  control  (AFC)5. 

In  Appendix  G  of  this  report  we  show  that  the  demodulation  performance  of  a 
FH/FSK  receiver  is  sensitive  to  the  delay  offset  as  are  all  digital  demodulators.  Thus  it 
is  critical  that  a  simulation  of  any  communications  link  get  the  delay  offset  right  as  well 
as  frequency  error  and  perhaps  phase  error.  A  brief  summary  of  the  mathematical  de¬ 
velopments  in  Appendix  G  follows. 

For  the  purpose  of  computing  theoretical  delay  offset  and  demodulation  per¬ 
formance  of  FH/FSK  systems,  we  assume  a  single  FSK  modulation  symbol  per  hop.  An 
isolated  rectangular  pulse  then  approximates  the  transmitted  FSK  signal6: 

m(t )  =  exp  [  j  n0  n  A f  t ]  n 

where  n0  is  the  transmitted  tone  (n0  =  ±1  randomly7  for  BFSK,  n0  =  ±1,  ±3  randomly 
for  QFSK,  n0  =  ±1,  ±  3,  ±5,  ±7  randomly  for  8-ary  FSK,  and  so  on),  and  A f  is  the 
tone  spacing.  The  product  A f  T  is  equal  to  a  positive  integer  for  orthogonal  signaling8. 


s  Here  M- ary  FSK  demodulation  is  indicated,  but  frequency-hopped  phase-shift  keying  (FH/PSK)  re¬ 
ceivers  have  similar  functional  diagrams. 

6  COMLNK  does  not  make  these  assumptions.  All  waveforms  involve  a  sequence  of  modulation  sym¬ 
bols  that  may  have  any  frequency  offset  from  one  symbol  to  the  next.  Thus  COMLNK  can  treat  any 
number  of  FSK  modulation  symbols  per  hop. 

7  In  theoretical  developments  we  assume  that  zeros  and  ones  are  equally  likely  and  randomly  distributed 
in  the  transmitted  data  stream.  Thus  each  FSK  tone  is  equally  likely.  In  COMLNK,  as  in  an  actual 
system,  the  user  specifies  the  transmitted  data  stream,  which  may  undergo  a  series  of  coding,  inter¬ 
leaving,  and  alphabet  translation  operations  prior  to  reaching  the  modulator. 

8  Note  that  this  entire  development  assumes  conventional  M- ary  FSK,  wherein  each  transmitted  tone  has 
a  fixed  offset  from  the  center  carrier  frequency.  This  is  only  one  option  available  in  COMLNK,  which 
also  implements  independent  tone  M-ary  FSK  and  FH/PSK  receivers. 
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Figure  3-2.  Block  diagram  of  a  frequency  hopped  M- ary  FSK  receiver. 


The  symbols  preceding  and  following  this  “on-time”  pulse  are  transmitted  at  dif¬ 
ferent  carrier  frequencies  determined  by  the  pseudo-random  hop  pattern.  During  the 
on-time  pulse  period  the  receiver  is  set  to  the  transmitted  carrier  frequency  assuming 
that  the  receiver  is  synchronized  to  the  hop  pattern.  Prior  to  forming  the  FSK  tone  fil¬ 
ters,  the  received  signal  is  band-pass  filtered  so  signal  energy  from  other  tones  at  dif¬ 
ferent  carrier  frequencies  is  severely  attenuated  and  is  ignored  in  this  analysis. 

Separate  filters  are  formed  in  the  receiver  for  each  of  the  possible  M  transmitted 
tones.  For  non-coherent  demodulation  considered  here,  the  filter  with  the  largest  out¬ 
put  amplitude  is  chosen  as  corresponding  to  the  transmitted  tone.  For  suppressed- 
carrier  tracking  which  is  tacitly  assumed  here,  the  filter  with  the  largest  output  deter¬ 
mines  the  frequency  offset  at  which  two  more  filters  are  formed.  These  two  filters 
provide  samples  for  delay  tracking  during  the  first  and  second  halves  of  the  detected 
symbol. 

For  this  calculation  we  assume  that  the  DLL  tracking  threshold  ( i.e .,  the  signal- 
to-noise  ratio  above  which  the  DLL  can  maintain  lock  on  the  signal)  is  well  below  the 
demodulation  threshold  (i.e.,  the  signal-to-noise  ratio  above  which  an  “incorrect”  filter 
rarely  has  the  largest  output  energy).  Thus  at  signal-to-noise  ratios  where  the  demodu¬ 
lation  error  rate  is  small  (say  below  about  10-20  percent),  the  DLL  should  be  tracking 
with  nearly  the  ideal  error,  and  the  effect  of  demodulation  errors  on  the  DLL  input  er¬ 
ror  signals  can  be  ignored  in  the  analysis9. 

The  on-time  signal  contribution  to  the  output  of  the  correct  tone  filter  is 

^  T /2+xd 

S0=—  J  u(t)  exp  [-j  n0n  Af  t]  dt  , 

1  -t/2+zd 

where  zD  is  the  delay  offset,  and  T  is  the  symbol  period  (also  the  hop  period  in  this 
analysis).  To  perform  delay  tracking,  early  and  late  samples  are  formed  at  the  fre¬ 
quency  offset  of  the  correct  filter: 


9  COMLNK  does  not  involve  any  such  assumption.  If  suppressed-carrier  tracking  is  selected  (sync 
symbol  tracking  is  another  option),  data  demodulation  errors  degrade  tracking  loop  operation,  espe¬ 
cially  when  the  demodulation  error  rate  is  large.  Thus  the  suppressed-carrier  tracking  threshold  coin¬ 
cides  with  the  demodulation  threshold  in  COMLNK,  as  in  a  real  receiver. 
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1  D 

se  =  ~  J  #(0  exp  [-;  n0%  Af  t]  dt 

1  X d-T/2 
j  *d+T/2 

sl=Y  \u(,t)zxy[-jn0TiAft\dt  . 

XD 

The  on-time  signal  used  for  demodulation  is  equivalent  to  SE  +  SL. 

In  Appendix  G  it  is  shown  that  for  a  continuous  CIRF  the  signal  contribution  to 
early,  ori-time,  and  late  energy  is 

oo 

(Ee)  =  (SES"E)  =  i r2 1 TG(1%)E2  [2(4- T0)  +*]<«; 

0 

oo 

(£0)  =  (s0Sj)  =  r2 j  T  G(Tt)  A2  [£-TD]^  (Continuous  CIRF) 

0 

oo 

(El)  =  (Vi)  =  i'2  JrG(7?)E2[2(? -td)-±]«4 

0 

where  H(-)  is  the  trapezoid  function  defined  as 

1  if  |  x  |  <  •j 

E(x)  =  <|-|x|  if  {<\x\<\  . 

0  otherwise 

k 

For  sampled  CIRFs  these  equations  become 

=  l‘4H2[2(l/W0-iD)+i] 

i=0 

N,-l 

(. E0 }  =  r2  X  Pt  A2  [i/ND  -  xD]  (Sampled  CIRF) 

1=0 

(EL)  =  i'2  sWhtl/A'c-iDFi]  • 

1=0 

The  ideal  delay  offset  is  found  by  solving  the  equation  (Ee)  =  ( EL )  for  xD. 

In  a  frequency  selective  fading  channel,  the  on-time  signal  energy  ( E0[xD ))  is 

9  ' 

less  than  its  maximum  value  (r  )  in  a  benign  environment  because  transmitted  energy 
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arriving  early  (at  times  before  xD  -  T 1 2)  arrives  before  the  receiver  has  hopped  to  the 
on-time  carrier  frequency  and  transmitted  energy  arriving  late  (at  times  after 
xD  +  T/  2)  arrives  after  the  receiver  has  hopped  to  the  carrier  frequency  for  the  next 
transmitted  tone.  Only  signal  energy  arriving  in  the  period  xD-T/2<t<xD  +  T/2 
contributes  to  the  output  of  the  on-time  tone  filter. 

3.2  COMLNK  DLL  TRACKING  AND  SIGNAL  LOSS. 

In  this  section  we  compare  measured  values  of  the  DLL  tracking  error  and  re¬ 
ceived  signal  energy  from  COMLNK  with  the  ideal  values  computed  above.  However, 
before  making  these  comparisons,  a  few  comments  on  fidelity  of  such  measurements, 
whether  from  a  simulation  or  from  actual  hardware,  are  in  order. 

3.2.1  Raw  Data  From  COMLNK. 

COMLNK  is  a  faithful  emulation  of  a  modem  digital  communications  link.  Thus 
measurements  of  received  signal  energy  and  DLL  tracking  errors  are  always  corrupted 
by  noise  and  transients  just  as  they  are  in  an  actual  receiver.  Furthermore,  analysis 
provides  ensemble  average  values,  whereas  measurements  from  a  simulation  or  from 
hardware  are  averages  over  a  limited  time  span  using  specific  realizations  of  the  signal 
and  noise  processes. 

To  illustrate  the  implication  of  this  point  we  show  in  Figures  3-3  through  3-12, 
for  five  values  of  the  ratio  /0 /  Rc ,  the  simulated  AGC  gains  (in  decibels)  and  the  DLL 
tracking  errors  (in  units  of  the  PN  chip  period  Tc)  of  a  DS/DPSK  receiver  as  a  func¬ 
tion  of  time  over  the  100-second  period  of  each  case  (zero  time  corresponds  to  the  start 
of  the  simulation).  The  channel  bit  energy-to-noise  spectral  density  ratio  Ecb/N o  is 
30  dB  for  each  case,  and  the  frequency  selective  channel  in  COMLNK  is  sampled  with 
tap  spacing  equal  to  one-half  the  chip  period,  so  ND  =  Tc /Ax  =  2.  For  each  plot,  the 
channel  decorrelation  time  (x0)  is  0.03  seconds,  the  AGC  time  constant  is  3  seconds, 
and  the  DLL  and  frequency  lock-loop  (FLL)  bandwidths  {BL)  are  0.1  Hz. 

Two  mean  values  of  AGC  gain  and  DLL  tracking  error  are  given  in  the  plots. 
The  values  labeled  “100  sec”  are  computed  by  COMLNK  and  represent  time  averages 
over  the  entire  simulation  period.  (A  mean  value  of  the  AGC  gain  of  0  dB  corresponds 
to  no  loss  in  signal  energy  at  the  output  of  the  on-time  code  correlator.) 
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Figure  3-3. 


Figure  3-4. 
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AGC  gain  of  DS  receiver  in  a  frequency  selective  fading  channel 
with  f0/Rc  =  1.0. 


Time  (Seconds) 


DLL  tracking  error  of  DS  receiver  in  a  frequency  selective  fading 
channel  with  f0  I  Rc  =  1.0. 
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Figure  3-5.  AGC  gain  of  DS  receiver  in  a  frequency  selective  fading  channel 
with  /o  /  Rq  =  0.2 . 
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Figure  3-6.  DLL  tracking  error  of  DS  receiver  in  a  frequency  selective  fading 
channel  with  /0 1  Rc  =  0.2. 
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Figure  3-7.  AGC  gain  of  DS  receiver  in  a  frequency  selective  fading  channel 
with  Jo  /  Rc  =  0. 1 . 
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Figure  3-8.  DLL  tracking  error  of  DS  receiver  in  a  frequency  selective  fading 
channel  with  /0  /  Rc  =0.1. 
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Figure  3-9.  AGC  gain  of  DS  receiver  in  a  frequency  selective  fading  channel 
with  fQf  Rc  =  0.08. 


0  10  20  30  40  50  60  70  80  90  100 

Time  (Seconds) 

Figure  3-10.  DLL  tracking  error  of  DS  receiver  in  a  frequency  selective  fading 
channel  with  /0  /  Rc  =  0.08. 
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Figure  3-11.  AGC  gain  of  DS  receiver  in  a  frequency  selective  fading  channel 
with  f0/Rc  =  0.06. 
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Figure  3-12.  DLL  tracking  error  of  DS  receiver  in  a  frequency  selective  fading 
channel  with  /0  /  Rc  =  0.06 . 
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Even  if  the  track  histories  were  smooth,  these  mean  values  would  tend  to  under¬ 
state  the  tracking  errors  and  signal  loss  because  of  the  initial  transient.  For  the  delay 
and  frequency  tracking  loops  we  use  a  rather  small  bandwidth  of  0.1  Hz  and  for  the 
AGC  we  use  a  rather  long  time  constant  of  3  seconds  to  minimize  the  variation  with 
signal  strength  fluctuations.  This,  of  course,  causes  a  rather  slow  response  to  the  mean 
loss  and  mean  delay  of  the  received  signal.  Larger  loop  bandwidths  would  result  in 
much  larger  fluctuations  in  the  AGC  gain  and  DLL  tracking  error  than  are  observed  in 
these  plots. 

When  the  initial  transient  is  removed  by  deleting  the  first  20  seconds  of  data 
from  the  time  averages,  it  is  evident  that  these  measurements  labeled  “80  sec”  still  can 
exhibit  significant  statistical  fluctuation,  particularly  at  small  values  of  /0//?c .  This  is 
a  real-world  phenomenon  and  illustrates  the  difficulty  in  accurately  measuring  the 
mean  signal  loss  and  delay  error  in  real  or  simulated  systems.  Nevertheless,  the  track¬ 
ing  loop  transients  at  the  beginning  of  the  simulation  appear  to  have  only  a  small  effect 
on  the  mean  AGC  gain  and  DLL  error,  on  the  order  of  a  few  tenths  of  a  decibel  and  a 
few  hundredths  of  a  chip,  respectively. 

3.2.2  Comparison  of  COMLNK  Delay  Tracking  with  Theory. 

A  comparison  between  DLL  tracking  errors  (in  units  of  the  PN  chip  period,  Tc ) 
from  averaging  COMLNK  measurements  and  the  theoretical  delay  offset  in  frequency 
selective  fading  is  shown  in  Figure  3-13  for  a  direct  sequence  spread  spectrum  re¬ 
ceiver.  Other  than  Rayleigh  fading,  no  other  signal  dynamics  are  applied  here  such  as 
occur  from  slant  range  or  total  electron  content  dynamics,  although  they  are  imple¬ 
mented  in  the  simulation  program.  The  COMLNK  data  plotted  with  solid  circles  are 
from  the  simulation  runs  discussed  in  the  previous  subsection  (100  second  averages  are 
plotted),  and  the  COMLNK  data  plotted  with  open  circles  are  from  Dana,  Milner,  and 
Bogusch  [1995]. 
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Frequency  Selective  Bandwidth,  f(/Rc 

Figure  3-13.  Comparison  of  COMLNK  and  ideal  direct  sequence  delay  tracking  er¬ 
rors  in  frequency  selective  fading  channels. 


The  ideal  curves  in  Figure  3-13,  taken  from  results  presented  in  Appendix  B, 
are  for  a  continuous  CIRF  and  for  a  sampled  CIRF  with  two  samples  per  PN  chip, 
which  is  the  tap  spacing  currently  used  in  COMLNK10. 

There  is  excellent  agreement  between  the  COMLNK  results  and  the  ideal  sam¬ 
pled  CIRF  curve  for  fo/Rc  values  above  0.05  or  so.  This  agreement  does  break  down 
for  values  of  fo/Rc  ^ess  than  about  0.05,  as  expected.  For  channels  with  such  small 
values  of  frequency  selective  bandwidth,  the  early  and  late  energy  are  nearly  equal  and 
slowly  varying  with  delay  for  values  of  xD  greater  than  zero.  At  smaller  values  of  de¬ 
lay  the  late  energy  rapidly  approaches  zero  so  there  is  good  discrimination  in  the  delay 
error  measurement,  Ee-El.  Thus  an  actual  DLL  tends  to  wander  on  a  very  flat  error 


10  On  the  basis  of  results  shown  here,  a  future  version  of  COMLNK  may  allow  the  number  of  delay 
samples  per  chip  to  be  selectable  by  user  input.  This  will  enable  users  to  obtain  delay  tracking  per¬ 
formance  results  that  are  closer  to  the  continuous  CIRF  curve  at  the  expense  of  additional  computation 
time.  When  comparisons  with  hardware  test  results  are  to  be  made,  however,  the  delay  spacing  in 
COMLNK  should  correspond  to  the  delay  spacing  employed  in  the  hardware  channel  simulator. 
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surface  under  these  conditions,  except  when  the  delay  approaches  zero.  Then  the  error 
measurement  gives  the  DLL  a  strong  push  to  larger  delays.  Hence  an  actual  DLL  is  bi¬ 
ased  towards  larger  delays  than  the  theoretical  value  when  /0/i?c  is  small.  The  depar¬ 
ture  of  the  measurements  from  theory  at  low  signal  levels,  resulting  here  from  small 
fo/Rc ,  is  typical  of  the  tracking  threshold  observed  in  any  nonlinear  tracking  loop. 

The  corresponding  code  correlator  loss  is  plotted  in  Figure  3-14.  COMLNK  re¬ 
sults  for  the  five  cases  discussed  above  are  plotted  with  solid  circles.  The  solid  triangles 
with  error  bars  are  prototype  L^P  receiver  test  results  generated  using  the  DSWA 
NELS  II  channel  simulator  [Bogusch  and  Guigliano,  1982;  Dana,  1995c]“.  Again  there 
is  good  agreement  between  the  COMLNK  results  and  the  ideal  curve,  and  for  the  code 


Figure  3-14.  Comparison  of  COMLNK,  L^P  test  results,  and  ideal  direct  sequence 
code  correlator  loss  in  frequency  selective  fading  channels. 


1 1  This  prototype  receiver,  which  uses  the  Global  Positioning  System  (GPS)  P-code,  was  tested  with  the 
NELS  II  20  nsec  tapped  delay  line.  The  GPS  P-code  has  a  10.23  MHz  chip  rate  so  the  number  of 
NELS  taps  per  chip  is  about  5. 
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correlator  loss,  there  is  also  excellent  agreement  between  COMLNK  results  and  actual 
hardware  measurements.  Note  again  that  both  the  COMLNK  and  actual  hardware  test 
results  are  obtained  from  AGC  operation,  which  as  shown  earlier  can  easily  introduce 
a  measurement  uncertainty  of  several  tenths  of  a  decibel  at  small  values  of  f0  /  Rc. 

These  results  show  that  the  signal  energy  loss  at  the  output  of  the  on-time  code 
correlator  is  relatively  insensitive  to  the  number  of  delay  samples  per  chip.  For  com¬ 
munications  links  this  may  be  all  that  is  necessary  for  COMLNK  to  accurately  repro¬ 
duce  the  error  rate  performance  of  an  actual  receiver  operating  in  a  channel  with  a 
continuous  CIRF.  However,  if  COMLNK  is  used  to  simulate  the  navigation  perform¬ 
ance  of  a  Global  Positioning  System  (GPS)  receiver  in  frequency  selective  channels  for 
example,  then  the  discrepancy  between  the  delay  offset  with  a  sampled  CIRF  and  that 
which  would  occur  with  a  continuous  CIRF  may  indeed  be  very  significant,  assuming 
that  the  GPS  receiver  could  maintain  code  lock  in  such  cases.  Note  that  this  also  applies 
to  an  actual  GPS  receiver  that  is  being  tested  with  a  hardware  channel  simulator. 

The  ideal  delay  offset  for  a  frequency  hopped  FSK  spread  spectrum  receiver  is 
plotted  in  Figure  3-15.  The  corresponding  signal  energy  loss  at  the  output  of  the  cor¬ 
rect  tone  filter  is  plotted  in  Figure  3-16.  The  delay  offset  is  plotted  for  a  continuous 
CIRF  and  for  a  sampled  CIRF  with  two  delay  samples  per  symbol  period,  T.  There  is- 
excellent  agreement  between  the  delay  offset  from  COMLNK  and  the  ideal  results. 

Again  there  is  a  discrepancy  between  the  delay  offset  for  a  coarsely  sampled 
CIRF  and  that  for  a  continuous  CIRF. 

Note  that  the  number  of  channel  delay  samples  per  modulation  symbol  period 
makes  little  difference  in  the  signal  energy  at  the  output  of  the  correct  tone  filter.  The 
solid  line  in  Figure  3-16  is  the  ideal  loss  in  signal  energy  for  a  continuous  CIRF,  and 
the  dashed  line  is  the  loss  for  a  CIRF  with  two  samples  per  modulation  period.  The 
solid  circles  are  losses  measured  with  a  COMLNK  simulation  of  a  FH  link  using  two 
channel  delay  samples  per  symbol  and  a  finite  signal-to-noise  ratio.  These  measure¬ 
ments  were  obtained  by  measuring  the  average  AGC  gain,  a  measurement  that  could 
also  be  made  using  an  actual  receiver.  The  effect  of  the  initial  transient  in  the  AGC 
gain  has  been  minimized  by  deleting  the  first  20  seconds  of  data  from  the  time  aver¬ 
ages. 
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Figure  3-15.  Comparison  of  COMLNK  and  ideal  frequency  hopped  delay  offset  in 
frequency  selective  fading  channels. 


Figure  3-16.  Comparison  of  COMLNK  and  ideal  frequency  hopped  tone  filter  signal 
loss  in  frequency  selective  fading  channels. 
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For  either  a  DS  or  FH  system,  there  probably  is  little  measurable  difference  in 
communications  link  performance  for  continuous  and  sampled  CIRFs  when  both  have 
delay  errors  less  than  a  tenth  of  a  chip  or  so.  However,  for  small  values  of  /0  /  Rc  this 
difference  can  be  several  tenths  of  a  chip.  Under  these  conditions  and  when  the  re¬ 
ceived  signal  is  also  undergoing  time-of-arrival  dynamics,  such  differences  in  delay 
tracking  may  determine  whether  or  not  the  receiver  maintains  lock  on  the  signal,  al¬ 
though  data  demodulation  will  likely  be  unacceptably  bad  in  either  case. 

Although  we  have  concentrated  here  on  the  effects  of  channel  delay  sampling  on 
simulated  delay  tracking  performance,  these  effects  also  exist  in  hardware  channel 
simulators  connected  to  actual  receivers.  Frequency  selective  channel  simulators  such 
as  NELS  and  the  new  DSWA  Advanced  Channel  Simulator  (ACS)  [Dana,  1995a]  are 
implemented  using  tapped  delay  lines  with  some  number  of  taps  per  chip,  just  as  in 
COMLNK.  With  a  fixed  number  of  taps,  the  way  one  simulates  channels  with  smaller 
values  of  frequency  selective  bandwidth  is  to  increase  the  tap  delay  spacing.  If  the  re¬ 
sulting  number  of  taps  per  chip  is  small,  one  needs  to  be  careful  that  receiver  perform¬ 
ance  is  not  unduly  affected  by  channel  tap  spacing.  Because  of  its  high  degree  of  accu¬ 
racy,  COMLNK  is  an  excellent  tool  for  investigating  the  effect  of  tap  spacing  on 
tracking  loop  operation  and  data  demodulation  performance. 
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SECTION  4 


COMLNK  DEMODULATION  PERFORMANCE 

A  critical  step  in  the  COMLNK  validation  process  involves  comparison  of  meas¬ 
ured  demodulated  error  rates  with  theoretical  results.  After  the  demodulator, 
COMLNK  is  an  emulation  of  a  modem  digital  receiver.  It  is  at  the  demodulator  that 
the  simulation  of  the  channel,  thermal  noise,  and  transmitted  modulation  come  to¬ 
gether,  and  it  is  at  that  point  that  we  compare  measured  error  rates  from  COMLNK 
with  theoretical  curves. 

Analytic  expressions  are  available  for  phase-shift  keying  (PSK)  and  frequency- 
shift  keying  (FSK)  modulation  formats  for  non-fading  and  slow  Rayleigh  fading  chan¬ 
nels  (see,  for  example,  Schwartz,  Bennett,  and  Stein  [1966]  or  Bogus ch  [1989]).  How¬ 
ever,  the  stressing  channels  for  demodulation  are  fast  fading  or  frequency  selective 
fading  or  both,  and  only  a  limited  number  of  analytic  results  were  previously  available 
for  these  types  of  channels  (for  example  Bello  and  Nelin  [1962a,  1962b,  1963]).  Thus 
to  thoroughly  validate  the  COMLNK  simulation  we  have  derived  new  results  for  PSK 
and  FSK  demodulation  performance  in  fast,  frequency  selective  fading  channels  in¬ 
cluding,  in  some  cases,  the  effects  of  channel  delay  sampling  and  delay  offset.  These 
new  results  are  derived  in  the  Appendices  to  this  report  and  are  summarized  in  the 
following  subsections. 

This  section  is  organized  as  follows.  In  Section  4.1  we  compare  simulated  and 
theoretical  PSK  and  FSK  demodulation  performance  in  non-Rayleigh  (Rician)  and  slow 
Rayleigh  fading  channels.  Then  COMLNK  demodulation  performance  in  fast,  flat 
Rayleigh  fading  is  compared  with  theory  in  Section  4.2  for  differentially  coherent  PSK 
(DPSK)  and  non-coherent  M- ary  FSK.  Finally,  COMLNK  frequency  selective  fading 
demodulation  performance  of  DPSK  and  binary  FSK  (BFSK)  with  and  without  fre¬ 
quency  hopping  is  discussed  in  Section  4.3. 

4.1  SLOW  RICIAN  AND  RAYLEIGH  FADING  CHANNELS. 

In  the  context  of  demodulation,  slow  fading  means  that  the  channel  decorrelation 
time  is  long  compared  to  any  time  scale  over  which  the  receiver  expects  the  signal  to 
be  coherent.  Slow  fading  demodulation  error  rates  are  then  given  by  averaging  non¬ 
fading  expressions  over  the  probability  distribution  of  the  fading  amplitude  and,  as 
such,  are  independent  of  the  Doppler  frequency  spectrum  of  the  fading.  The  time  scale 
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over  which  the  receiver  expects  the  signal  to  be  coherent  depends  on  the  transmitted 
modulation  rate  and  on  the  approach  to  demodulation.  For  coherent  demodulation,  the 
receiver  must  maintain  phase-lock  on  the  signal,  and  the  coherence  time  is  inversely 
related  to  the  bandwidth  of  the  phase-lock  loop.  For  differentially  coherent  PSK  de¬ 
modulation  and  non-coherent  FSK  demodulation,  the  relevant  time  scale  is  that  of  the 
channel  symbol  period. 


4.1.1  Error  Rate  Expressions. 


The  APSK,  DPSK,  and  M-ary  FSK  channel  bit  error  rates  in  AWGN  channels 
are  given  by  the  usual  formulas: 

Pe  =erfc[V^7^]{l-ierfc[VW^]}  (non-fading  APSK) 

Pe  =  j  exp  [-  Ecb  /N0 ]  (non-fading  DPSK) 
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where  Ecb  /N0  is  the  channel  bit  energy-to-noise  spectral  density  ratio,  and  erfc(-)  is 
the  complementary  error  function.  Note  that  there  are  log2  M  channel  bits  per  symbol 
in  M-ary  FSK. 


Theoretical  formulas  for  slow  fading  channel  bit  error  rates  are  given  by  aver¬ 
aging  these  expressions  over  the  distribution  of  fading  amplitude.  Although  there  is  not 
a  single  probability  distribution  that  describes  non-Rayleigh  fading,  the  Rician  distri¬ 
bution  appears  to  represent  a  reasonable  worst-case  [Dana,  1993],  This  distribution  has 
the  added  advantage  of  being  easily  implemented  as  Rayleigh  fading  plus  a  constant 
component.  The  Rician  probability  density  function  of  the  fading  power  is  given  in 
Equation  2.2  of  this  report,  and  is  reproduced  here: 
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where  70(  )  is  the  modified  Bessel  function  of  order  zero,  and  the  average  fading 
power  ( S )  is  unity.  The  quantity  R  is  the  “Rician  Index”  which  is  defined  in  terms  of 
the  scintillation  index  S4: 

R  =  ^jl-sJ  . 
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For  non-fading  channels  (S4  =  0  and  R  =  l)  the  Rician  power  probability  density  func¬ 
tion  behaves  as  the  delta-function  8(5  - 1),  and  for  Rayleigh  fading  channels  (54  =  1 
and  R  =  0 )  the  Rician  power  probability  density  function  reduces  to  the  Rayleigh  ex¬ 
ponential  form. 

Theoretical  slow  Rician  fading  PSK  and  FSK  channel  bit  error  rates  are  given  by 
averaging  the  non-fading  results  over  the  probability  density  function  of  the  instanta¬ 
neous  received  channel  bit  energy-to-noise  spectral  density  ratio: 

oo 

(Pe)=jPAlS)fmJS)dS  , 

0 


where  y  =  Ecb  /N0  is  the  average  channel  bit  energy-to-noise  spectral  density  ratio.  For 
APSK  the  resulting  integral  cannot  be  obtained  in  closed  form  to  the  authors’  knowl¬ 
edge,  so  the  indicated  integral  must  be  done  numerically.  For  the  other  two  modulation 
techniques,  the  Rician  fading  channel  bit  error  rates  are 
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where  yk  =  (1  -  l/fc)(log2  M)Ecb/N0 .  The  APSK  error  rate  can  be  obtained  in  closed 
form  for  Rayleigh  fading,  so  the  Rayleigh  fading  channel  bit  error  rate  expressions  for 
the  three  modulation-demodulation  techniques  are 
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4.1.2  M-ary  FSK  Sampling  Loss. 

In  an  actual  receiver  or  in  COMLNK,  the  tone  filters  of  an  M- ary  FSK  receiver 
are  often  implemented  using  discrete  Fourier  transforms  (DFTs)  of  multiple  samples 
per  symbol.  This  results  in  a  sampling  loss  that  must  be  included  in  the  comparison 
between  the  analytic  results  presented  above  and  results  from  COMLNK. 

To  compute  the  sampling  loss  consider  an  isolated  transmitted  M- ary  FSK  sym¬ 
bol.  Before  up-conversion  to  RF,  the  transmitted  signal  as  a  function  of  time  is 

m(t)  =  exp(y'ft07tA/r)n 

where  T  is  the  symbol  period,  n0  is  the  modulation  index  (±  an  odd  integer),  A f  is  the 
modulation  tone  spacing,  and  Fl(  )  is  the  rectangular  function.  In  the  absence  of  fading, 
the  signal  contribution  to  the  k,h  discrete  sample  used  in  an  A^-point  DFT  is 


where  Ar  =  77 NT  is  the  time  duration  of  each  sample.  Sampling  loss  occurs  because 
the  down-converted  and  sampled  signal  is  never  actually  at  baseband,  but  rather  has  a 
radian  frequency  offset  of  n0%Af.  Thus  the  sampled  signal  has  a  time-varying  phase 
during  the  integration  period  At  with  a  loss  in  output  power  as  a  result. 

Upon  substituting  the  expression  for  the  transmitted  symbol  into  the  expression 
for  the  discrete  samples,  the  signal  contribution  to  the  samples  reduces  to 

s*  = exp  M* + S’f  • 

The  sin(x)/x  factor  in  this  expression  is  the  signal  amplitude  sampling  loss  given  that 
the  n0  tone  was  transmitted.  Assuming  that  all  M-ary  symbols  are  equally  likely,  the 
average  sampling  signal  power  loss  is 

M  <-l  [l(2i-l)0)„/iVr]2 

where  (HM  =  27t  AfT  is  the  normalized  tone  spacing.  For  orthogonal  signaling  AfT  is 
a  positive  integer. 
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4.1.3  COMLNK  Results  in  Slow  Fading  Channels. 

Perhaps  the  most  basic  requirement  of  a  communications  link  simulation  in  fad¬ 
ing  channels  is  that  it  reproduces  the  correct  non-fading  and  slow  fading  channel  bit 
error  rates.  Once  this  requirement  is  verified,  then  we  can  proceed  to  performance 
verification  in  more  complex  fast,  frequency  selective  fading  channels. 

APSK,  DPSK,  and  8-ary  FSK  channel  bit  error  rates  in  slow  Rician  fading  chan¬ 
nels  are  presented  in  Figure  4-1  versus  the  scintillation  index,  S4.  For  each  modulation 
type  the  channel  bit  energy-to-noise  spectral  density  ratio  Ecb  / Nq  is  10  dB.  No  phase 
variations  from  slant  range  or  total  electron  content  dynamics  are  imposed  on  the 
simulated  signal.  The  solid  lines  in  the  figure  are  theoretical  performance  curves  gen¬ 
erated  from  the  expressions  given  previously  in  this  section,  and  the  symbols  are 
COMLNK  simulation  points.  The  8-ary  FSK  results  in  Figure  4-1  are  for  minimum 
tone  spacing  (A/T  =  1)  using  a  16-point  DFT  for  demodulation.  Thus  there  is  a  0.29 
dB  sampling  loss  [Bogusch,  1989]  in  this  case,  giving  an  effective  value  of  Ecb /N0  of 
9.71  dB  for  the  theoretical  results. 

The  most  striking  feature  of  the  results  in  this  figure  is  the  severe  degradation  of 
the  channel  bit  error  rate  as  the  channel  varies  from  non-fading  (S4  =  0)  to  full 
Rayleigh  fading  (S4  =  1).  The  error  rates  vary  from  between  1.6  xlO-6  (8-ary  FSK) 
and  2.3  x  10-5  (DPSK)  for  the  non-fading  channel  to  about  4-5  percent,  essentially  in¬ 
dependent  of  the  modulation  format,  in  the  Rayleigh  fading  channel.  Thus  while  one 
can  obtain  significant  improvement  in  non-fading  channels  by  using  8-ary  or  higher 
order  FSK  modulation,  slow  Rayleigh  fading  is  a  great  equalizer  of  modulation  tech¬ 
niques.  As  will  be  seen,  there  are  distinct  differences  in  the  performance  of  the  modu¬ 
lation  types  in  fast  or  frequency  selective  fading. 

There  is  excellent  agreement  between  the  COMLNK  and  theoretical  results  plot¬ 
ted  in  Figure  4- 1 .  The  COMLNK  results  lie  above  theory  as  they  should,  but  closely 
follow  the  theoretical  curves  as  the  scintillation  index  varies.  The  most  noticeable 
variation  between  COMLNK  results  and  theory  occurs  with  8-ary  FSK  in  a  non-fading 
channel.  This  difference  is  due  in  part  to  the  finite  precision  of  the  sine  and  cosine  ta¬ 
bles  in  used  to  perform  the  DFT  demodulation  in  COMLNK.  Finite  precision  results  in 
a  quantization  loss  in  addition  to  the  sampling  loss  already  included  in  the  theoretical 
results.  This  is  one  of  the  many  implementation  considerations  faced  by  designers  of 
digital  communications  equipment. 
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Channel  bit  error  rates  of  APSK,  DPSK,  and  8-ary  FSK  in  slow  Rician 
fading  channels. 
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Two  sets  of  COMLNK  results  for  APSK  are  plotted  in  Figure  4-1  because  there 
are  at  least  two  ways  to  demodulate  this  waveform.  Coherent  PSK  demodulation  with 
absolute  phase  encoding  is  generally  rendered  useless  in  a  fading  channel  (slow  or  oth¬ 
erwise)  by  numerous  phase  slips  in  the  phase-lock  loop1.  Thus  for  fading  channel  ap¬ 
plications,  coherent  PSK  should  be  implemented  using  differentially  encoding  and  de¬ 
coding  to  resolve  the  inherent  7t-phase  ambiguity  arising  from  suppressed-carrier 
phase-lock  demodulation.  The  only  meaningful  error  rates  are  those  after  the  differen¬ 
tial  decoder.  Another  way  to  implement  APSK  is  to  use  DPSK  modulation  directly  with 
coherent  phase-lock  demodulation.  This  technique  is  perhaps  best  described  as  I- 
channel  DPSK  demodulation  because  the  (/-channel  samples  are  dropped  from  the  data 
demodulation  algorithm. 

The  two  techniques  produce  results  that  are  similar,  but  not  identical.  The  basic 
distinction  is  that  the  first  technique  performs  differential  demodulation  with  hard  /- 
channel  binary  decisions  (labeled  “Hard  /-Channel  Demod”  in  the  figure),  while  the 
second  performs  differential  demodulation  with  soft  /-channel  samples  (labeled  “Soft  I- 
Channel  Demod”  in  the  figure).  Both  techniques  suffer  significantly  from  imperfect 
phase  tracking.  The  results  show  a  clear,  albeit  small,  advantage  of  the  hard  limited 
version  of  APSK  over  /-channel  DPSK.  Apparently  the  noise  statistics  that  occur  when 
hard  limited  samples  are  multiplied  are  different  and  slightly  more  favorable  than 
those  that  occur  when  non-limited  samples  are  multiplied.  The  squared  noise  in  the 
latter  case  (/-channel  DPSK)  is  slightly  worse. 

While  APSK  performs  better  than  DPSK  in  non-fading  channels  and  about  the 
same  as  DPSK  in  slow  Rayleigh  fading,  Bogusch  [1989]  shows  that  APSK  performs 
significantly  worse  than  DPSK  in  fast  Rayleigh  fading  channels.  Thus  DPSK  is  the  pre¬ 
ferred  PSK  technique  for  communications  links  that  must  contend  with  fading. 

A  powerful  mitigation  technique  is  diversity  combining  of  signals  that  are  inde¬ 
pendently  fading.  It  is  much  less  likely  that  two  independently  fading  signals  will  si¬ 
multaneously  be  in  deep  fades  than  it  is  that  either  one  will  be  in  a  deep  fade.  However, 
simply  coherently  combining  independently  fading  signals  does  not  improve  the  signal- 


1  An  exception  to  this  generalization  arises  for  very  high  data  rate  links  that  employ  exceptionally  large 
phase-lock  loop  bandwidths.  In  such  cases  the  occurrence  of  phase  slips  may  be  sufficiently  infrequent 
as  to  enable  coherent  PSK  demodulation  to  be  used  successfully,  with  CRC  or  frame  synchronization 
techniques  for  ambiguity  resolution. 
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to-noise  ratio  because  the  signals  are  non-coherent.  Thus  non-coherent  techniques  must 
be  used,  and  DPSK  demodulation  produces  an  ideal  quantity  for  combining. 

The  basic  decision  metric  for  DPSK  demodulation  is 


™  -  44-i  +  QkQk-i 

where  Ik  and  Qk  are  the  in-phase  and  quadrature-phase  voltage  samples  for  the  kth 
symbol  period.  A  positive  value  for  m  indicates  no  phase  change  in  the  received  signal 
between  the  k  -  1^  and  kth  symbol  periods,  and  a  negative  value  indicates  a  n-phase 
change.  If  exactly  the  same  data  is  available  on  Nq  channels  then  one  can  simply  sum 
together  the  DPSK  decision  metrics  for  all  the  channels: 


1  'vc 

/v  -L  X  1  /> 

™  =  —  Lmi 
Nr  1 


The  resulting  DPSK  demodulation  error  rate  is  computed  in  Appendix  E  for  combining 
of  two  and  three  metrics. 


One  way  to  implement  diversity  combining  is  take  advantage  of  the  time  diversity 
in  a  Rayleigh  fading  channel.  An  example  is  a  link  with  a  block  interleaver.  To  imple¬ 
ment  diversity  combining,  one  simply  uses  block  repetition  ( i.e .,  the  data  in  the  block 
interleaver  is  repeated  multiple  times  and  the  DPSK  metrics  for  the  same  channel  bit  in 
each  block  are  combined).  Assuming  a  statistically  stationary  channel,  each  individual 
decision  metric  has  the  same  average  value  of  Eci,/Nq  but  fades  independently  if  the 
interleaver  span  is  chosen  to  be  long  compared  to  the  channel  decorrelation  time. 

When  the  individual  DPSK  decision  metrics  fade  independently,  the  combined 
DPSK  demodulation  error  rates  are 

\e~r  1  Channel 

j(4  +  /)e_r  2  Channels 

■^(32  +  12/ +  y2^e~r  3  Channels 

where  y  is  the  average  value  of  Eub/N0 . 
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These  theoretical  two-  and  three-channel  diversity  combining  bit  error  rate  results 
( i.e .,  the  error  rate  after  combining  assuming  no  further  processing)  are  compared  with 
COMLNK  simulation  results  in  Figure  4-2.  The  user  bit  energy-to-noise  spectral  density 
ratio  Eub/ N0  is  the  same  for  all  diversity  combining  cases.  The  value  of  Ecb/N0  then 
depends  on  the  number  of  combined  channels: 

Ecb/N0  (dB)=EJN0  (dB)- lOlog ,„(Afc)  . 

This  keeps  the  total  user  bit  energy  constant  as  the  number  of  channels  changes. 

For  comparison,  the  ideal  single-channel  DPSK  user  error  rates  for  non-fading 
and  Rayleigh  fading  channels  are  also  plotted  in  the  figure.  The  simulation  runs  were 
generated  using  a  block  interleaver  with  a  span  equal  to  240  times  the  channel  decorre¬ 
lation  time  without  repetition.  To  keep  the  user  bit  rate  constant  with  repetition,  the  in¬ 
terleaver  span  is  effectively  reduced  as  the  number  of  repetitions  increases.  Thus  the 
separation  between  repeated  channel  symbols  is  120x0  for  two  repeats  and  80  t0  for 
three  repeats.  These  separations  are  sufficiently  large  that  the  fading  from  symbol-to- 
symbol  is  independent. 

Three  sets  of  simulation  results  are  plotted  in  Figure  4-2.  The  first  set,  labeled 
“  COMLNK  (AGC,  4  Bits)”  was  generated  first  for  two-channel  combining  and  plotted 
with  open  circles.  The  second  set,  labeled  “  COMLNK  (No  AGC,  4  bits)”  was  generated 
for  both  two-  and  three-channel  diversity  combining  using  4  bit  quantization  of  the  in¬ 
dividual  DPSK  decision  metrics.  The  third  set,  consisting  of  two  points  labeled 
“  COMLNK  (No  AGC,  8  bits),”  was  generated  using  8  bit  quantization  of  the  individual 
decision  metrics. 

The  first  set  of  data  was  generated  with  the  automatic  gain  control  (AGC)  track¬ 
ing  loop  on  because  the  runs  encompassed  a  large  range  in  signal  strengths,  and  a  real 
receiver  would  attempt  to  maintain  the  signal  level  near  some  design  value.  At  large 
values  of  Ecb  / Nq  we  observed  that  the  two-channel  DPSK  demodulator  was  beginning 
to  depart  from  theory,  with  the  departure  increasing  as  the  signal  energy  increased.  The 
result  is  a  tendency  for  the  error  rate  curve  to  flatten  out  to  an  apparent  “  irreducible” 
value.  However,  the  channel  fading  rate  is  very  slow  compared  to  the  symbol  rate,  so 
phase  effects  do  not  explain  this  data. 
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Figure  4-2. 


User  Bit  Energy-to-Noise  Density  Ratio,  Eub/N0  (dB) 


Diversity  combining  of  DPSK  decision  metrics  from  two  and  three 
slow  Rayleigh  fading  channels. 


60 


An  active  signal-based  AGC  reduces  the  signal  level  when  &cb  /N0  is  above  the 
design  value,  and  small  quantized  values  of  signal  plus  noise  in  fades  results  in  a  loss  of 
precision.  At  very  large  mean  signal  strengths,  both  the  signal  and  noise  voltages  can 
fall  off  the  bottom  of  the  quantizer  during  deep  fades.  Thus,  while  an  ideal  analog  de¬ 
modulator  would  likely  make  correct  decision,  a  real  digital  demodulator  with  a  signal- 
based  AGC  will  produce  zeros  during  deep  fades,  which  are  correct  50  percent  of  the 
time,  on  the  average. 

This  is  a  real  phenomenon.  It  normally  causes  no  problem  because  when  it  oc¬ 
curs  the  demodulation  error  rate  is  so  low  that  any  decent  error-correction  decoder 
produces  no  errors.  It  is  also  not  a  problem  in  a  non-fading  channel  where  the  signal 
remains  at  its  mean  level.  It  is  noteworthy  that  COMLNK  exhibits  this  degree  of  fidel¬ 
ity.  The  AGC  parameters  could  have  been  chosen  to  provide  improved  operation. 
However,  to  compare  COMLNK  results  with  theory  we  reran  the  two-channel  simula¬ 
tions  with  the  AGC  turned  off,  and  observed  that  the  demodulation  error  rates  were 
close  to  the  theoretical  curve  over  the  full  range  of  signal  strength.  The  three-channel 
case  was  only  run  with  the  AGC  off. 

Although  the  COMLNK  results  with  the  AGC  turned  off  follow  the  theoretical 
curves,  the  solid  circle  simulation  points  do  tend  to  deviate  from  theory  at  low  error 
rates.  This,  we  suspected,  is  due  to  the  finite  precision  of  the  individual  decision  met¬ 
rics  even  with  the  AGC  turned  off.  Most  of  the  cases  were  run  with  4  bits  of  precision 
in  m  before  combining.  To  test  this  hypothesis,  we  reran  both  the  two-  and  three- 
channel  cases  at  one  large  value  of  Eub  /N0  using  8  bits  of  precision  in  m  before  com¬ 
bining.  These  results,  plotted  with  solid  squares  in  the  figure,  fall  right  on  the  corre¬ 
sponding  theoretical  curves.  Thus,  not  only  are  the  DPSK  demodulation  and  combining 
results  verified,  it  is  also  seen  that  COMLNK  provides  the  fidelity  to  investigate  hard¬ 
ware  design  details  such  as  quantization. 

4.2  FAST  RAYLEIGH  FADING  CHANNELS. 

Real  Rayleigh  fading  channels  are  not  infinitely  slow,  and  further  degradation  in 
the  channel  bit  error  rate  occurs  when  fast  fading  effects  are  considered.  Demodulation 
error  rates  for  DPSK  and  binary  FSK  (BFSK)  were  derived  by  Bello  and  Nellin 
[1963b]  about  35  years  ago.  Rutherford  [1978]  extended  these  results  to  M- ary  FSK  by 
ignoring  the  tone  filter  cross  correlation  terms.  We  report  new  fast  fading  results  for 
DPSK  and  M-ary  FSK  in  the  appendices  of  this  report  for  the  Doppler  frequency 
spectra  characteristic  of  transionospheric  scintillation  [Wittwer,  1980].  Unfortunately, 
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these  results  are  not  given  by  simple  mathematical  expressions  as  is  the  case  for  slow 
Rayleigh  fading,  so  we  leave  some  details  in  the  appendices. 


4.2.1  DPSK  Performance. 

The  single-channel  fast  fading  DPSK  demodulation  error  rate,  derived  in  Ap¬ 
pendix  B  of  this  report,  is 


2(-yS|+l) 


(DPSK,  Fast  Rayleigh  Fading)  , 


where 

1 

=2j(i-£,)P(7t,)de,  , 

0 

R2  =  ±)(1  - £.){p[T(l  - 0]  +  p[T(l  +  0]}  <£,  , 

0 

T  is  the  channel  bit  period  (1/7  is  the  channel  bit  rate),  and  p(-)  is  the  temporal  auto¬ 
correlation  function  of  the  fading.  Analytic  results  are  possible  for  DPSK  performance 
in  fast  Rayleigh  fading  for  all  cases  where  these  integrals  have  closed  form  expressions. 
( R]  and  R2  for  the  Gaussian  and  Z-4  Doppler  frequency  are  given  in  Appendix  B). 

A  comparison  of  COMLNK  and  theoretical  results  for  the  DPSK  channel  bit  er¬ 
ror  rate  in  fast  Rayleigh  fading  with  an  f~4  Doppler  frequency  spectrum  is  shown  in 
Figure  4-3  for  several  values  of  the  ratio  of  the  channel  decorrelation  time  to  the 
channel  bit  period,  x0 /Tcb .  Excellent  agreement  is  seen  in  the  figure  between  the 
simulation  and  theoretical  results. 

Another  presentation  of  these  data  is  to  consider  the  channel  bit  energy-to-noise 
spectral  density  ratio  necessary  to  achieve  a  10  percent  channel  bit  error  rate.  This  is 
an  interesting  error  rate  because  maximum-likelihood,  low-rate  error  correction  de¬ 
coders  with  uncorrelated  input  errors  at  this  error  rate  produce  an  output  error  rate  of 
10~5  or  less.  The  required  value  of  Ecb/N0  to  achieve  the  ten  percent  demodulated  er¬ 
ror  rate  is  shown  in  Figure  4-4  for  APSK  and  DPSK  modulation.  The  solid  line  in  the 
figure  is  the  theoretical  curve  for  DPSK,  and  the  circles  are  COMLNK  simulation 
points  (open  circles  connected  by  a  dashed  line  for  APSK  and  solid  circles  for  DPSK). 
To  the  authors’  knowledge,  no  fast  fading  analytic  result  exists  for  APSK.  Again  close 
agreement  is  seen  between  the  COMLNK  and  theoretical  DPSK  results. 
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Channel  Bit  Error  Rate 


Channel  Bit  Energy-to-Noise  Density  Ratio,  Ecb/N0  (dB) 
Figure  4-3.  DPSK  channel  bit  error  rate  in  fast  Rayleigh  fading. 
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Figure  4-4.  Required  Ecb  /  N0  for  APSK  and  DPSK  to  achieve  a  ten-percent  channel  bit  error  rate  in  fast 
Rayleigh  fading. 


The  results  in  Figure  4-4  illustrate  that  DPSK  has  more  robust  performance  in 
fast  fading  than  does  APSK.  Indeed  for  the  same  channel  bit  rate,  one  can  operate  a 
DPSK  link  in  faster  fading  channels  (by  a  factor  of  2  or  so)  with  a  lower  signal-to- 
noise  ratio  than  is  required  with  APSK. 

DPSK  test  data  are  available  from  the  prototype  L^P  receiver  scintillation  test 
program  conducted  with  the  NELS  channel  simulator  circa  1982  [Bogusch  and 
Guigliano,  1982;  Dana,  1995c],  Channel  bit  error  rate  measurements  obtained  at  chan¬ 
nel  decorrelation  times  of  5  and  100  msec  are  compared  with  recently  generated 
COMLNK  results  in  Figure  4-52. 


4.2.2  BFSK  Performance. 


An  exact  expression  for  the  binary  frequency-shift  keying  (BFSK)  channel  bit 
error  rate  is  derived  in  Appendix  F.  This  expression  is 


_ ~  ^2 _ 

1/(tf,+R2+2T-|)2-4tf32 


(BFSK,  Fast  Rayleigh  Fading)  , 


where 


l 


2jp (n)M)« 

0 

(4.1) 

0 

(4.2) 

9/_i\4 fT  1 

Jp(^)sm(a>M^ 

(4.3) 

2  The  remarkable  agreement  to  within  a  small  fraction  of  a  decibel  between  test,  theory,  and  simulation 
results  seen  in  this  figure  is  achieved  by  applying  an  implementation  loss  to  the  theoretical  and 
COMLNK  results.  This  loss  of  1 .5  dB  is  derived  from  non-fading  test  results  as  described  in  Dana 
[1995c].  Nonetheless,  the  test  and  simulation  results  follow  the  precise  shape  of  the  theoretical  curves, 
validating  both  the  theory  and  COMLNK,  as  well  as  the  NELS  hardware  simulator. 
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Figure  4-5.  Comparison  of  test  and  COMLNK  results  for  the  DPSK  demodulation 
error  rate  of  the  prototype  L^P  receiver. 


The  quantity  T  in  these  expressions  is  the  FSK  symbol  period,  which  for  BFSK  is  also 
equal  to  the  channel  bit  period,  Tcb  (this  is  not  the  case  for  higher  order  FSK),  and  the 
normalized  tone  spacing  radian  frequency  is  cow  =  2nAfT.  Expressions  for  R2, 
and  R3  for  the  f~4  Doppler  frequency  spectrum  are  given  in  Appendix  F.  To  the 
authors’  knowledge,  closed  form  expressions  for  these  integrals  are  not  possible  for  the 
Gaussian  spectrum,  although  the  integrals  can  be  evaluated  numerically  in  this  case.  In 
slow  Rayleigh  fading,  R2  and  R3  are  equal  to  zero,  Rj  is  equal  to  unity,  and  the  BFSK 
fast  fading  channel  bit  error  rate  reduces  to  the  slow  fading  expression: 

(Pe)  =  — - —  (BFSK,  Slow  Rayleigh  Fading)  . 

2  + y 
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A  comparison  of  these  results  to  COMLNK  simulation  results  is  shown  in 
Figure  4-6  for  minimum  tone  spacing  (AfT  =  1),  an  /~4  Doppler  frequency  spec¬ 
trum,  and  three  values  of  the  normalized  channel  decorrelation  time,  t o/Tcb.  For  this 
case  the  COMLNK  and  theoretical  results  agree  perfectly. 

4.2.3  M- ary  FSK  Performance. 

For  Rayleigh  fading,  the  output  signal  plus  noise  voltages  of  the  M  filters  of  an 
M- ary  FSK  receiver  are  correlated,  complex,  zero  mean,  normally  distributed  random 
variables.  It  is  the  correlation  between  the  signal  contribution  to  the  tone  filter  outputs 
that  makes  the  calculation  of  the  non-coherent  M-ary  FSK  demodulation  error  rate  a 
difficult  mathematical  problem  that  may  not  be  tractable.  Ignoring  the  correlation,  it  is 
possible  to  compute  the  demodulation  error  rate  for  the  general  case  from  the  variance 
of  the  outputs  of  the  M  filters,  as  shown  in  Appendix  F  and  summarized  below.  We 
show  in  the  appendix  that  ignoring  the  correlation  gives  an  upper  bound  to  the  actual 
demodulation  error  rate. 

We  have  already  calculated  the  variance  of  the  output  voltages  of  the  M  filters, 
although  a  slight  generalization  is  needed.  These  results  are  given  in  Equations  (4.1) 
and  (4.2).  The  required  generalization  is  that  the  R2  integral  becomes 

/?2(/t)  =  2|p(7^)(l-^)cos(©^)^  , 
o 

where  k  is  the  distance  of  the  other  filter  from  the  correct  filter  [k  =  (i-l)f  2  where  i 
and  l  are  odd  integers].  To  simplify  the  notation,  we  rewrite  the  filter  output  variances 
as  follows: 

p0=r2[i?i+7_1] 

(4  4' 

Ht=r2[*a(*)+rl] 

where  r  is  the  mean  signal  amplitude.  Formulas  for  Rl  and  R2(k)  for  an  f'4  Doppler 
frequency  spectrum  are  given  in  Appendix  F  with  a>M  replaced  by  k  coM.  The  Rj  inte¬ 
gral  given  in  the  appendix  for  the  signal  energy  out  of  the  correct  tone  remains  the 
same  in  this  case. 

It  is  shown  in  Appendix  F  that  the  probability  of  selecting  the  correct  tone  filter 
is  given  by  the  expression 
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2  2  MS1~X 

Pc  =  mPm(v0,v1,-,vm_1)  +  -  I  ^(vo»vi»-^M,v0,-,vM_M)  , 
where  v^.  =  |i^/|i0  and  v0  =  1.  The  terms  are  evaluated  by  recursion: 

Pm{^m)  =  ^M-l(V0>V2’‘"’VM-l)  "  ^ W-lf  >V2»'"’V/W-1 


v  v0  Vj 


y 


and 


P2^0^\)  = 


v? 


V0+Vi 


In  fast  fading  the  relationship  between  channel  symbol  error  rate  and  the  bit  er¬ 
ror  rate  is  not  given  by  the  AWGN  formula  1).  In  deriving  this  expression, 

it  is  assumed  that  when  a  demodulation  error  occurs  all  incorrect  tone  filters  are 
equally  likely  to  be  selected.  This  is  only  the  case  when  all  incorrect  filters  have  equal 
output  amplitudes  on  the  average.  This  is  not  the  case  with  M-ary  FSK  demodulation  in 
fast  fading  channels.  Rapid  variations  of  signal  amplitude  and  phase  cause  the  received 
signal  spectrum  to  smear  out.  This  Doppler  spreading  causes  the  receiver  filters  to  be¬ 
come  mis-matched,  and  some  of  the  signal  energy  that  would  otherwise  appear  at  the 
output  of  the  correct  filter  instead  appears  in  the  outputs  of  adjacent  filters. 


Thus,  when  the  channel  bit  error  rate  is  less  than  50  percent  in  fast  fading,  M- ary 
FSK  demodulation  errors  are  most  likely  to  be  made  by  choosing  a  filter  adjacent  to 
the  correct  filter.  This  changes  the  average  number  of  channel  bit  errors  per  channel 
symbol  error.  For  example,  the  AWGN  formula  predicts  this  ratio  to  be  %  for  8-ary 
FSK,  whereas  the  ratio  is  %  when  adjacent  filters  cause  all  demodulation  errors.  The 
difference  is  even  larger  for  16-ary  FSK  where  the  AWGN  formula  predicts  a  ratio  of 
Yis  or  0.53,  whereas  the  adjacent  filter  assumption  results  in  a  ratio  of  ]%0  or  0.43.  Of 
course  the  ratio  is  1  for  BFSK,  and  one  can  show  that  it  is  %  for  QFSK  in  either  case. 

The  difficulty  here  is  that  this  change  in  the  relationship  between  symbol  and  bit 
error  rate  is  not  accounted  for  in  our  theoretical  development,  whereas  it  is  treated 
automatically  and  properly  in  COMLNK.  We  can  avoid  this  difficulty  by  comparing 
theoretical  and  simulation  results  for  channel  symbol  error  rates,  rather  than  bit  error 
rates,  for  the  8-ary  and  16-ary  FSK  cases. 


For  QFSK  the  average  channel  bit  error  rate  is  obtained  from  the  probability  Pc 
that  the  correct  filter  has  the  largest  output  amplitude  as  follows: 


=  QFSK, 
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where  this  formula  holds  whether  one  assumes  that  all  incorrect  tone  filters  are  equally 
likely  to  be  chosen  when  a  demodulation  error  occurs  (AWGN  case),  or  that  the  tone 
filters  adjacent  to  the  correct  one  are  most  likely  to  be  chosen  (fast  fading).  Compari¬ 
sons  of  the  fast  Rayleigh  fading  theoretical  results  with  COMLNK  simulation  results 
are  presented  in  Figure  4-7  for  QFSK  with  minimum  tone  spacing  ( AfT  =  1)  and 
x§/Tcb  ratios  of  1,  3,  10,  and  30.  As  predicted,  the  simulation  results  fall  slightly  be¬ 
low  the  theoretical  curves  that  are  an  upper  bound  because  the  correlation  between  the 
signal  components  of  the  tone  filter  outputs  is  ignored  in  the  theory. 

For  8-ary  and  16-ary  FSK,  the  theoretical  demodulation  symbol  error  rate  is 
computed  from  the  expression  (Pd)  =  1  -  Pc.  Comparisons  between  our  theoretical  re¬ 
sults  and  COMLNK  simulation  results  are  shown  in  Figures  4-8  and  4-9  for  8-ary  FSK 
with  AfT  =  1  and  AfT  =  3,  respectively,  and  in  Figures  4-10  and  4-11  for  16-ary  FSK 
with  AfT  =  1  and  AfT  =  3,  respectively.  In  these  figures,  the  channel  symbol  error 
rate  is  plotted  against  the  channel  symbol  energy-to-noise  spectral  density  ratio, 

Ecs  / N0 ,  for  several  values  of  the  ratio  of  channel  decorrelation  time  to  the  channel  bit 
period,  t o/Tch.  Note  that  the  symbol  error  rate  limit  for  small  values  of  Ecs/N0  is 
(M -D/M  rather  than  j,  which  is  the  bit  error  rate  limit. 

The  agreement  between  the  theoretical  upper  bounds  and  COMLNK  results  is 
generally  very  good.  For  large  values  of  T0 /Tcb ,  the  COMLNK  results  are  consistently 
below  the  theoretical  results,  and  the  discrepancy  increases  as  T0/rcfc  increases.  We 
believe  that  this  is  a  result  of  our  analytical  assumption  that  the  signal  contributions  to 
the  tone  filter  outputs  are  uncorrelated.  (Of  course  the  noise  contributions  are  always 
uncorrelated  for  orthogonal  tone  spacing,  but  noise  has  no  discernible  effect  at  large 
signal-to-noise  ratios.)  We  show  in  Appendix  F  that  the  signal  contributions  to  the  in¬ 
correct  filter  outputs  are  correlated,  with  the  correlation  coefficient  approaching  unity 
for  T0/Tcb  >  y  log 2  M  or  so.  The  correlation  between  the  filter  outputs  reduces  the  er¬ 
ror  probability.  This  correlation  is  inherent  in  the  COMLNK  filters,  but  is  neglected  in 
the  analysis3. 


3  Further  evidence  that  COMLNK  results  are  correct  comes  from  comparison  of  measured  values  of  the 
average  output  power  from  all  tone  filters  with  the  theoretical  expected  values  given  in  Appendix  F.  The 
neglect  of  the  filter  output  correlation  has  no  effect  on  these  theoretical  values,  and  the  COMLNK 
measurements  exhibit  excellent  agreement. 
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Channel  Symbol  Error  Rate 


Channel  Symbol  Energy-to-Noise  Density  Ratio,  Ecs/N0  (dB) 


Figure  4-10.  16-ary  FSK  channel  symbol  error  rate  for  the  minimum  tone  spacing 
in  fast  Rayleigh  fading. 
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Thus  our  theoretical  results  for  M>  2,  calculated  assuming  uncorrelated  filter 
outputs,  provide  an  upper  limit  to  the  demodulation  error  rate.  The  difference  between 
the  theoretical  results  and  the  true  error  rate  increases  as  T o/Tcb  increases  because  the 
correlation  between  the  filters  also  increases.  Eventually,  as  x0  /Tcb  gets  large  enough, 
the  signal  energy  out  of  filters  becomes  so  small  that  the  correlation  is  no  longer  im¬ 
portant,  and  our  theoretical  results  approach  the  usual  slow  fading  limit  for  the  error 
rate.  For  values  of  T0 /Tcb  less  than  ^log2  M,  the  correlation  coefficient  rapidly  ap¬ 
proaches  zero,  our  assumption  of  uncorrelated  outputs  is  correct,  and  close  agreement 
is  seen  between  COMLNK  results  and  our  theoretical  results. 

In  the  discussion  above,  we  point  out  that  the  ratio  between  the  demodulated 
symbol  error  rate  and  the  channel  bit  error  rate  is  not  the  same  in  fast  fading  as  it  is  in 
AWGN  because  adjacent  filter  errors  are  more  likely  in  fast  fading.  We  can  predict 
this  ratio  in  the  limits  of  slow  and  fast  fading,  but  we  do  not  have  a  formula  for  the  ra¬ 
tio  in  the  transition  regime.  We  can,  however,  compute  this  ratio  from  COMLNK 
simulation  results,  and  the  ratio  is  plotted  in  Figure  4-12  versus  symbol  error  rate  for 
the  16-ary  case.  The  12  curves  plotted  in  the  figure  are  from  12  different  simulation 
cases  (t0/Tc£  =  1,3  10,  and  30,  and  AfT  =  1,2  and  3).  The  9  points  along  any  one 
curve  are  for  9  values  of  Ect  /N0  (5  dB  to  45  dB  in  5  dB  steps).  Note  that  for  some  of 
the  curves,  there  are  several  simulation  points  at  the  minimum  value  of  the  ratio. 


Figure  4-12.  COMLNK  results  for  the  ratio  of  the  channel  bit  error  rate  to  the  de¬ 
modulated  symbol  error  rate  for  16-ary  FSK. 
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We  predicted  for  this  case  that  the  ratio  would  vary  between  a  maximum  of 
\M/(M  - 1)  =  0.53  (the  value  for  AWGN,  slow  fading  or  when  the  demodulation  error 
rate  is  large)  and  a  minimum  of  ^  or  0.43  (the  value  when  only  adjacent  filters  cause 
demodulation  errors).  The  COMLNK  results  fall  generally  within  this  predicted  range. 
In  principle,  one  could  calculate  the  ratio  of  the  two  error  rates  for  the  general  case  by 
computing  the  probability  of  each  incorrect  filter  being  chosen  for  each  of  the  M  cor¬ 
rect  tone  positions.  For  our  validation  purposes,  however,  the  close  comparison  of 
COMLNK  with  the  theoretical  upper  bound  on  the  channel  symbol  error  rate  and  the 
excellent  agreement  for  the  average  power  are  sufficient  to  validate  the  M-ary  FSK 
demodulation  performance. 

The  results  for  8-  and  16-ary  FSK  are  summarized  in  Figures  4-13  and  4-14,  re¬ 
spectively,  where  the  required  value  of  Ecb  / N0  to  achieve  a  10  percent  channel  bit  er¬ 
ror  rate  is  plotted  versus  normalized  decorrelation  time,  T0  /  Tcb.  The  COMLNK  re¬ 
sults,  generated  using  -point  DFTs,  agree  quite  well  with  the  theoretical  predictions, 
which  are  described  in  Appendix  F.  These  results  show  the  significant  performance 
gain  in  fast  fading  achieved  by  increasing  the  spacing  of  FSK  tones. 

The  discrepancy  between  the  required  value  of  Ecb/N0  in  fast  fading  computed 
with  COMLNK  and  the  theoretical  curves  is  due  to  the  two  effects  discussed  above. 

The  theoretical  curve  is  for  the  AWGN  value  of  the  ratio  of  the  channel  bit  error  rate 
to  the  demodulated  symbol  error  rate,  and  the  theory  neglects  the  correlation  in  the 
outputs  of  the  tone  filters.  Thus  for  most  cases  the  COMLNK  results  indicate  a  slightly 
smaller  value  for  the  fast  fading  limit  of  x0  !Tcb  ( i.e .,  the  point  where  the  required 
Ecb /No  g°es  to  infinity).  In  the  slow  fading  limit  (xo  !  Ecb  >10),  the  required  values 
of  Ecb  /Nq  from  the  COMLNK  results  are  slightly  above  the  theoretical  curves  as  they 
should  be.  In  this  limit  where  the  error  rate  ratio  is  given  by  the  AWGN  formula  and 
the  correlation  between  incorrect  tone  filters  is  negligible,  the  theoretical  curves  give 
the  ideal  receiver  performance.  The  COMLNK  results  are  for  an  actual  receiver  im¬ 
plementation  with  finite  resolution  and  dynamic  range  in  the  signal  plus  noise  voltage 
samples,  and  a  small  implementation  loss  is  indicated  in  the  simulation  results. 


77 


78 


Figure  4-13.  Required  Ecb  /  N0  for  8-ary  FSK  to  achieve  a  ten-percent  channel  bit  error  rate  in  fast  Rayleigh 
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Figure  4-14.  Required  Ecb  /  N0  for  16-ary  FSK  to  achieve  a  ten-percent  channel  bit  error  rate  in  fast  Rayleigh 
fading. 


4.3  FREQUENCY  SELECTIVE  FADING  CHANNELS. 


Frequency  selectivity  adds  three  significant  complications  to  the  analysis  of  ideal 
demodulation  error  rates.  First  is  the  effect  of  the  delay  lock  loop  (DLL)  which  ideally 
tracks  with  a  non-zero  offset  in  such  environments.  The  second  complication  is  that 
demodulation  error  rates  are  quite  sensitive  to  the  coarseness  of  the  sampling  of  the 
channel  impulse  response  function  (CIRF).  Ultimately  both  of  these  effects  were  in¬ 
cluded  in  the  theory  because  without  them  there  was  poor  agreement  between 
COMLNK  and  theoretical  results. 

The  third  complication  is  that  the  analytic  expressions  for  the  demodulation  er¬ 
ror  rates  in  frequency  selective  fading  channels  are  very  complicated  in  part  due  to 
double  integrals  over  the  time  and  time-of-arrival  properties  of  the  channel.  Without 
the  use  of  the  program  Mathematica®  [Wolfram,  1996]  to  perform  the  necessary  inte¬ 
gration,  the  theoretical  frequency  selective  fading  results  in  this  report  would  not  be 
possible,  simply  because  of  the  large  number  of  terms.  COMLNK,  of  course,  takes  all 
of  this  in  stride. 

To  the  authors’  knowledge  the  analytic  demodulation  error  rates  presented  in 
this  section  that  include  the  effects  of  delay  tracking  and  CIRF  sampling  have  not  been 
published  previously.  Before  these  results  were  developed,  the  sensitivity  of  FSK  de¬ 
modulation  error  rates  in  particular  to  delay  error  and  sampling  was  not  well  under¬ 
stood,  and  perhaps  never  would  have  been  understood  to  the  degree  now  possible  sim¬ 
ply  by  studying  simulation  results  alone. 

As  in  the  previous  subsection,  we  will  first  discuss  DPSK  performance  with  in¬ 
tersymbol  interference  and  then  discuss  BFSK  demodulation  performance.  This  latter 
case  is  sufficiently  complex  that  we  have  not  attempted  to  derive  analytic  results  for  M- 
ary  FSK  performance  in  frequency  selective  fading  channels,  although  this  requires  a 
straightforward  extension  of  the  BFSK  formalism.  We  believe  that  the  BFSK  case  is 
sufficient  for  COMLNK  validation  in  frequency  selective  channels. 

4.3.1  DPSK  Performance. 

Frequency  selective  fading  does  not  directly  impact  DPSK  demodulation  if  there 
is  an  underlying  direct  sequence  spread  spectrum  code.  For  such  a  waveform,  fre¬ 
quency  selectivity  only  causes  a  loss  in  signal  energy  out  of  the  code  correlator  to  first 
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order,  but  the  output  signal  is  essentially  flat  fading4.  The  magnitude  of  the  code  cor¬ 
relation  loss  is  given  in  Section  3,  and  the  fast,  flat  fading  performance  of  DPSK  is 
given  in  Section  4.2.  Thus  we  consider  only  the  case  of  DPSK  demodulation  without  an 
underlying  PN  code  in  this  subsection. 

In  Appendix  C  we  show  that  the  ideal  delay  offset  for  DPSK  demodulation  with¬ 
out  a  PN  code  is  a  small  fraction  of  a  channel  bit  period.  Therefore  we  ignore  delay 
tracking  in  developing  the  ideal  DPSK  demodulation  error  rate.  Thus  when  we  com¬ 
pare  our  analytic  results  to  those  of  COMLNK,  we  run  the  simulation  with  the  DLL 
turned  off  and  the  delay  offset  fixed  at  zero. 

With  the  assumptions  of  zero  delay  offset,  no  PN  code,  and  a  continuous  channel 
impulse  response  function,  the  DPSK  demodulation  error  rate  is 


(DPSK,  Continuous  Frequency  Selective  Fading) 


where 
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4  Stated  another  way,  frequency  selective  effects  on  the  PN  code  correlator  occur  with  much  larger  values 
of  fQ  because  of  the  much  wider  signal  bandwidth  in  a  PN  system.  Once  the  signal  is  despread,  the 
value  of  fQ  then  is  much  larger  than  the  data  bandwidth.  If  the  value  of  f0  were  reduced  sufficiently  to 
cause  frequency  selective  effects  on  data  demodulation,  then  the  PN  code  correlator  would  fail  com¬ 
pletely. 
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where  G(-)  is  the  power  impulse  response  function,  and  p(  )  is  the  temporal  autocorre¬ 
lation  function  of  the  channel  impulse  response  function.  Closed  form  expressions  for 
these  integrals  for  f*4  and  f~ 6  Doppler  frequency  spectra  are  given  in  Appendix  C. 

As  we  have  discussed  before,  the  CIRF  is  necessarily  sampled  in  both  link  simu¬ 
lations  such  as  COMLNK  and  in  hardware  channel  simulators  such  as  the  DSWA  Nu¬ 
clear  Effects  Link  Simulator.  To  simplify  the  equations  in  this  case,  we  consider  only 
the  case  of  slow,  sampled  frequency  selective  fading.  For  such  fading  the  DPSK  de¬ 
modulation  error  rate  is  given  by  the  expression 


(DPSK,  Slow  Sampled  Frequency  Selective  Fading) 

where  the  sigma  terms  are 

cr?  =  Rq  +  (R,  - 1  +  -  (R,  +  e~x  )r2 

c22  =  (1  +  R,  )Ro-(l  +  2  R,  )Rl  +R,(  1  +  )r2  +  y-1 

a32  =  Rq  -  (3  +  Rj  +  <TX)/?,  +  (2  +  R,+  e~x  )r2 

aj  =  (1  +  R] )Rq -(3  +  2RI)Rl  +  (2  +  Rj  +  R,ex)R2  +  y~]  . 

For  a  sampled  CIRF  the  R  integrals  are 
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The  integer  ND  is  the  number  of  delay  samples  per  channel  symbol,  and  Nj  is  the 
number  of  channel  bits  in  the  total  CIRF  delay  spread  (Nj  =  Nx  /  ND  rounded  up  to  the 
nearest  integer). 

These  analytic  results  are  compared  with  COMLNK  simulation  results  in 
Figure  4-15  for  several  values  of  the  normalized  frequency  selective  bandwidth,  /0Tct. 
The  COMLNK  simulations  were  run  with  x0  =  300  to  assure  slow  fading  and  with 
two  delay  samples  per  channel  bit  period.  The  agreement  between  ideal  DPSK  de¬ 
modulation  error  rate  curves  for  a  sampled  CIRF  (ND=  2)  and  simulation  results  is 
excellent.  The  reader  should  note,  however,  that  we  first  computed  the  ideal  DPSK 
demodulation  error  rates  for  the  continuous  CIRF  case  and  these  theoretical  results  did 
not  agree  at  all  well  with  the  simulation  results.  It  was  this  discrepancy  that  prompted 
us  to  consider  the  effects  of  channel  delay  sampling  on  demodulation  error  rates. 

There  is  a  significant  difference  between  ideal  DPSK  demodulation  error  rates 
with  a  coarsely  sampled  CIRF  and  that  for  the  continuous  case.  This  difference  is  il¬ 
lustrated  in  Figure  4-16  where  we  show  the  value  of  the  channel  bit  energy- to-noise 
spectral  density  ratio  required  to  achieve  a  ten-percent  demodulation  error  rate  versus 
f0Tcb  for  continuous  and  sampled  CIRFs.  Again  there  is  excellent  agreement  between 
the  COMLNK  results  and  the  ideal  sampled  CIRF  curve3. 


5  The  COMLNK  results  in  this  figure  plotted  with  solid  circles  only  go  down  to  f0Tch  =  0.5  because  they 
were  generated  before  we  calculated  the  DPSK  error  rate  with  a  sampled  CIRF.  The  minimum  fre¬ 
quency  selective  bandwidth  for  the  set  of  COMLNK  runs  from  which  these  results  were  generated  was 
then  determined  by  the  continuous  CIRF  curve  where  finite  values  of  ECb  /Nq  are  only  possible  for 
fJcb  -  The  COMLNK  results  plotted  with  open  circles  were  generated  after  the  ideal  curve  for  the 
sampled  CIRF  case  was  derived.  This  is  an  example  of  the  manner  in  which  detailed  analyses  and  high- 
fidelity  simulations  complement  each  other. 
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Channel  Bit  Error  Rate 


Channel  Bit  Energy -to-Noise  Density  Ratio,  Ecb/N0  (dB) 

Figure  4-15.  DPSK  channel  bit  error  rates  in  slow,  frequency  selective  fading. 
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Figure  4-16.  Required  EcbIN0  for  DPSK  to  achieve  a  ten-percent  channel  bit  error  rate  in  slow,  frequency  se¬ 
lective  fading. 


These  results  show  that  an  ideal  DPSK  link  can  operate  in  frequency  selective 
fading  channels  with  f0Tcb  >  Sampling  the  CIRF  with  two  samples  per  channel  bit 
gives  the  appearance  that  a  DPSK  link  can  operate  in  frequency  selective  fading  chan¬ 
nels  with  values  of  f§Tcb  about  1.5  times  smaller  than  the  lower  limit  with  a  continuous 
CIRF.  Thus  both  COMLNK  simulation  results  and  hardware  test  results  using  a  fre¬ 
quency  selective  channel  simulator  may  be  somewhat  optimistic  relative  to  the  per¬ 
formance  of  a  DPSK  link  in  a  continuous  frequency  selective  fading  channel. 

The  cure  for  the  difference  between  demodulation  results  with  continuous  and 
sampled  CIRFs  is  to  increase  the  number  of  delay  samples  per  channel  bit  period.  The 
price  to  be  paid  for  this  is  increased  execution  time,  primarily  in  the  convolution  of  the 
channel  with  the  transmitted  modulation. 

Rather  than  indiscriminately  increasing  the  value  of  ND  in  an  attempt  to  achieve 
COMLNK  results  (or  hardware  test  results)  closer  to  those  for  a  continuous  CIRF,  we 
recommend  that  users  just  be  aware  of  the  effect  of  channel  delay  sampling.  Only  when 
considering  DPSK  link  performance  near  the  threshold  indicated  by  the  results  in 
Figure  4-16  and  only  when  a  factor  of  1.5  or  so  in  the  minimum  value  of  foTcb  makes 
some  difference  in  conclusions  inferred  from  simulation  or  test  results,  should  one  in¬ 
crease  the  value  of  ND. 

4.3.2  BFSK  Performance  with  Hopping. 

There  are  two  fundamental  characteristics  of  frequency  selective  fading  that 
complicate  the  problem  of  analytically  computing  the  FSK  demodulation  error  rate.  As 
pointed  out  in  Section  2  of  this  report,  the  two-frequency  mutual  coherence  function 
varies  inversely  with  frequency  difference.  As  a  consequence,  the  correlation  between 
the  signal  components  at  the  output  of  the  tone  filters  is  not  small  as  is  the  case  for  fast 
fading,  and  one  is  left  with  the  problem  of  dealing  with  M  mutually  correlated  random 
variables  to  compute  the  error  rate.  A  further  complication  is  that  the  two-frequency 
mutual  coherence  function  is  complex,  so  the  cross  correlation  of  the  tone  filter  outputs 
is  also  complex.  This  effectively  doubles  the  analytic  calculations  necessary  to  compute 
the  correlation  coefficients.  Thus  analytic  results  are  practical  only  in  the  case  of  BFSK 
modulation.  As  we  will  show,  the  BFSK  case  is  sufficiently  tedious  mathematically  that 
there  is  little  reason  to  attempt  to  develop  analytic  results  for  higher-order  FSK  sig¬ 
naling,  although  such  results  could,  in  principle,  be  obtained.  Furthermore,  the  BFSK 
case  is  sufficient  to  achieve  our  goal  of  COMLNK  validation.  Note  that  none  of  these 
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analytical  difficulties  affects  COMLNK,  which  can  readily  simulate  M-ary  FSK  under 
fast,  frequency  selective  fading  channel  conditions. 

The  block  diagram  in  Figure  3-2  of  Section  3  is  for  FSK  with  frequency  hop¬ 
ping,  although  hopping  can  easily  be  disabled.  Frequency  hopping  provides  two  key 
advantages  to  an  FSK  communications  link.  The  primary  advantage  is  protection  from 
jamming,  whether  hostile  or  inadvertent.  A  side  benefit,  if  the  hopping  rate  equals  or 
exceeds  the  modulation  symbol  rate,  is  to  provide  protection  from  intersymbol  inter¬ 
ference  in  frequency  selective  fading  channels.  In  this  section  we  only  consider  the  case 
where  the  hopping  rate  is  equal  to  the  symbol  rate.  If  the  hopping  rate  is  faster  than  the 
symbol  rate,  then  signal  energy  from  multiple  hops  per  symbol  must  be  non-coherently 
combined,  which  adds  considerable  complexity  to  the  analysis  (although  readily  treated 
by  COMLNK).  If  the  hopping  rate  is  slower  than  the  symbol  rate,  then  signal  energy 
from  previous  symbols  within  a  hop  can  interfere  with  the  on-time  symbol.  This  ap¬ 
proaches  the  case  without  hopping  considered  in  the  next  subsection. 

Even  ignoring  delay  tracking,  the  BFSK  demodulation  error  rate  for  general 
time  and  frequency  selective  fading  is  extraordinarily  tedious  to  calculate  analytically6. 
Thus  we  have  chosen  to  develop  analytic  demodulation  error  rate  expressions  with 
non-zero  delay  tracking  error  only  for  slow,  frequency  selective  fading  and  to  develop 
such  expressions  with  zero  delay  tracking  error  for  fast,  frequency  selective  fading. 
Results  for  these  two  cases  are  outlined  below.  The  mathematical  details  are  in  Appen¬ 
dix  G. 


The  BFSK  channel  bit  error  rate  is  computed  analytically  from  the  mean  energy 
at  the  outputs  of  the  two  filters  and  the  voltage  cross  correlation  coefficient.  For 
BFSK,  the  transmitted  frequency  is  +A//2  (relative  to  the  carrier  frequency),  and 
without  loss  of  generality  we  assume  that  the  +A//2  tone  is  transmitted.  The  normal¬ 
ized  signal  contribution  E+  ( E+  =  1  in  the  limit  of  flat  fading)  to  the  mean  output  en¬ 
ergy  of  the  correct  filter  corresponding  to  the  transmitted  tone  is,  for  a  slow  fading 
continuous  channel  impulse  response  function, 


6  It  is  important  to  distinguish  between  analysis  and  simulation  when  discussing  complexity.  Analytic 
results  can  be  obtained  only  under  rather  limited  conditions  due  to  extraordinary  mathematical  complex¬ 
ity  that  must  be  faced  each  time  that  a  calculation  is  performed.  For  a  first-principles  simulation  such  as 
COMLNK,  complexity  was  faced  once  in  structuring  and  coding  the  program.  Thereafter,  simulations 
of  a  wide  range  of  systems  and  channels  are  readily  performed. 
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E+  =  \TG{TQA2  p l-zD]d^  (Slow  Fading,  Continuous  CIRF) 

o 

where  x^  =  x D/T  is  the  normalized  delay  offset,  T  is  the  modulation  symbol  period 
(which  is  also  the  channel  bit  period  for  BFSK),  A(  )  is  the  triangle  function,  and  G(  ) 
is  the  power  impulse  response  function  (Eqn.  2.8).  When  the  CIRF  is  sampled,  the  de¬ 
lay  integral  reduces  to  a  sum  over  the  delay  bins,  and  the  slow  fading  signal  energy  at 
the  output  of  the  correct  tone  filter  is 
nx-  l 

E+  =  £  Pt  A2  [i/ND  -  %D\  (Slow  Fading,  Sampled  CIRF) 

(=0 

where  Pi  is  the  mean  power  in  the  ith  delay  bin  (Eqn.  2.14),  ND  is  the  number  of  de¬ 
lay  samples  per  symbol  ( ND  =  T/ Ax  where  Ax  is  the  delay  bin  size),  and  Nx  is  the 
number  of  delay  samples  (Eqn.  2.13).  Similarly,  the  slow  fading  normalized  mean  sig¬ 
nal  energy  at  the  output  of  the  other  tone  filter  (corresponding  to  a  -A/ /2  tone)  for 
the  continuous  CIRF  case  is 


A  00 

E.  =—  fTG(rgsin2[>„(T0  -Qpc  |C-td|si 
10 M  o 

(Slow  Fading,  Continuous  CIRF) 

where  cow  =2nAfT  and  A/  T  is  the  normalized  tone  spacing  (a  positive  integer).  Note 
that  E_  =  0  in  the  limit  of  flat  fading.  For  a  sampled  CIRF  this  equation  becomes 

£-“4-  X  |i/wB-tD|si 

i=0 

(Slow  Fading,  Sampled  CIRF) 


The  cross  correlation  of  the  voltage  out  of  the  two  filters  is  complex  because  the  two- 
frequency  mutual  coherence  function  for  trans-ionospheric  channels  is  complex.  We 
show  in  Appendix  F  that  the  noise  out  of  the  two  filters  is  uncorrelated  for  orthogonal 
signaling  and  we  make  the  reasonable  assumption  that  the  noise  is  uncorrelated  with  the 
fading,  so  only  the  signal  contributes  to  the  cross  correlation.  For  slow  fading,  the 
complex  cross  correlation  coefficient  is 

, \A/r+i 00  .  .  . 

C  =  - j TG{TQ A[c  -io]sm[i(0M|C  -  dt,  . 

0 

(Slow  Fading,  Continuous  CIRF) 
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o/  i\A/r+i  nt-i  ,  *  x 

C  =  - I  /;A[i/Wi)-TD]sin[|ra„|i/A'I)-TD|]e-^r*,/''‘>"») 


(0 


M 


i= 0 


(Slow  Fading,  Sampled  CIRF) 


For  the  exponential  form  of  the  power  impulse  response  function  used  in  this  report, 
the  integrals  for  the  continuous  CIRF  case  can  be  obtained  in  closed  form  (see  Appen¬ 
dix  G  for  these  results).  For  the  sampled  CIRF  case,  the  above  expressions  are  evalu¬ 
ated  numerically  using  the  expression  in  Section  2  for  P{. 


The  BFSK  channel  bit  error  rate  in  slow,  frequency  selective  Rayleigh  fading  is 


_ E+-E_ _ 

A/(£,  +  £_+2/T)2-4  (c£  +  c?) 


(4.5) 


(BFSK,  Slow  Frequency  Selective  Fading) 

where  y  =  Ecb  /  N0  is  the  channel  bit  energy-to-noise  spectral  density  ratio  in  the  ab¬ 
sence  of  fading,  and  CR  and  Cl  are  the  real  and  imaginary  parts  of  the  cross  correla¬ 
tion  coefficient,  respectively. 

The  expressions  for  the  BFSK  demodulation  error  rate  in  time  and  frequency 
selective  fading  are  sufficiently  complex  that  we  have  not  included  delay-tracking  ef¬ 
fects  in  this  calculation.  Without  loss  of  generality,  we  again  assume  that  the  +A//2 
tone  is  transmitted.  The  normalized  signal  energy  at  the  output  of  the  filter  corre¬ 
sponding  to  the  transmitted  tone  in  time  and  frequency  selective  fading  is 
i  K 

E+  =  2j  d^TGiTQ  j  d\ p(7^)(l  -  £  -  £)  ,  (Fast  Fading,  Continuous  CIRF) 
o  o 


where  p(  )  is  the  temporal  autocorrelation  function  of  the  fading.  The  signal  energy  at 
the  output  of  the  other  tone  filter  reduces  to  the  deceptively  simple  form 

i  K 

E_=2\dt,TG{TX3)  j^p(7^)cos(co^)(l-C-^)  . 

0  0 


(Fast  Fading,  Continuous  CIRF) 


The  deception  is  that  closed  form  expressions  for  E_  for  a  continuous  CIRF  channel 
with  an  f~6  Doppler  frequency  spectrum  involves  a  very  large  number  of  terms.  After 
considerable  manipulation,  the  real  ( CR )  and  imaginary  (C7)  parts  of  the  cross  corre¬ 
lation  coefficient  of  the  two  tone  filters  reduce  to 
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/iiAfn 

Cr  =  - \TG(TQRCR{QdC, 

®  M  o 

.  (Fast  Fading,  Continuous  CIRF) 

C,^—1 - \TG{TX,)Ra{  04 

10  M  o 

where  the  time  integrals  are 

rCr(0  =  [l  +  +  sin(wMC)[^p(C)  +  *c(Q] 

RaQ  =  [l  ~  cos(comC)][^p(0  +  ^c(C)]  +s*n(coA^)^.s(0 

and  the  integrals  R$(Q,  Rc(Q,  an<^  ^p(Q  are  defined  as 

flp©=jp(n)4 

o 

K  K 

^(0=  jp(^)sin(coM^)^  Rc(  0=  Jp(7^)cos(coA/^ 

0  0 

At  this  point  we  have  a  formal  solution  to  the  problem  of  the  BFSK  demodula¬ 
tion  error  rate  in  fast,  frequency  selective  fading.  To  obtain  an  analytic  answer,  how¬ 
ever,  one  must  simply  perform  the  indicated  integrals.  Therein  lies  the  problem.  For 
the  /“6  form  for  the  temporal  autocorrelation  function  and  the  simple  exponential 
form  for  the  power  impulse  response  function,  the  analytic  expression  for  E_  has  more 
than  80  terms  unless  care  is  taken  to  collect  together  similar  factors.  The  expressions 
for  CR  and  C/  are  even  more  unwieldy.  The  analytic  results  are  given  in  Appendix  G 
for  interested  readers. 

To  compute  the  BFSK  error  rate  for  a  sampled  CIRF  we  make  the  assumption 
that  the  channel  is  sampled  with  sufficient  temporal  resolution.  In  COMLNK  the  chan¬ 
nel  is  sampled  with  nominally  40  samples  per  decorrelation  time,  which  has  been 
shown  to  accurately  reproduce  the  temporal  statistics  of  the  fading  [Dana,  1988;  Dana, 
1993]7.  When  properly  sampled  in  time,  the  ^  integrals  in  the  expressions  above  are 
insensitive  to  the  time  sample  size,  so  the  difference  in  these  integrals  for  continuous  or 
sampled  CIRFs  is  the  delay  variable  that  is  either  continuous  or  discrete. 


7  The  number  of  samples  per  decorrelation  time  is  an  input  to  COMLNK  via  the  channel  data  menu.  The 
default  value  is  40  samples  per  t0. 
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The  extension  to  the  sampled  CIRF  case  simply  involves  replacing  the  delay  inte¬ 
grals  with  sums  over  the  delay  samples.  Thus  the  signal  contributions  to  the  tone  filter 
output  signal  energy  are 

nd-i  i -und 

E+  =  2r2JJPl 

XJ/N  (Fast  Fading,  Sampled  CIRF) 

E~  =  2r2  Jp(F^)cos(coM^)(l  - / /  ND-t,)dt, 

1=0  0 


where  r  is  the  mean  signal  amplitude,  and  ND  =  T/  Ax  is  the  number  of  delay  samples 
per  symbol.  Similarly,  the  real  and  imaginary  parts  of  the  cross  correlation  coefficient 
are 


/,  nM  nd-  i 

c--r  y ^ 

(isM  N„-  1 


(Fast  Fading,  Sampled  CIRF) 


These  expressions  are  evaluated  numerically  using  the  analytic  expressions  for  the  time 
integrals  derived  in  Appendix  G.  Once  values  for  E+,  E_,  CR,  and  C7  are  calculated, 
the  expression  in  Equation  (4.5)  is  used  to  evaluate  the  demodulation  error  rate. 


The  first  set  of  COMLNK  results  we  generated  for  comparison  with  these  theo¬ 
retical  results  is  plotted  in  Figure  4-17.  The  ideal  BFSK  results  in  the  figure  are  for  a 
sampled  CIRF  with  two  delay  samples  per  symbol  (the  same  as  COMLNK)  and  with 
the  indicated  ideal  delay  offset,  xDITcb.  Because  we  knew  from  our  theoretical  calcu¬ 
lations  that  the  ideal  delay  offset  is  not  zero  in  frequency  selective  fading,  we  generated 
these  simulation  results  with  an  active  delay-lock  loop.  Indeed  the  average  COMLNK 
DLL  tracking  errors  for  these  cases  are  very  close  to  the  ideal  delay  offsets  given  in 
the  figure. 


The  agreement  between  the  COMLNK  results  and  the  ideal  curves  is  poor  at 
large  values  of  Ecb  /  N0  but  good  at  small  values.  The  reason  for  this  discrepancy  is  the 
active  DLL.  In  Appendix  G  we  show  that  the  irreducible  BFSK  error  rate  is  very  sen¬ 
sitive  to  delay  offset,  and  an  active  DLL  with  a  time-varying  delay  estimate  effectively 
averages  the  error  rate  over  a  distribution  of  delay  offsets,  thereby  washing  out  the  de¬ 
pendence  of  the  irreducible  error  rate  on  delay  offset. 
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Channel  Bit  Error  Rate 


Channel  Bit  Energy-to-Noise  Density  Ratio,  Ecb/N0  (dB) 


Figure  4-17.  BFSK  channel  bit  error  rates  with  hopping  and  an  active  DLL  in  fast, 
frequency  selective  fading. 
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Thus  the  COMLNK  results  in  Figure  4-17  are  monotonically  decreasing  as 
f0Tcb  increases  whereas  the  “ideal”  results  are  not  monotonic  at  large  signal-to-noise 
ratios.  This  is  an  example  of  a  situation  where  “ideal”  theoretical  results  will  likely 
never  be  seen  in  a  real  receiver,  making  these  analytic  results  somewhat  of  academic 
interest  beyond  their  utility  for  simulation  validation. 

The  non-monotonic  behavior  of  the  irreducible  BFSK  error  rate  with  f0Tcb  and 
ideal  delay  offset  is  only  seen  in  the  sampled  CIRF  results  given  in  Appendix  G.  This 
behavior  results  because  maximizing  the  signal  energy  at  the  output  of  the  correct  tone 
filter,  which  is  what  a  DLL  is  attempting  to  do,  does  not  necessarily  minimize  either 
the  signal  energy  out  of  the  other  tone  filter  or  the  cross  correlation  coefficient  in  fre¬ 
quency  selective  fading.  Thus  the  ideal  delay  offset  does  not  necessarily  minimize  the 
demodulation  error  rate. 

The  problem  of  comparing  COMLNK  results  with  an  active  DLL  to  ideal  BFSK 
error  rates  with  a  constant  delay  offset  is  easily  fixed  by  setting  the  COMLNK  delay 
offset  to  a  constant  value  and  turning  the  DLL  off.  This  is  accomplished  via  input,  and 
the  results  are  plotted  in  Figure  4-18  for  several  values  of  f§Tcb- 

However,  there  is  yet  another  problem  in  comparing  ideal  and  simulation  error 
rate  results.  The  simulation  channel  model  for  frequency  selective  fading  and  hopped 
FSK  modulation  currently  limits  the  decorrelation  time  to  not  exceed  a  value  of  three 
times  the  hop  period,  so  that  quasi-independent  channel  samples  will  be  obtained  at  dif¬ 
ferent  hop  frequencies.  The  channel  model  reverts  to  the  input  value  of  t0,  if  it  is 
larger,  when  the  channel  is  flat  fading  or  when  it  is  selective  over  the  modulation 
bandwidth.  Our  theoretical  results  are  either  for  a  slow  fading  channel  with  non-zero 
delay  offset,  or  for  a  fast  fading  channel  with  zero  delay  offset. 

Thus  two  types  of  “ideal  BFSK”  results  are  plotted  in  the  figure.  For  f§Tch  <  0.3 
and  for  f§Tcb  =3  slow  fading  ideal  results  with  the  indicated  delay  offsets  are  plotted. 
For  f(jTcb  =  1  the  fast  fading  ideal  BFSK  result  with  xD  /  Tcb  =  0  is  plotted.  Note  that 
the  ideal  delay  offset  for  this  case  is  %D  ITcb=  0  .011,  which  is  essentially  equal  to  0. 
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Channel  Bit  Error  Rate 


Channel  Bit  Energy-to-Noise  Density  Ratio,  Ecb/N0  (dB) 


Figure  4-18.  BFSK  channel  bit  error  rates  with  hopping  and  ideal  delay  offset  in 
fast,  frequency  selective  fading. 
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When  the  delay  offset  in  COMLNK  is  fixed  at  the  ideal  value  for  the  sampled 
CIRF,  the  agreement  between  the  simulation  and  ideal  results  is  remarkable.  The 
simulation  results  for  f(,Tcb  =  0.03  and  0.1  (plotted  with  open  circles  to  distinguish 
them  from  other  cases)  cross  over  at  large  signal-to-noise  ratios  as  do  the  ideal  curves. 
In  addition,  the  simulation  results  for  f0Tcb  =  1  agree  very  well  with  the  ideal  fast  fad¬ 
ing  curve,  and  the  simulation  results  for  f0Tcb  =  0.03  and  3  agree  very  well  with  the 
ideal  slow  fading  curves  for  these  cases.  Evidently,  for  a  tone  spacing  of  3,  the  effect 
of  fast  fading  on  the  demodulation  error  rate  diminishes  as  /0  is  reduced. 

We  believe  that  the  small  differences  between  simulation  and  ideal  results  for 
f0Tcb  =0.1  and  0.3  at  large  values  of  Ecb  /  N0  are  primarily  due  to  the  effects  of  fast 
fading  that  are  not  in  the  ideal  curves  with  iDITcb  >  0 .  To  verify  this  conclusion  we 
reran  the  COMLNK  cases  with  the  delay  error  fixed  at  zero.  These  results  are  plotted 
in  Figure  4-19  and  are  compared  with  the  ideal  fast  fading  curves.  Here  the  agreement 
between  COMLNK  results  and  the  ideal  curves  is  excellent. 

For  Ecb  /  N0  <20  dB  or  so,  the  frequency  selective  error  rate  curves  in  either 
Figure  4-18  or  Figure  4-19  are  essentially  versions  of  the  flat  fading  curve  shifted  to 
the  right  by  a  loss  in  signal  energy  at  the  output  of  the  correct  tone  filter.  Thus  for  er¬ 
ror  rates  above  0.01  or  so,  one  can  estimate  the  frequency  selective  BFSK  demodula-  ■ 
tion  error  rate  by  applying  a  matched  filter  loss  to  the  flat  fading  error  rate  curve. 

4.3.3  BFSK  Performance  without  Hopping. 

The  frequency  selective  fading  performance  of  a  BFSK  demodulator  without 
frequency  hopping  differs  considerably  from  the  case  with  frequency  hopping.  Without 
hopping,  energy  from  previous  symbols  is  not  attenuated  by  the  front-end  downcon- 
verter  and  bandpass  filters  of  the  receiver  because  all  symbols  have  the  same  carrier 
frequency.  Thus  there  is  intersymbol  interference  (ISI)  as  energy  from  previous  sym¬ 
bols  interferes  with  the  demodulation  of  the  on-time  symbol. 

A  functional  block  diagram  of  a  non-coherent  binary  frequency-shift  keying 
(BFSK)  receiver  is  shown  in  Figure  3-2.  The  block  diagram  in  this  figure  is  for  BFSK 
with  frequency  hopping,  but  the  hop  synthesizer  is  disabled  here. 
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Channel  Bit  Error  Rate 


Figure  4-19.  BFSK  channel  bit  error  rates  with  hopping  and  zero  delay  offset  in 
fast,  frequency  selective  fading. 
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In  Appendix  H,  we  assume  that  the  AGC  and  AFC  tracking  loops  are  operating 
perfectly  and  investigate  the  ideal  delay  offset  in  frequency  selective  fading.  Our  re¬ 
sults  show  that  this  ideal  offset  is  a  small  fraction  of  a  modulation  period.  Thus  we  ig¬ 
nore  delay  tracking  in  developing  expressions  for  the  BFSK  demodulation  error  rate. 
To  simplify  the  equations  somewhat,  we  also  assume  slow  fading.  The  resulting  BFSK 
demodulation  error  rate  is  sufficient  for  COMLNK  validation,  which  of  course  can 
treat  much  more  complex  cases. 

Again  we  assume,  without  loss  of  generality,  that  the  +A//2  tone  was  transmit¬ 
ted  during  the  on-time  tone  period.  The  normalized  signal  contribution  to  the  output 
energy  of  the  correct  tone  filter  is  then  given  by  the  following  expression  derived  in 
Appendix  H: 

E+  =  Rq  +  jR2  +^S,1  +2^s,2  ~Rs,3  +  2^o(^0  ~  ^1  +  ^2  +  ^S,l  +  ^S,2 
where 


The  I  integrals  in  the  expression  for  E+  and  three  other  integrals  that  occur  in 
the  expressions  for  the  mean  signal  energy  out  of  the  other  tone  filter  and  the  cross 
correlation  coefficient  are 

R0=]TG(TQd);  =  l-e-k 
0 

j?1=}rG(T0^=1~(xt1)e~x 
0  A 

\  ,  x  ,  2-(X2  +2'k  +  2)e~x 

R2  =  ]tG(TZ>)^  =  — i - 

0  ^ 

Rs,  i  J  rc(7t)sin(toM(K  =  — -j-i-5 — >- 

wM  0  A,  +0)^ 

4  '  „r  ,  2(l-e~M 

*s,2  =~2~j  rG(n)sin2[>Mq^=.  A  I 
(tiM  0  ^  +(£>M 
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where  closed  form  expressions  for  the  integrals  are  obtained  using  the  exponential 
power  impulse  response  function  [Eqn.  2.8].  The  latter  three  integrals  are  used  in  sub¬ 
sequent  expressions.  When  the  CIRF  is  sampled,  the  delay  integrals  in  these  expressions 
are  replaced  by  delay  sums,  and  the  R  integrals  are  all  of  the  form 

Rx=f ;Wc=>'/ty>) 

i=0 

where  7X(£  =  if  ND )  is  the  function  in  the  continuous  CIRF  integrals  that  multiplies  the 
normalized  power  impulse  response  function,  TG[TQ  evaluated  as  the  discrete  nor¬ 
malized  delay  samples  H  N D. 

The  normalized  mean  signal  energy  at  the  output  of  the  other  tone  filter  is 
E_=\R2  +\RS,2  ~Rs,3  +i5o(/?0  -  R\+  &2  +  RS, l  +Rs,2  -2/?5(3)  > 
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and,  after  considerable  algebra,  the  real  and  imaginary  parts  of  cross  correlation  of  the 
two  tone  filters  reduce  to 

Cr  ~  "2  (l  +  S0)[RC  -  RsA  ~  Rs,2  +  2^5,3] 

C,=i(l  +  S0)[2Ss_4-^,5] 

The  BFSK  demodulation  error  rate  without  hopping  in  slow,  frequency  selective 
Rayleigh  fading  is  again  given  by  the  expression  in  Equation  (4.5). 

The  final  comparison  of  COMLNK  results  with  ideal  demodulation  error  rate 
curves  is  shown  in  Figure  4-20  for  BFSK  without  hopping  in  slow,  frequency  selective 
fading  channels.  All  results  in  this  figure  are  for  the  delay  offset  equal  to  zero.  Without 
hopping,  frequency  selective  fading  produces  ISI,  and  the  irreducible  demodulation  er¬ 
ror  rate  approaches  50  percent  for  small  values  of  foTcb. 

Excellent  agreement  is  seen  between  the  simulation  results  and  the  ideal  error 
rate  curves,  validating  the  frequency  selective  channel  model  and  BFSK  demodulation 
algorithms  within  COMLNK. 

4.4  SUMMARY. 

The  process  of  comparing  COMLNK  results  with  ideal  demodulation  error  rate 
curves  has  both  validated  the  simulation  and  produced  a  number  of  new  insights  into 
the  effects  of  fading  on  digital  communications.  In  this  process,  we  have  generated  new 
analytic  results  for  demodulation  error  rates  in  fast  and/or  frequency  selective  fading. 

The  new  insights  on  the  performance  of  digital  communications  links  in  fading 
channels  include  the  following: 

•  There  can  be  a  significant  difference  between  the  ideal  delay  offsets  and  de¬ 
modulation  error  rates  in  sampled  and  continuous  frequency  selective  fading; 

•  The  channel  delay  sampling  in  the  current  version  of  COMLNK  may  be  too 
coarse  for  some  applications  involving  small  frequency  selective  bandwidths 
combined  with  large  signal-to-noise  ratios; 

•  The  current  DSWA  specification  for  the  total  signal  power  in  the  delay  grid 
should  be  increased  from  97.5  percent  to  99.9  percent. 
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Figure  4-20. 


BFSK  channel  bit  error  rates  without  hopping  and  zero  delay  offset  in 
slow,  frequency  selective  fading. 
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Now  that  the  demodulation  performance  of  COMLNK  has  been  validated  against 
analytic  models  and  a  limited  set  of  test  data  for  phase-shift  keying  and  frequency-shift 
keying  modulation  in  fast,  frequency  selective  fading  channels,  the  next  obvious  com¬ 
parison  is  that  of  the  output  of  an  error  correction  decoder  with  analytic  results.  Unfor¬ 
tunately,  analytic  results  for  Viterbi  decoders  have  been  limited  to  performance  bounds, 
not  actual  decoded  bit  error  rates.  Furthermore,  the  only  simulation  in  COMLNK  occurs 
in  constructing  the  digital  samples  at  the  output  of  the  analog-to-digital  (A/D)  converter, 
and  this  part  of  COMLNK  has  been  verified.  After  the  A/D  converter,  COMLNK  is  an 
emulation  of  a  digital  communications  receiver  and  is  validated  by  direct  comparisons 
with  hardware. 

There  is  a  reasonable  amount  of  test  data  available  to  compare  with  COMLNK 
simulation  results  for  processes  that  occur  after  the  demodulator.  An  example  is  the  L^P 
receiver  scintillation  test  program  conducted  with  the  NELS  channel  simulator  circa 
1982  [ Bogusch  and  Guigliano,  1982;  Dana,  1995c].  In  Figure  4-21  we  plot  the  meas¬ 
ured  and  simulated  Viterbi  decoder  transfer  function  (i.e.,  the  output  decoded  bit  error 
rate  versus  the  input  demodulated  symbol  error  rate)  for  two  fast  fading  channels.  The 
demodulated  channel  bit  error  rate  for  these  two  channels  is  plotted  in  Figure  4-21.  The 
solid  line  in  the  figure  is  just  a  curve  fit  to  the  COMLNK  data  points,  generated  because 
it  is  not  possible  to  analytically  describe  this  transfer  function.  Again  there  is  remark¬ 
able  agreement  between  the  COMLNK  simulation  results  and  the  test  data. 
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Figure  4-21.  Comparison  of  measured  and  simulated  Viterbi  decoder  transfer  func¬ 
tions  for  the  prototype  L^P  receiver. 
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APPENDIX  A 


DEMODULATION  PERFORMANCE  OF  COHERENT  PSK  (APSK) 

A  functional  block  diagram  of  a  differentially  encoded,  coherently  demodulated 
phase-shift  keying  (APSK)  receiver  is  shown  in  Figure  A-l.  The  data  are  differentially 
encoded  at  the  transmitter  so  that  the  inherent  7t-phase  ambiguity  in  suppressed-carrier, 
coherent  PSK  demodulation  can  be  resolved  at  the  receiver.  A  Costas  loop  is  used  to 
track  signal  phase,  so  ideally  the  entire  signal  is  in  the  in-phase  (7)  channel.  Thus  only 
this  channel  is  used  for  data  demodulation.  A  delay  lock  loop  (DLL)  is  used  to  keep  the 
receiver  timing  aligned  with  the  bit  edges  in  the  received  signal.  The  automatic  gain 
control  (AGC)  tracking  loop  keeps  the  signal  within  the  dynamic  range  of  the  analog- 
to-digital  converter  and  keeps  the  signal  amplitude  at  the  design  values  of  the  DLL  and 
Costas  tracking  loops. 

The  APSK  demodulation  metric  is 

m  =  4  4-1  ’ 

where  lk  is  the  klh  sample  of  the  in-phase  voltage.  When  the  transmitted  signal  phase  is 
unchanged  from  the  k- 1  to  k  symbol  period  the  sign  of  m  should  be  positive.  Con¬ 
versely,  a  negative  value  of  m  indicates  a  change  in  the  transmitted  phase. 

After  downconversion,  the  received  PSK  signal  plus  noise  in  a  non-fading  chan¬ 
nel  is  given  by  the  expression 

z(t)  =  |V e-y(t,)+<Po)  +  n(t)^e~^c  , 

where  r  and  9  are  the  signal  amplitude  and  phase  due  to  propagation,  respectively,  90 
is  transmitted  PSK  phase  (90  =  0  or  n  randomly),  and  9C  is  the  phase  correction  gen¬ 
erated  by  the  Costas  tracking  loop. 

The  complex  voltage  n(t )  is  additive  white  Gaussian  noise  (AWGN)  with  the 
usual  properties: 

(«(0)  =  0 
(n(r,)n(r2))  =  0 

(n(t})n  (t2j}  =  NqS^  -t2) 
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Figure  A-l.  Block  diagram  of  a  coherent  PSK  receiver. 


where  N0  is  the  one-sided  noise  power  spectral  density.  The  middle  of  these  equations 
results  because  the  real  and  imaginary  parts  of  n{t )  are  uncorrelated.  The  noise  contri¬ 
bution  to  z(t),  n(t)e~J<9c,  has  exactly  the  same  statistical  properties  as  does  n(t). 

Assuming  that  the  Costas  phase  tracking  loop  is  operating  perfectly  ( i.e the  loop 
tracks  the  signal  phase  due  to  propagation  but  not  the  transmitted  modulation  so 
(pc  =  (p),  the  received  signal  contribution  to  z(t)  is  just  ±r. 

The  voltage  z(t)  is  integrated  over  a  sample  period  (equal  to  one-half  the  symbol 
period  T  in  this  case)  to  produce  the  I  and  Q  samples.  The  two  samples  per  modulation 
period  are  coherently  summed  to  give  the  signal  used  for  demodulation: 

I  (£+1  /  2)T+Xp 

zk=-  \z{t)dt  , 

1  (k-\/2)T+XD 
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where  xD  is  the  DLL  delay  tracking  error,  and  Ik  and  Qk  are  the  real  and  imaginary 
parts  of  Zk ,  respectively.  For  this  calculation  we  will  assume  that  the  delay  tracking 
error  is  small  compared  to  T  and  can  be  ignored1.  The  real  part  of  Zk  is  then 

Ik=±r  +  Rt(Nk)  ,  (A.l) 

where 

i  (*+1/2)7 

Nk  =  ~  f  n(t)e~J<9c  dt 
*  (*-1/2)7 

is  the  sampled  noise.  The  noise  contribution  to  Ik,  R &(Nk),  is  a  zero-mean,  normally 
distributed  random  variable  with  variance  N0  /  (2 T) .  An  expression  similar  to  Equa¬ 
tion  (A.l)  holds  for 

Assuming  that  the  transmitted  modulation  is  unchanged,  the  channel  bit  (or  de¬ 
modulation)  error  rate  is  given  by  the  probability  that  m  is  negative.  Because  the  noise 
from  one  sample  to  the  next  is  uncorrelated  and  independent,  the  probability  density 
function  of  m  can  be  obtained  from  the  formula  for  the  product  of  two  independent 
random  variables.  Integrating  the  resulting  expression  over  negative  values  yields  the 
familiar  expression  for  the  APSK  channel  bit  error  rate  in  AWGN: 

Pe  =  erfc[V£rf  /W0]{l-lerfc[7£ci/W0]}  , 

where  &cb  / N0  is  the  channel  bit  energy-to-noise  spectral  density  ratio  (r2  T /  Nq),  and 
erfc  (•)  is  the  complementary  error  function: 


In  very  slow  fading,  slow  enough  that  the  Costas  loop  maintains  phase  lock  on 
the  signal,  the  average  demodulation  error  rate  is 


erfc(x)  =  —j=  \e 
V  7t  r 


-r 


dt 


1  Ideally,  the  tracking  thresholds  are  well  below  the  data  demodulation  threshold,  so  tracking  errors  are 
small  whenever  the  demodulation  error  rate  is  less  than  50  percent.  However,  when  a  modified  Costas 
loop  is  used,  as  in  most  modem  receivers,  then  even  in  a  well-designed  receiver  the  tracking  loop 
threshold  will  be  closely  related  to  the  demodulation  threshold,  as  discussed  by  Bogusch  [1990], 
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oc 


(P,)=ff,M/W  . 

0 

where  y  is  the  nominal  value  of  Ecb  /  N0,  and  /(S)  is  the  probability  density  function  of 
the  fading  power  S  (with  ( S )  set  to  unity).  For  Rician  fading, /(S)  is  given  by  Equation 
(2.2b)  with  Sq  set  to  unity.  The  resulting  integral  must  be  done  numerically.  However, 
a  closed  form  expression  is  available  for  Rayleigh  fading: 

1  7t-2tan-1(^l  +  y_1 ) 

(^)  =  - - r~  ■  - -  •  (Rayleigh  Fading) 

2  7t^l  +  y_1 

The  APSK  channel  bit  error  rate  for  Rician  fading  is  plotted  in  Figure  A-2  for 
several  values  of  the  scintillation  index  (S4  =  0,  0.25,  0.5,  0.75,  and  1).  These  curves 
show  that  an  additional  35  dB  of  signal  power  is  required  to  maintain  a  1CT5  error  rate 
as  the  channel  varies  from  non-fading  to  slow  Rayleigh  fading. 

For  Rayleigh  fading  channels  with  finite  decorrelation  times,  APSK  demodula¬ 
tion  performance  is  limited  by  the  ability  of  the  Costas  loop  to  maintain  phase  lock  on 
the  signal,  as  shown  by  COMLNK  results  plotted  in  Figure  A-3.  Here  the  channel  bit 
period  Tcb  is  equal  to  the  symbol  period  T.  For  finite  values  of  x0  IT*  and  large  values 
of  Ecb  /  Nq,  the  channel  bit  error  rate  approaches  an  irreducible  value  determined  by 
the  frequency  of  loss-of-lock  or  phase  slip  events. 

Increasing  the  bandwidth  BL  of  the  Costas  tracking  loop,  thereby  making  the 
loop  more  responsive  to  the  phase  fluctuations  caused  by  fading,  can  reduce  the  fre¬ 
quency  of  phase  slips.  However,  a  loop  that  is  too  responsive  will  begin  to  track  the 
PSK  modulation,  wiping  out  the  desired  data  in  the  process. 

Because  APSK  demodulation  performance  in  fast  fading  depends  on  the  Costas 
loop  tracking  performance,  which  is  highly  non-linear,  we  do  not  believe  that  it  is  pos¬ 
sible  to  compute  ideal  fast  fading  performance  analytically.  This  renders  APSK  modu¬ 
lation  useless  for  analytic  validation  of  any  simulation  in  fading  channels.  However, 
differentially  coherent  PSK  demodulation  (DPSK)  is  much  more  robust  in  fast  fading 
because  it  does  not  require  phase  tracking,  and  for  this  demodulation  technique  fast 
fading  analytic  results  are  available. 
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Channel  Bit  Error  Rate 


Figure  A-2.  APSK  channel  bit  error  rate  for  slow  Rician  fading. 
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Channel  Bit  Error  Rate 


Channel  Bit  Energy-to-Noise  Density  Ratio,  Ecb/N0  (dB) 
Figure  A-3.  APSK  channel  bit  error  rate  for  fast  Rayleigh  fading. 
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APPENDIX  B 


DEMODULATION  PERFORMANCE  OF  DIFFERENTIALLY  COHERENT 
PSK  (DPSK)  WITH  AN  UNDERLYING  SPREAD  SPECTRUM  CODE 

A  functional  block  diagram  of  a  differentially  coherent  phase-shift  keying 
(DPSK)  receiver  with  an  underlying  direct  sequence  (DS)  pseudo-noise  (PN)  code  is 
shown  in  Figure  B-l.  The  transmitted  data  are  differentially  encoded  so  that  differen¬ 
tially  coherent  demodulation  can  be  used.  Thus  the  frequency  but  not  the  phase  of  the 
received  signal  needs  to  be  tracked.  This  eliminates  the  primary  failure  mechanism  of  a 
coherent  PSK  receiver  in  a  fading  channel  —  loss  of  phase  lock. 

The  receiver  has  two  code  correlators  (labeled  early/late  and  on-time):  one  for 
the  delay  lock  loop  (DLL)  and  one  for  all  other  functions.  Delay  tracking  is  accom¬ 
plished  by  measuring  the  code  correlator  output  energy  with  the  PN  code  either  one- 
half  chip  early  or  one-half  chip  late  relative  to  that  in  the  on-time  code  correlator.  The 
DLL  attempts  to  equalize  the  energy  of  the  early  and  late  measurements. 

In  this  appendix  we  show  that,  because  of  the  underlying  PN  code,  time  selective 
and  frequency  selective  fading  effects  are  decoupled  in  the  output  of  the  code  correla¬ 
tor,  thereby  reducing  the  demodulation  problem  to  that  of  DPSK  performance  in  fast 
fading  with  a  code  correlator  loss  caused  by  frequency  selective  fading.  The  code  cor¬ 
relator  loss  is  determined  by  the  severity  of  the  frequency  selective  fading  and  the 
DLL  tracking  performance. 

In  COMLNK  or  in  hardware  channel  simulators  the  channel  impulse  response 
function  (CIRF)  must  be  sampled  in  time  and  delay.  Our  results  show  that  if  the  sam¬ 
pling  in  time  is  sufficient  to  accurately  reproduce  the  temporal  statistics  of  the  fading, 
then  the  time  sampling  is  also  sufficient  to  accurately  measure  DPSK  demodulation 
performance.  We  also  show  that  the  optimum  delay  offset  in  frequency  selective  fading 
is  quite  sensitive  to  the  delay  sampling  interval,  and  in  this  dimension  the  channel  sam¬ 
pling  in  either  a  simulation  or  a  hardware  channel  simulator  can  be  rather  coarse. 

In  Section  B.l  of  this  appendix  we  derive  the  output  of  the  code  correlators  in 
terms  of  the  channel  impulse  response  function  and  the  PN  code  autocorrelation  func¬ 
tion  to  show  the  separation  of  time  and  frequency  selective  fading  effects.  Next  the  de¬ 
lay  tracking  offset  of  an  idealized  delay  tracking  loop  is  computed  for  both  continuous 
and  sampled  channel  impulse  response  functions.  The  ideal  delay  offset  of  the  re¬ 
ceiver’s  PN  code  is  between  zero  and  one  chip  late,  depending  on  the  severity  of  the 
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Figure  B-l.  Block  diagram  of  a  spread  spectrum  DPSK  receiver. 


frequency  selective  fading,  relative  to  the  ideal  position  in  a  non-fading  or  flat  fading 
channel.  Then  the  loss  of  signal  energy  at  the  output  of  the  code  correlator  is  com¬ 
puted.  DPSK  demodulation  performance  in  non-fading,  slow  fading,  and  fast  fading 
channels  is  computed  in  Section  B.2.  New  results  on  the  effect  of  time  sampling  of  the 
channel  on  DPSK  demodulation  performance  and  on  signal  energy  at  the  output  of  the 
code  correlator  are  presented  in  Section  B.3.  We  show  that  the  demodulation  perform¬ 
ance  is  insensitive  to  the  “coarseness”  of  the  time  sampling.  However,  the  output  signal 
energy  is  sensitive  to  the  temporal  sampling  interval,  but  only  for  fast  fading  where  the 
demodulation  error  rate  is  near  50  percent. 

B.l  CODE  CORRELATOR  OUTPUT. 

Under  frequency  selective  fading  conditions,  the  code  correlator  in  a  pseudo¬ 
noise  direct  sequence  spread  spectrum  (DS/SS)  receiver  loses  signal  energy  because  of 
the  time-of-arrival  jitter  or  delay  spread  of  the  received  signal.  Signal  energy  that  ar¬ 
rives  more  than  one  chip  late  relative  to  the  local  PN  code  generator  (or  more  than  one 
chip  early  if  the  code  delay  tracking  loop  is  late  by  a  chip  or  more)  will  not  correlate 
with  the  local  PN  code  and  will  be  severely  attenuated. 


B.1.1  Fading  Signal  Out  of  PN  Code  Correlator. 


Consider  a  transmitted  PN  waveform: 


m(o=Xm*  n 

k 


k 


where  mk  =±1  pseudo-randomly  is  the  PN  chip  modulation,  and  Tc  is  the  chip  period. 
The  rectangular  function  flQt)  is  defined  as 


noo  = 


forlx  Ic-j- 
otherwise 


An  ideal  PN  sequence  has  a  triangular  autocorrelation  function: 

T  •  •  1  +772 

jm(t)m*(t  +  x)dt  =  A(x/Tc) 

1  -772 
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where 


f  1  - 1  x  I  for  I  x  I  <  1 
A(x)  =  \ 

[0  otherwise 

For  binary  phase-shift  keying  modulation  considered  in  this  appendix,  the  in¬ 
formation  bearing  transmitted  signal  is  eJ<?0  m{t)  where  (p0  is  either  0  or  %.  By  writing 
the  transmitted  signal  as  a  product  of  a  phasor  e;<Po  and  the  PN  sequence,  it  is  assumed 
that  the  phasor  varies  slowly  relative  to  the  duration  of  a  chip,  or  equivalently,  that  the 
number  of  chips  in  a  channel  bit  modulation  period  is  large. 

The  signal  at  the  input  to  the  PN  code  correlator  is  the  convolution  of  the  chan¬ 
nel  impulse  response  function  and  the  transmitted  modulation: 

oo 

u(t)  =  re^°  |  m(t  -x)h{t,x)dx 
o 

where  r  is  the  received  signal  amplitude.  This  received  signal  is  then  correlated  with  a 
locally  generated  version  of  the  transmitted  PN  sequence  and  sampled.  The  complex 
signal  at  the  output  of  the  code  correlator  is  a  function  of  time  and  the  delay  error  of 
the  local  PN  code  generator  relative  to  the  received  signal  PN  code,  xD: 

i  t+Tsf2+TD 

s{t,XD)  =  —  \m\^-xD)u{^)d^  , 

ls  t-Tsn+xD 

where  Ts  is  the  code  correlator  sample  period,  and  m  it)  is  the  locally  generated  PN 
code.  Subsequently,  we  will  assume  that  the  delay  error  is  on  the  order  of  a  chip  pe¬ 
riod  or  less  and  thus  is  a  small  fraction  of  the  sample  period  (i.e.,  |'tc>|<<?s)-  There¬ 
fore  edge  effects  can  be  ignored  in  the  limits  of  integration.  Upon  substituting  the  ex¬ 
pression  for  the  input  signal,  the  output  signal  becomes 

°o  ..  t /  2 

s(t,xD)  =  rej(fo  jdx  —  J dt,h(b„x)m*  .  (B.l) 

o  t-Tsl  2 

We  are  implicitly  assuming  that  the  receiver  is  tracking  the  frequency  of  the  received 
signal  well  enough  that  any  residual  frequency  error  does  not  result  in  significant 
phase  rotation  during  a  sample  period.  This  also  implicitly  assumes  a  slow  fading 
channel. 
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The  channel  impulse  response  function  occurs  in  the  second  integral  of  this 
equation.  Without  this  term  in  the  integrand,  the  second  integral  is  just  the  triangle 
function.  For  a  moment  consider  that  the  channel  decorrelation  time  x0  is  large  com¬ 
pared  to  the  sample  period  Ts.  Then  hit,,  x)  is  slowly  varying  in  time  over  the  sample 
period  and  can  be  pulled  out  of  the  second  integral.  As  long  as  there  are  a  large  num¬ 
ber  of  chip  periods  within  a  sample  period  (say  100  or  more),  then  the  second  integral 
is  essentially  the  triangle  function,  and  the  output  signal  can  be  written  as 

oo 

s(t,xD)  =  rej<9° \h{t,x)\{xD-x)dx  .  ( x0>Ts»xD )  (B.2) 

o 

The  fading  statistics  of  the  sampled  signal  at  the  output  of  the  code  correlator 
can  now  be  determined.  Under  Rayleigh  fading  conditions,  the  channel  impulse  re¬ 
sponse  function  is  a  complex,  zero-mean,  normally  distributed  random  process.  Thus 
the  integrand  and  the  integral  are  also  complex,  zero-mean,  normally  distributed  ran¬ 
dom  processes. 

For  convenience  in  further  developments,  the  integral  in  Equation  (B.2)  is  de¬ 
fined  as  the  combined  channel  and  code  correlator  response  function,  hc(t,xD): 

oo 

hc(t,xD)=  jh(t,x)A(xD-x)dx  .  (B.3) 

o 

Under  the  turbulent  model,  the  signal  at  all  delays  varies  at  the  same  rate,  so  the  fading 
rate  of  the  code  correlator  output  is  independent  of  the  value  of  xD. 

Before  proceeding  with  the  calculation  of  the  code  correlator  output  energy,  we 
need  to  consider  the  effects  of  fast  fading  on  the  output  signal.  When  the  decorrelation 
time  is  comparable  to  or  less  than  the  modulation  period  T  (also  referred  to  in  this  re¬ 
port  as  the  channel  bit  period)  of  the  transmitted  DPSK  signal,  we  can  imagine  super¬ 
sampling  the  output  of  the  code  correlator  at  faster  and  faster  rates  until  the  sample 
time  is  less  than  x0,  and  Equation  (B.3)  applies.  The  number  of  super-samples  per 
channel  bit  period  is  just  n  =  T/Ts.  These  n  super-samples  are  then  coherently  summed 
to  obtain  the  code  correlator  output  voltage  for  the  kth  channel  bit  period: 

i  k+n/2-\ 

Sk(xD)  =  -  Zs«Ts,xd)  . 

n  l=k-n/2 
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In  the  limit  that  the  number  of  super-samples  per  channel  bit  is  large,  this  summation 
can  be  replaced  by  an  integral  over  the  channel  bit  period: 

,  ( k+M2)T 

SkixD)  =  rem-  J  hc(t,xD)dt  (B.4) 

1  (A:— 1/2)7* 

where  (pk  is  the  transmitted  DPSK  modulation  during  the  kth  channel  bit  period. 

When  the  fading  is  slow,  the  decorrelation  time  is  large  compared  to  T.  In  this 
case  the  output  signal  is  just  reJ<fo  hc(kT,xD).  However,  when  the  fading  is  fast  ( i.e 
when  t0  ^  T),  the  combined  channel  and  code  correlator  response  function  will  vary 
within  the  integral,  and  the  full  signal-to-noise  ratio  gain  of  the  PN  code  is  not  real¬ 
ized.  The  effects  of  fast  fading  on  DPSK  demodulation  performance  are  computed  in 
Sections  B.2  and  B.3. 

The  point  of  this  digression  is  that  frequency  selective  fading  effects  can  be 
treated  separately  from  fast  fading  effects  as  long  as  the  number  of  chips  per  decorre¬ 
lation  time  is  large.  This  is  not  a  very  restrictive  limitation  because  the  real  question  in 
which  we  are  interested  (Does  the  link  operate?)  is  easy  to  answer  when  x0  is  compa¬ 
rable  to  Tc.  (It  does  not.)  The  loss  in  code  correlator  output  signal  energy  due  to  fre¬ 
quency  selective  fading  is  computed  from  Equation  (B.3).  When  there  are  a  sufficient 
number  of  chips  per  sample,  this  loss  does  not  depend  on  the  integration  period  of  the 
code  correlator  per  se,  but  only  on  the  time-of-arrival  jitter  relative  to  the  duration  of 
a  chip.  The  number  of  chips  per  sample  must  be  large  enough  that  the  autocorrelation 
of  the  PN  code  is  a  essentially  a  triangle.  After  the  received  signal  is  multiplied  by  the 
locally  generated  PN  code  to  remove  the  spread  spectrum  modulation,  the  resultant 
“de-spread”  voltage  is  flat  fading  because  signal  energy  arriving  early  or  late  by  ±1/2 
chip  or  more  is  severely  attenuated  by  the  correlation  process.  This  de-spread  signal, 
with  mean  energy  reduced  by  the  code  correlator  loss,  is  then  coherently  integrated 
over  the  channel  bit  period.  The  fast  fading  loss  of  the  signal  is  computed  from  Equa¬ 
tion  (B.4),  and  depends  on  the  decorrelation  time  of  the  de-spread  signal  relative  to  the 
channel  bit  period. 

A  limitation  of  separately  evaluating  the  effects  of  frequency  and  time  selective 
fading  is  that  we  implicitly  assume  the  turbulent  model  by  ignoring  the  effect  of  the 
code  correlator  on  the  decorrelation  time  of  the  output.  This  is  not  a  fundamental 
limitation  because  one  could  determine  the  decorrelation  time  of  hc(t,xD )  as  a  func- 
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tion  of  %D  and  f0.  However,  this  level  of  detail  is  more  appropriate  for  COMLNK 
than  it  is  for  an  analytic  model. 

B.1.2  Ideal  Delay  Offset  and  Code  Correlator  Loss. 

So  far,  we  have  considered  only  continuous  channel  impulse  response  functions 
(CIRFs).  However,  in  COMLNK  and  in  hardware  channel  simulators  the  CIRF  is  sam¬ 
pled  in  time  and  delay.  For  the  moment  we  will  assume  that  the  CIRF  is  sampled  in 
time  with  sufficient  resolution  that  temporal  sampling  effects  are  negligible1.  The  sam¬ 
pling  in  delay,  however,  can  be  relatively  coarse,  and  sampling  effects  can  not  be  ne¬ 
glected  in  comparing  analytic  and  COMLNK  results.  For  the  DS/SS  systems  considered 
here,  the  effects  of  sampling  are  seen  primarily  in  the  performance  of  the  DLL.  Both 
sampled  and  continuous  CIRFs  are  considered  in  calculating  the  ideal  delay  offset  in 
frequency  selective  fading. 

In  a  DS/SS  receiver  early  and  late  signal  samples  are  generated  by  code  correla¬ 
tors2  using  an  early  and  late  version  of  the  locally  generated  PN  code.  If  we  assume 
that  the  receiver  advances  or  retards  its  locally  generated  PN  code  to  match  that  of  the 
received  signal  and  integrates  over  a  fixed  sample  period  Ts,  then  the  early,  on-time, 
and  late  signal  samples  out  of  the  code  correlators  can  be  written  as 

,  t+Ts/2 

SE=±  Jm*S-xc  +  rc/2)u©4 

*S  t-Ts/2 

i  t+Ts/2 

S0=— 

1s  t-Ts/2 

1  t+Ts/2 

SL=ir  Jm*ft-xB-rc/2)«©4 

*s  t-Ts!2 


1  Dana  [1988,  1993]  discusses  the  requirements  on  the  temporal  sampling  necessary  to  achieve  accurate 
temporal  statistics  of  the  fading  (e.g.,  mean  duration  and  separation).  The  effects  of  temporal  sampling 
on  signal  power  and  DPSK  demodulation  performance  are  discussed  in  Section  B.3  of  this  appendix. 

2  Usually  the  early  and  late  voltages  are  generated  by  the  same  code  correlator  that  is  time-shared  between 
the  two  measurements. 
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Note  that  the  early  sample  is  formed  by  correlating  the  received  voltage  with  the  local 
PN  code  advanced  in  time  by  one-half  chip  period,  and  the  late  sample  is  formed  by 
correlating  the  received  signal  with  the  local  PN  code  delayed  by  one-half  chip  relative 
to  the  on-time  code. 

The  combined  response  of  a  sampled  channel  and  the  code  correlator  can  be 
written  as  a  discrete  sum: 


Nx-\ 

hc(t,x q)  —  £ h(t, /At) At  A(td  - /At)  , 

/= o 

where  Ax  is  the  delay  sample  size,  and  Nx  is  the  number  of  delay  samples  (see 
Eqn.  2.13).  In  further  developments  h^t)  is  used  as  a  short  hand  notation  for 
h(t,i At)  At.  The  channel  impulse  response  function  is  delta-correlated  in  delay  ( i.e .,  it 
represents  a  wide-sense  stationary  process  in  frequency),  so  ht(t)  has  the  following 
properties: 

(W)  =  0 

(himk(t))=o  , 

where  is  the  mean  power  in  each  delay  sample  (see  Eqn.  2.14),  and  bi  k  is  the 
Kronecker  delta  symbol: 

5.  =j!  lfiz=k 

l'k  [O  otherwise 

The  second  of  these  equations  arises  because  the  real  and  imaginary  parts  of  the  chan¬ 
nel  impulse  response  function  are  uncorrelated. 

Assuming  slow  fading  (i.e.,  T0  »  Ts )  so  the  channel  impulse  response  function 
is  time-invariant  during  the  sample  period,  the  early  code  correlator  output  sample  is 

Nx- 1  1  t+Tsl  2 

Sc  =  Xfy'WA  jd^m'a-xD+Ts/2)m^-m  . 

1=0  *S  t-Ts/2 

Similar  expressions  hold  for  the  on-time  and  late  samples.  If  the  number  of  chips  per 
sample  period  is  large  ( Ts  »  Tc ),  the  second  integral  is  just  the  autocorrelation  func- 
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tion  of  the  PN  code  which  is  assumed  to  be  a  perfect  triangle.  Thus  the  early,  on-time, 
and  late  signal  samples  can  be  written  as 


yvx-i 

s£=  2>,a 
(=0 
Nx- 1 

S0=  2  A,- A 

i=0 
Nx- 1 

SL= 

»=0 


T  q  -iAx  1 
__  - 


t  jt)  —  /  At 


x  £  —  /At  1 
+2 


The  corresponding  mean  energy  of  the  early,  on-time,  and  late  samples  for  sampled 
and  continuous  channel  impulse  response  function  are 


Nx-\ 

(Eb)=  2i>A2 
1=0 

Nz-l 

(E0)=  2  Pj  A2 

i=0 
Nx- 1 

(El)  =  I  P,  A2 

1=0 


xD-iAx  1 


x  £)  —  /Ax 


Xn  /AX  1 

- +  - 

Tc  2_ 


(Sampled  CIRF) 


(Ee)=  JG(t)A2 


0 

oo 


tp-T  1 

rc  2 


(£0)=  jGmA' 


(£t)=jGWA2 

0 


>  (Continuous  CIRF) 


T^-X+j. 


Tc  2 


dx 


A  DLL  attempts  to  equalize  the  energy  in  the  early  and  late  measurements,  so 
the  ideal  delay  offset  is  obtained  by  solving  the  equation  (Ee)  =  (El)  for  xD.  Plots  of 
the  early  and  late  energy  for  continuous  and  sampled  CIRFs  with  four  samples  per  chip 
(Nd  =  Tc  /  At  =  4)  are  in  Figure  B-2.  The  frequency  selective  bandwidth  for  these 
plots  is  one-tenth  of  the  PN  chip  rate.  The  ideal  delay  offset  is  the  value  of  xD  /  Tc 
where  the  early  and  late  curves  cross.  It  is  apparent  from  the  figure  that  the  ideal  value 
for  a  sampled  CIRF  is  slightly  smaller  than  that  for  a  continuous  CIRF. 
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Delay  Offset,  r0/Tc 

Figure  B-2.  Mean  energy  of  early  and  late  code  correlator  output  for  continuous 
and  sampled  (four  samples  per  chip)  CIRF. 


Ideal  values  of  xD  are  plotted  in  Figure  B-3  for  continuous  and  sampled  CIRFs 
with  2,  4,  8,  and  32  delay  samples  per  chip.  The  sampled  CIRF  curves  have  steps  that 
are  most  apparent  for  values  of  /0  /  Rc  greater  than  one  or  so.  These  steps  result  from 
the  change  in  the  number  of  delay  samples  (Eqn.  2.13),  as  the  ratio  /0  /  Rc  varies. 
These  curves  show  that  the  ideal  delay  offset  approaches  one  chip  as  the  frequency  se¬ 
lective  fading  channel  becomes  more  severe  (smaller  values  of  /0  /  Rc),  and  that  the 
delay  offset  can  be  significantly  smaller  with  a  sampled  CIRF  that  it  is  for  a  continuous 
CIRF.  This  difference  is  probably  insignificant  when  the  offset  is  less  than  one-tenth  of 
a  chip  or  so.  However,  when  /0  /  Rc  is  small  and  the  offset  is  several  tenths  of  a  chip 
the  difference  could  impact  whether  or  not  a  DLL  maintains  lock  on  the  signal3. 


3  Reinking  [1995]  has  shown  that  the  bias  in  delay  error  can  be  partially  corrected  by  “adjusting”  the 
relative  power  in  the  delay  samples  and  the  delay  sample  size.  However,  such  adjustments  are  not  al¬ 
lowed  in  the  official  DSWA  channel  models.  Furthermore,  it  is  the  authors’  opinion  that  the  channel 
model  should  depend  only  on  the  modulation  bandwidth  of  the  transmitted  signal,  and  should  be  inde¬ 
pendent  of  the  details  of  the  receiver. 
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Figure  B-3.  Ideal  delay  offset  for  continuous  and  sampled  CIRFs. 


It  is  seen  that  the  theoretical  results  for  a  sampled  CIRF  approach  those  for  a 
continuous  CIRF  only  when  the  number  of  delay  samples  per  chip  is  large  (greater 
than  8  or  so).  Because  of  computation  time  or  hardware  complexity,  it  may  be  im¬ 
practical  to  achieve  the  ideal  performance  of  a  continuous  CIRF  in  a  software  simula¬ 
tion  or  in  a  hardware  simulator.  Note  that  these  analytic  results  neglect  noise  and  are 
therefore  valid  for  large  signal-to-noise  ratios. 

Once  the  ideal  delay  offset  is  known,  the  ideal  code  correlator  loss  is  just  the 
value  of  (Eq)  relative  to  unity,  its  value  for  large  values  of  /0 1  Rc.  This  loss  is  plotted 
in  Figure  B-4  for  both  continuous  and  sampled  CIRFs.  The  curves  plotted  with  solid 
and  dashed  lines  are  the  losses  for  continuous  CIRFs  with  and  without  delay  offset,  re¬ 
spectively.  For  /0  /  Rc  =  1(T2,  optimally  positioning  the  PN  code  provides  about  3  dB 
more  signal  power  out  of  the  code  correlator  than  is  obtained  with  no  offset  (td  =  0). 

The  code  correlator  loss  is  relatively  insensitive  to  the  delay  sampling  of  the 
CIRF.  The  loss  curve  for  eight  delay  samples  per  chip  (plotted  with  solid  circles)  is  es¬ 
sentially  on  top  of  the  continuous  CIRF  curve.  However,  for  values  of  /0  /  Rc  between 
0.3  and  3,  the  loss  curve  for  two  delay  samples  per  chip  varies  noticeably  from  that  for 
the  continuous  case,  although  the  loss  is  rather  small. 
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Figure  B-4.  Code  correlator  loss  in  frequency  selective  fading  channels. 


B.2  DPSK  DEMODULATION  ERROR  RATE  FOR  CONTINUOUS 

CHANNELS. 

Error  rates  for  binary  differential  phase-shift  keying  (DPSK)  demodulation  are 
computed  in  this  section  for  non-fading  additive  white  Gaussian  noise  (AWGN)  chan¬ 
nels,  Rician  fading  channels,  and  slow  and  fast  Rayleigh  fading  channels.  The  channel 
impulse  response  function  is  assumed  to  be  continuous  in  the  time  domain.  The  DPSK 
error  rates  for  non-fading  and  slow,  flat,  Rayleigh  fading  channels  are  neatly  derived 
in  Schwartz,  Bennett,  and  Stein  [1966].  A  slightly  generalized  version  of  their  deriva¬ 
tion  is  reproduced  here  because  it  is  the  starting  point  for  the  derivation  of  the  DPSK 
error  rate  in  fast  fading.  The  fast  fading  DPSK  error  rate  was  originally  derived  by 
Bello  and  Nelin  [1962b],  Their  calculation  is  extended  in  Dana  [1995c]  to  include  the 
Doppler  frequency  spectra  appropriate  to  transionospheric  scintillation. 

B.2.1  Additive  White  Gaussian  Noise  Channels. 

The  complex  base-band  signal  plus  additive  white  Gaussian  noise  (AWGN)  at  the 
code  correlator  output  for  the  kth  channel  bit  can  be  written  as 


B-12 


j  (*+1/2)7' 

f 


zk=-^  J  re^k  hc(t)  +  n(t) 


(£-1/2)7 


dt  , 


where  n(t)  is  complex  AWGN,  and  hc(t)  is  the  combined  channel  and  code  correlator 
response  function.  This  equation  is  essentially  the  same  as  Equation  (B.l)  with  the  in¬ 
clusion  of  noise.  For  mathematical  convenience  in  later  developments  the  sample  pe¬ 
riod  of  the  code  correlator  is  assumed  to  be  equal  to  the  channel  bit  period  T.  The  code 
correlator  loss  in  frequency  selective  fading  is  included  in  the  mean  power  of  hc{t). 
The  notation  xD  for  the  delay  of  the  locally  generated  PN  sequence  has  been  deleted  be¬ 
cause  it  is  assumed  that  the  receiver  sets  this  delay  at  the  optimum  value  plotted  in 
Figure  B-3. 

The  phase  <pk  is  determined  by  the  transmitted  data  stream.  For  binary  DPSK 
modulation,  a  change  in  cpA  of  ±7t  from  one  channel  bit  period  to  the  next  indicates  a 
transmitted  one,  whereas  no  change  in  phase  indicates  a  transmitted  zero. 

Additive  white  Gaussian  noise  is  assumed  to  have  the  usual  properties: 

(n(t))  =  0 
(n(q  )n(t2))  =  0 

(«(*i  )n*  (t2 ))  =  N0  8(q  -  ) 

where  N0  is  the  one-sided  noise  spectral  density.  The  second  equation  results  because 
the  real  and  imaginary  components  of  AWGN  are  uncorrelated. 

In  further  developments  it  is  convenient  to  define  the  real  and  imaginary  parts  of 
the  noise  voltage  and  the  combined  channel  and  code  correlator  response  function: 

nR(t)  =  Re  [«(?)]  rij(t)  =  Im  [«(/)] 
hR(t)  =  Re [hc (r)]  /z,  (0  =  Im  [hc (r)] 

Now,  to  compute  the  DPSK  demodulation  error  rate,  consider  the  code  correla¬ 
tor  output  samples  for  the  k  =  0  and  k  =  l  symbol  periods,  Z0  and  Zh  respectively.  The 
complex  output  voltages  are  then  given  by  the  expressions 


B-13 


1  77  2 

Z0  =—  J  [r  cos  <p0  A/?  (f )  -  r  sin  cp0  A;  (/)  +  (/)]  /fr 

*■  -Til 

I  r/2 

+j  ~  J  [r sin  q>0  Ajj  (0  +  rcos  q>0  h,  (f )  +  n,  (/)]  dt 

*  - 7/2 

=  [^-coscpo  X0  -  rsin(p0  F0  +  ^0]  +  ;[rsin(p0  X0  +  rcos(p0  /0  +  N/>0] 


j  37/2 

Zi  =r  J[rc0S(Pi rsincpj A/(0  +  «/?(0]^ 

1  7/2 
j  37/2 

+/—  J[r  sin  <pj  MO  +  rcoscp2  A/(0  +  «/(0]^ 

7  7/2 

=  [rcoscp,  X]  -rsincpj  K]  +  N/?,i]  +  7  [r sin cpj  Xj  -t-rcostp,  7,  +  A/y  j  j 


where 

,  (*+1/2)7 

xt=-  JMO* 

,  (*+1/2)7 

n=7  !*,(»>*  . 

(B.5) 

1  (*-1/2)7 

1  (*-1/2)7 

and 

j  U+l/2)7; 

NR,k  =  ~  !  nR(t)dt 

,  (*+1/2)7 

w,.*=?  /»,(»)<*  . 

1  (*-1/2)7 

i  (*-1/2)7 

The  noise  samples  NR  and  N,  are  the  integrals  of  zero-mean,  normally  distrib¬ 
uted  random  variables,  and  thus  are  similarly  distributed.  Furthermore,  because  the 
nR(t)  and  nt{t )  components  of  the  noise  voltage  are  uncorrelated,  NRk  and  Nlk  are 
also  uncorrelated.  Using  these  properties,  it  is  easy  to  show  that 

i  (*+1/2)7  (/+l/2)7  N 

(N«.A.f)  =  =T  J*  J*'<«s(Ox,«'))  =  Tf8w 

1  (*-1/2)7  (/— 1/2)7"  11 


{Nr*N,j)  =  0 
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The  DPSK  decision  metric  m  is  [Schwartz,  Bennett,  and  Stein,  1966] 

m  =  Re[z,  Zj]  =  i|  Z,  +  Z0f  -  '-\ Z,  -  Z0|2  . 

It  is  now  easy  to  see  that  if  the  phase  cpA.  does  not  change  from  symbol  0  to  1,  the  sig¬ 
nal  components  will  add  coherently  in  the  Z]  +  Z0  term  but  will  cancel  in  the  Zx  -  Z0 
term.  Thus  m  should  be  positive  in  this  case,  and  the  probability  of  error  is  just  the 
probability  that  m  is  negative.  Conversely,  if  there  is  a  ±7t  phase  change  from  channel 
bit  0  to  1,  then  the  signal  components  will  add  coherently  in  the  Zx  -  Z0  term  and  will 
cancel  in  the  other  term.  Thus  m  should  be  negative  in  this  case,  and  an  error  occurs  if 
it  is  positive.  Assuming  that  zeros  and  ones  are  equally  likely  and  uniformly  distributed 
in  the  transmitted  data,  we  only  need  to  evaluate  the  error  rate  for  one  of  these  cases. 
Without  further  loss  of  generality4,  we  can  assume  that  the  signal  phase  remains  con¬ 
stant  (cpT  =  cp0)  during  these  two  channel  bit  periods.  The  probability  of  a  demodula¬ 
tion  error  is  then  equal  to  the  probability  that  the  DPSK  decision  metric  indicates  a 
polarity  change. 

For  convenience  we  define  two  new  variables  w+  and  w_  where 
w+=i(Zi+Z0)  w_=i(Z1-Z0)  . 

In  terms  of  these  new  variables,  the  DPSK  metric  is 

m  =  |  w+  |2  - 1  w_  |2  =  a+  -  al  (B.7) 

where  a+  and  a_  are  the  amplitudes  of  w+  and  w_,  respectively.  The  w_  and  w_  vari¬ 
ables,  written  in  terms  of  signal  and  noise  components,  are 


4  It  is  shown  in  Appendix  C  that  the  DPSK  error  rate  with  intersymbol  interference  (Le.,  when  there  is 
no  underlying  PN  code  and  f0  is  comparable  to  or  smaller  than  the  symbol  rate)  does  depend  on 
whether  or  not  there  is  a  phase  change  in  the  transmitted  modulation.  Only  in  flat  fading  is  the  error  rate 
independent  of  the  modulation.  However,  the  signal  at  the  output  of  a  code  correlator  is  always  flat 
fading,  for  a  properly  designed  code,  because  the  PN  code  chips  on  interfering  symbols  are  uncorre¬ 
lated  with  the  PN  code  chips  on  the  on-time  symbol. 


w+  =“[rcos(Po(^i  +^o)-rsin(Po  ft  +  yo)  +  ^r,\  +  JV^o]+ 

^  Jrsincpo  (XJ+X„)  +  rcos(p0  ft  +  Yo)+  Ni,\  +Ar/,o] 

w_  =^[rcoscp0(x1  -^o)_rsinCPoft  ~yo)+nr,\  ~^r,o]+ 

2  [rsin 9 o  fti  - )+  r  cos <Po  ft  -  Jo)  +  -  ^/,o  ] 

The  probability  of  a  demodulation  error  for  the  case  that  the  signal  phase  is  constant  is 
the  probability  that  m  is  negative  or  that  a_  is  greater  than  a+. 

In  the  absence  of  fading,  the  combined  channel  and  code  correlator  response 
function  is  just  a  complex  phasor: 

*c(0  =  eP  - 

The  voltages  w+  and  w_  are  then  given  by  the  expressions 

w+  =-^008(90  +  9)  +  ^,  +7V/jO]+^[2rsin((po4-0)  +  A^)]  +  jV/0] 

Thus,  for  an  AWGN  channel,  w+  and  w_  are  complex,  uncorrelated  (and  independent), 
normally  distributed  random  variables  with  the  properties: 

(w+^  =  re-/^"+^ 

(w_}  =  =  0 

(w+w'+)  =  r2  +  NjlT 

(w_w‘\  =  N0/2T 

Because  w+  is  complex  Gaussian  with  a  non-zero  mean,  the  probability  density  func¬ 
tion  of  the  amplitude  a+  is  Rician,  and  because  w_  is  complex  Gaussian  with  zero 
mean,  the  probability  density  function  of  the  amplitude  a_  is  Rayleigh: 
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/(«+>=  2a+ 


N a  /  (2D 


/(0  = 


N0/(2T) 


where  70()  is  the  modified  Bessel  function. 

The  DPSK  demodulation  symbol  error  rate  is,  as  discussed  above,  the  probabil¬ 
ity  that  m  is  negative  or  that  a_  is  larger  than  a+: 


Pe  =  Prob[a_  >  a+]  =  J da+  J da_  f(a+,a_ )  . 


Because  w+  and  w_  are  uncorrelated  and  normally  distributed,  they  are  also  independ¬ 
ent.  Thus  the  joint  probability  density  function  f(a+,a_)  is  equal  to  the  product  of  the 
two  separate  probability  density  functions.  The  DPSK  channel  bit  (or  demodulation) 
error  rate  is  then  easily  computed: 


Pe  = 


1 

-exp 


r2T 

N0 


The  quantity  r  T  is  equal  to  the  channel  bit  energy  Ecb  in  a  demodulated  symbol  pe¬ 
riod.  Thus  the  expression  above  reduces  to  the  familiar  DPSK  form: 


Pe  = 


1 

2  exp 


Pcb_ 

No. 


(Non-Fading)  . 


(B.8) 


B.2.2  Slow  Non-Rayleigh  Fading  Channels. 

Under  slow  fading  conditions,  the  channel  decorrelation  time  is  much  longer 
than  a  channel  bit  period,  and  the  average  demodulation  error  rate  is  equal  to  the  non¬ 
fading  expression  averaged  over  the  fading  distribution  of  power: 

oo 

{Pe}=  j  ±e~yS  f(S)dS  .  (B.9) 

o 

The  quantity  yS,  where  y  =  Ecb  /N0 ,  is  the  instantaneous  symbol  energy-to-noise 
spectral  density  ratio. 
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For  Rician  fading,  the  integral  in  Equation  (B.9)  can  be  done  in  closed  form, 
and  the  average  DPSK  demodulation  error  rate  is 


1 

2  +  2(1  -  R)y 


exp 


Ry 

\  +  (l-R)y 


(Slow  Rician  Fading)  . 


In  the  limit  that  the  scintillation  index  S4  is  zero  and  the  Rician  index  R  is  unity,  indi¬ 
cating  non-fading,  this  reduces  to  the  non-fading  error  rate  [Eqn.  (B.8)].  In  the  limit 
that  S4  is  unity  (R  =  0),  indicating  Rayleigh  fading,  this  reduces  to  the  familiar 
Rayleigh  fading  form: 

(. Pe )  =  — - —  (Slow  Rayleigh  Fading)  . 


DPSK  channel  bit  error  rates  for  non-Rayleigh  fading  are  plotted  in  Figure  B-5 
for  several  values  of  the  scintillation  index.  The  top  curve  in  this  figure  is  for  a  slow 
Rayleigh  fading  channel  (S4  =1),  and  the  bottom  curve  is  for  a  non-fading  channel 
(S4  =  0).  DPSK  symbol  error  rates  for  Rician  fading  are  close  to  the  Rayleigh  fading 
curve  for  values  of  S4  greater  that  0.75,  and  are  close  to  the  non-fading  curve  for  val¬ 
ues  of  S4  less  than  0.25.  Evidently,  the  DPSK  channel  bit  error  rate  makes  a  transition 
between  non-fading  and  fading  for  values  of  S4  ranging  from  0.25  to  0.75.  ' 


B.2.3  Fast  Rayleigh  Fading  Channels. 

Assuming  that  the  receiver  tracking  loops  maintain  lock  on  the  time-of-arrival 
and  frequency  of  the  received  signal,  two  effects  of  fast  fading  degrade  PN  spread 
spectrum  DPSK  demodulation  performance.  First,  when  the  decorrelation  time  of 
hc(t)  is  less  than  the  channel  bit  period,  random  fluctuations  in  the  de-spread  signal 
phase  reduce  the  gain  of  the  code  correlator.  The  signal  does  not  integrate  coherently, 
and  a  loss  in  the  signal-to-noise  ratio  of  the  output  results.  This  loss  depends  on  the  ra¬ 
tio  of  the  decorrelation  time  to  the  channel  bit  period  (x0 /T),  and  on  the  Doppler 
spectrum  of  the  fading5.  Second,  random  phase  fluctuations  in  the  received  signal  can 
cause  the  DPSK  metric  to  have  the  wrong  sign.  The  receiver  then  misinterprets  phase 
fluctuations  caused  by  fading  as  phase  changes  in  the  transmitted  signal. 


5  Here  x0  is  the  decorrelation  time  of  hc(t).  This  the  same  as  the  decorrelation  time  of  the  channel  only 
for  the  turbulent  model.  For  the  general  case,  the  decorrelation  time  of  hc(t)  depends  on  antenna  fil¬ 
tering,  if  any,  and  on  the  relative  delay  between  the  local  and  received  PN  codes. 
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Channel  Bit  Error  Rate 


Figure  B-5.  DPSK  channel  bit  error  rate  for  Rician  fading  channels. 
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Both  of  these  effects  can  be  treated  simultaneously  in  a  derivation  similar  to  one 
developed  by  Bello  and  Nelin  [1962b]  about  35  years  ago.  The  starting  point  of  the  fast 
fading  error  rate  derivation  is  the  DPSK  metric  [Eqn.  (B.7)]  written  in  terms  of  the 
w+  and  w_  variables. 

In  fast  Rayleigh  fading,  the  combined  response  function  hc(t)  is  a  complex, 
zero-mean,  normally  distributed  random  process,  so  the  amplitude  of  hc(t)  has  a 
Rayleigh  distribution.  The  X  and  Y  variables  in  w+  and  w_  are  then  zero-mean,  nor¬ 
mally  distributed  random  variables.  Thus  w+  and  w_  are  similarly  distributed.  The 
second  order  moments  of  w+  and  w_  are  then  easy  to  compute: 

(w+»l }  =  -  j[(x02)  +  (x,2)  +  2(X„X,  >  +  (J? )  +  (if  >  +  2(r0K, )] 

+  \{(Nlo}  +  {Nh)  +  {Nlo}  +  (Nli}} 

(»-»-)  =  -  j  [{^o ) + (x,2 )  -  2(x0x, )  +  (y02)  +  (y,2)  -  2(y0y; )] 

+  \\«°}  +  (Nh)  +  {Nl°)  +  {Nh), 

(w+ wl }  =  ^-  [(x,2 )  -  (x02 ) + (y,2 }  -  {y02 }] 

+ \  [K, )  ■ -  (nI  o) + (w,2, )  -  {w,2„>]  =  o 

where  cross  correlation  terms  of  the  form  channel  x  noise  or  noise  x  noise  are  zero. 
Because  the  w+  and  w_  terms  are  uncorrelated  and  normally  distributed,  they  are  also 
independent6.  The  second  order  moments  of  the  noise  terms  are  given  in  Equation 
(B.6),  and  the  second  order  moments  of  X  and  Y  are 


6  Note  that  vv+  and  w_  are  uncorrelated  if  and  only  if  there  is  equal  average  power  in  the  real  and  imagi¬ 
nary  (or  in-phase  and  quadrature-phase)  components  of  the  noise  and  combined  channel  and  code  cor¬ 
relator  response  function.  Evaluating  the  effects  of  imbalances  in  the  average  power  of  these  compo¬ 
nents  is  beyond  the  scope  of  this  idealized  model,  but  is  easy  to  compute  with  COMLNK. 
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{x02)=(xI2)=(y02)=(K12)=iR1 
(Xo*lHW>  =  i*2 

With  some  computation,  R x  and  R2  can  be  written  in  terms  of  the  temporal  correlation 
function  p(r)  of  the  combined  channel  and  code  correlator  response  function: 

l 

i^  =  2j(i-5)p05)<5 

0 

«2=^Ja-«{p[7'(i-y]+p[ni+y]}4 

z  o 

Once  it  has  been  determined  that  w+  and  w_  are  uncorrelated  (and  thus  are  in¬ 
dependent),  complex,  zero-mean,  normally  distributed  random  variables,  it  is  simple  to 
compute  the  DPSK  error  rate.  The  DPSK  metric  can  be  rewritten  as 

-  2  2 
m  -  a+  -  a_ 

where  a+  and  a_  are  equal  to  |w+|  and  |  w_|,  respectively.  The  amplitudes  a+  and  a_ 
have  Rayleigh  probability  density  functions: 

/(a  )  =  ^+ e~4^+ 

P+ 

/(«-)  =  —  ’ 

where 


r  i 

\1+  =  — 
2  ! 

[R.+Rj+y-1] 

r2, 

P-  -  y 

*i-*2+r'] 

The  average  symbol  error  rate  is  then  the  probability  that  a_  is  larger  than  a+ : 

oo  oo 

(Pe)=jda+f(a+)jda_f(a_)  =  —^—  , 
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which  reduces  to 


1 

(Fast  Rayleigh  Fading)  .  (B.10) 

One  can  see  from  the  definition  of  R,  that  this  quantity  is  equal  to  the  loss  in  sig¬ 
nal  energy  within  a  channel  bit  period7,  so  the  quantity  y  R}  is  the  value  of  the  channel 
bit  energy-to-noise  spectral  density  ratio.  The  quantity  1  -  R2  /  /?,  then  represents  the 
degrading  effect  of  channel  bit-to-bit  phase  fluctuations  on  demodulation  performance. 
In  the  slow  fading  limit  (x0  »  T ),  R]  and  R2  both  approach  unity,  and  the  fast  fading 
error  rate  reduces  to  the  expression  for  slow  Rayleigh  fading. 

When  the  fading  is  fast  (x0  <T),  there  is  a  certain  probability  that  channel  phase 
fluctuations  will  erroneously  change  the  sign  of  the  DPSK  decision  metric  resulting  in 
what  Bello  and  Nelin  [1962b]  call  an  irreducible  error  rate.  For  large  values  of  y,  the 
DPSK  error  rate  reduces  to 

(Pe)  =  . . 2  (y  »  1)  (Fast  Fading  Irreducible  Error  Rate)  , 

2  Aj 

independent  of  y.  The  irreducible  error  rate  depends  on  the  ratio  x0  /  T  and  on  the 
Doppler  frequency  spectrum  of  the  fading.  This  probability  is  independent  of  signal- 
to-noise  ratio  for  large  values  of  y  because  it  is  the  signal  phase  that  is  randomly 
varying  and  causing  demodulation  errors. 

For  the  Doppler  frequency  spectra  defined  in  Section  2  that  are  representative  of 
transionoshperic  propagation,  R:  and  R2  are 


+  Y 


2(R,+r') 


7  The  AID  output  signal  voltage  is  proportional  to 


I  77  2 

S  =  —  J hc(t)dt  > 


-7/2 


so  the  power  of  the  output  signal  can  be  written  as 


1  7 

( 55*)  =  -  J(1  -  \t\/T)pc(t)dt 

/  T 


This  expression  reduces  to  with  a  change  in  variables. 
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^-[2r4-3H-(r4+3)e-T-]  r4 

1  4 


i?i  = 


8r6-i5+(r62+7r6+i5)^]  r6 


3^6 

-V7uerf(rg)  1_ 


-Ti 


Gaussian 


3-2(74  +3)e_7"4  +  (274+3)e_2V 


/’ 


*2  =  -L.[l5-2(T62  +7I6  +15)e-r‘  +(4762  +  14T6  +  15)«T2t<]  f 


3Tl 

-Jn 


[erf  (2T$ )  - erf  (r« )] + + «"”* 


2e 


-t: 


] 


Gaussian 


where  74  =  a47/x0,  76  =  a67 /x0  ,  and  7g  =  7/Xq ,  and  where  a4  and  a6  are  numeri¬ 
cal  constants  defined  in  Section  2. 

Figure  B-6  shows  the  DPSK  channel  bit  error  rate  in  fast  Rayleigh  fading  for 
several  values  of  the  ratio  Xq/7.  The  Doppler  frequency  spectrum  for  these  cases  has 
the  f*4  functional  form.  As  the  channel  bit  energy-to-noise  spectral  density  ratio  in¬ 
crease,  all  curves,  except  the  Xq/7  =  °o  case,  eventually  flatten  out  and  approach  an  irre¬ 
ducible  error  rate.  In  this  respect,  DPSK  demodulation  is  quite  robust  compared  to  co¬ 
herent  PSK:  The  decorrelation  time  can  be  as  small  as  10  times  the  symbol  period,  and 
symbol  error  rates  near  one  percent  can  still  be  achieved.  For  coherent  PSK,  the 
decorrelation  time  must  be  greater  that  30  times  the  symbol  period  to  achieve  de¬ 
modulation  error  rates  below  one  percent8. 


8  Even  more  robust  performance  in  fast  fading  is  obtainable  with  frequency  shift  keying  (FSK)  modula¬ 
tion  and  non-coherent  demodulation.  There  still  is  an  irreducible  error  rate  because  the  Doppler  fre¬ 
quency  spectrum  of  the  fading  smears  signal  energy  across  the  FSK  tones,  but  a  binary  FSK  link  can 
operate  at  smaller  decorrelation  times  than  a  DPSK  link  with  the  same  symbol  period.  FSK  links  can  be 
further  hardened  to  fast  fading  effects  by  using  larger  tone  spacings  [ Bogusch ,  1989]. 


B-23 


Channel  Bit  Error  Rate 


Channel  Bit  Energy-to-Noise  Density  Ratio,  Ecb/N0  (dB) 

Figure  B-6.  DPSK  demodulation  error  rate  for  fast,  Rayleigh  fading  channels. 
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Another  view  of  the  effect  of  fast  fading  on  DPSK  demodulation  performance  is 
given  in  Figure  B-7  where  the  irreducible  channel  bit  error  rate  is  plotted  versus  nor¬ 
malized  decorrelation  time  (t0 IT)  for  the  three  Doppler  frequency  spectra.  These 
spectra  produce  irreducible  error  rates  that  are  within  a  factor  of  2  or  so  for  a  given 
value  of  Tq IT.  The  normalized  decorrelation  time  must  be  greater  than  2,  3,  and  10  to 
achieve  DPSK  demodulation  error  rates  less  than  0.1,  0.05,  and  0.01,  respectively. 

B.3  DPSK  FAST  FADING  DEMODULATION  ERROR  RATE  FOR 
SAMPLED  CHANNELS. 

Although  an  actual  transionospheric  channel  impulse  response  function  is 
continuous,  the  calculation  of  the  CIRF  for  use  in  COMLNK  or  in  a  hardware  channel 
simulator  necessarily  involves  sampling  in  both  time  and  delay.  Earlier  in  this 
Appendix  we  discussed  the  effects  of  delay  sampling  of  the  CIRF  on  code  tracking. 
Here  we  focus  on  the  effects  of  time  sampling  on  DPSK  demodulation  performance. 


Figure  B-7.  DPSK  irreducible  channel  bit  error  rate  for  fast  Rayleigh  fading  chan¬ 
nels. 
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It  has  been  the  practice  of  the  authors  to  sample  the  CIRF  in  time  with  sufficient 
resolution  that  the  temporal  statistics  of  fades  to  -30  dB  or  so  match  ensemble  values. 
The  requirements  on  time  sampling  to  achieve  such  a  match  are  discussed  in  Dana 
[1988].  Once  these  requirements  have  been  met,  we  have  assumed  that  the  sampling  is 
also  adequate  for  DPSK  demodulation.  The  purpose  of  this  discussion  is  to  explore  the 
limitations,  if  any,  of  this  assumption. 

In  the  time  domain,  the  CIRF  is  sampled  at  a  fixed  rate  where  the  sample  period 
is  usually  an  integral  fraction  of  the  channel  decorrelation  time  (i.e.,  At  =  x0/n0  where 
n0  is  an  integer).  The  signal  contributions  to  the  X  and  Y  samples  in  Equation  (B.5)  are 
then  constructed  as 

i  k+NT- 1  i  k+NT-\ 

xk=-  SRe[ftc(/At)]Ar,  2>[/>c(;At)]Ar,  , 

1  l-k  1  l=k 

where  NT  is  the  number  of  CIRF  time  samples  per  symbol  period  T,  and  hc(lAt)  is 
the  time-sampled  combined  channel  and  code  correlator  response.  The  time  sample  in¬ 
terval  is  a  function  of  the  index  /  to  account  for  edge  effects  (in  general,  the  symbol 
period  begins  and  ends  between  channel  samples).  To  simplify  this  calculation  some¬ 
what,  but  with  a  slight  loss  in  generality,  we  assume  that  there  are  an  integer  number 
of  channel  samples  per  symbol  and  that  they  are  aligned  with  the  symbols.  Thus  we  as¬ 
sume  that  At[  =  At  =  T./Nt  for  all  l. 

For  Rayleigh  fading  the  sampled  CIRF  is  a  zero-mean,  normally  distributed 
process  with  uncorrelated  real  and  imaginary  parts.  Then,  as  shown  above,  the  DPSK 
demodulation  error  rate  depends  on  the  second  order  moments  of  X  and  Y.  The  vari¬ 
ance  of  X  and  Y  is 


Af 2  k+Nr-\  k+NT-l 

{xl)  =  {Yk}  =  fz t  I  Ip[(/-DAt]  =  i/?1  , 

Ll  l=k  l'=k 

where  p(r)  is  the  temporal  correlation  function  of  the  channel.  The  leading  factor  of 
1/2  results  because  the  real  and  imaginary  parts  of  hc(lAt)  each  contain  exactly  1/2  of 
the  signal  power.  By  counting  the  number  of  terms  with  the  same  value  of  l  —  Y,  the 
expression  for  Rx  reduces  to 
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Similarly,  the  cross  correlation  of  X  and  of  Y  is 


Af2  k+NT- 1  k+2NT-\ 

C  =  {xtXttNT}  =  {YkYl,Nr)  =  —T  1  £p[((-r>Ar]  =  lS2  . 

11  i=k  l'=k+Nr 

After  some  manipulation  the  expression  for  R2  reduces  to 

«2=^{p(?')+I(l-f/A'r)[p(7'  +  /A()  +  p(r-iA()] 

L  /=1 

Note  that  in  the  limit  of  slow  fading  ( i.e .,  when  p  =  1)  both  and  R2  are  unity. 

The  DPSK  channel  bit  error  rate  is  given  in  terms  of  R}  and  R2  by  the  expres¬ 
sion  in  Equation  (B.10).  The  error  rate  is  relatively  insensitive  to  the  number  of  tem¬ 
poral  channel  samples  per  symbol  as  illustrated  in  Figure  B-8  where  (Pe)  is  plotted 
versus  channel  bit  energy-to-noise  spectral  density  ratio  for  three  values  of  the  ratio 
x0  /  7  and  for  continuous  and  sampled  CIRFs.  While  there  are  small  differences  be¬ 
tween  the  sampled  and  continuous  CIRF  curves  for  the  NT  =  1  case,  particularly  at 
small  values  of  x0/T,  the  sampled  case  curves  for  NT  greater  than  one  agree  well 
with  the  continuous  CIRF  curves.  Thus  only  the  NT  =  1  and  2  cases  are  plotted  in  the 
figure. 

Note  that  the  DSWA  requirement  is  that  there  be  at  least  10  samples  per  decor¬ 
relation  time  [ Wittwer ,  1980].  For  one  and  two  samples  per  symbol,  this  requirement 
is  only  met  when  x0  /  T  >  10  and  x0  /  T  >  5,  respectively.  Thus  for  the  %0/T>  3  and 
x0/T>  1  cases,  the  channels  are  significantly  undersampled.  We  conclude  that  when 
the  channel  is  sampled  at  least  10  times  per  T0,  time  sampling  effects  on  DPSK  de¬ 
modulation  are  negligible. 

This  does  not  say  that  this  issue  can  be  ignored  entirely.  Indeed  the  signal  energy 
in  a  channel  bit  period  is  very  sensitive  to  the  resolution  of  the  time  samples,  as  shown 
in  Figure  B-9.  Here  the  signal  sample  energy  loss  due  to  fast  fading  (which  is  equal  to 
1  / P])  is  plotted  versus  the  ratio  x 0/T  for  continuous  CIRFs  and  sampled  CIRFs  with 
1  through  32  channel  samples  per  channel  bit  period.  In  the  fast  fading  limit,  R]  for 
sampled  CIRFs  approaches  1  / NT  rather  than  zero,  as  is  the  case  for  continuous  CIRFs. 
Thus  these  results  show  that  there  can  be  significant  discrepancy  in  the  fast  fading  sig¬ 
nal  loss  at  small  values  of  x0  /  T  with  time-sampled  CIRFs.  However,  at  values  of 
Xq/T  where  the  output  signal  is  significantly  affected  by  the  resolution  of  the  temporal 
sampling,  the  irreducible  DPSK  demodulation  error  rate  is  already  50  percent. 
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Figure  B-8. 


Figure  B-9. 
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Channel  bit  signal  loss  for  fast  Rayleigh  fading  and  time-sampled  and 
continuous  CIRFs. 
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APPENDIX  C 


DEMODULATION  PERFORMANCE  OF  DIFFERENTIALLY  COHERENT 
PSK  (DPSK)  WITHOUT  AN  UNDERLYING  SPREAD  SPECTRUM  CODE 

A  functional  block  diagram  of  a  differentially  coherent  phase-shift  keying 
(DPSK)  receiver  without  an  underlying  spread  spectrum  code  is  shown  in  Figure  C-l. 
The  transmitted  data  are  differentially  encoded  so  that  differentially  coherent  demodu¬ 
lation  can  be  used.  Thus  only  the  frequency  but  not  the  phase  of  the  received  signal 
needs  to  be  tracked.  This  eliminates  the  primary  failure  mechanism  of  a  coherent  PSK 
receiver  in  a  fading  channel  —  loss  of  phase  lock. 

Without  an  underlying  pseudo-noise  (PN)  code,  time  and  frequency  selective 
fading  effects  are  not  mathematically  separable  as  they  are  with  a  PN  code  (see  Appen¬ 
dix  B).  Thus  the  problem  of  DPSK  demodulation  in  time  and  frequency  selective  fad¬ 
ing  channels  is  considerably  more  complex  in  this  case.  Because  of  this  we  have  not  de¬ 
veloped  analytic  demodulation  error  rates  with  as  much  detail  as  is  included  in  the 
analytic  model  for  DPSK  with  a  PN  code.  In  principle  such  detailed  models  could  be 
developed,  but  would  add  little  to  the  COMLNK  validation  process.  To  simplify  the 
comparison  of  COMLNK  and  analytic  results  we  always  consider  either  fast,  flat  fad¬ 
ing  or  slow,  frequency  selective  fading,  although  analytic  expressions  have  been  devel¬ 
oped  for  fast,  frequency  selective  fading. 

Delay  tracking  can  be  accomplished  in  this  type  of  receiver  by  measuring  the 
signal  energy  during  the  first  and  second  halves  of  the  modulation  period  and  equaliz¬ 
ing  the  energy  in  these  two  measurements1.  To  simplify  this  calculation  we  approxi¬ 
mate  the  effects  of  delay  tracking  by  finding  the  sampling  time  that  maximizes  the  re¬ 
ceived  signal  energy.  We  then  show  that  the  optimum  sampling  time  in  frequency  se¬ 
lective  fading  is  a  small  fraction  of  a  symbol  period,  even  in  severe  conditions. 

In  Section  C.l  of  this  appendix  we  derive  the  received  signal  in  terms  of  the 
channel  impulse  response  function  and  then  investigate  the  effect  of  delay  tracking  by 
finding  the  ideal  delay  offset.  The  ideal  offset  is  between  zero  and  two-tenths  of  a  sym¬ 
bol  period  late,  depending  on  the  severity  of  the  frequency  selective  fading,  relative  to 


1  Actually,  several  different  delay  discriminator  algorithms  can  be  used,  as  described  in  Bogusch  [1990]. 
Perhaps  the  most  common  PSK  technique  involves  mid-bit  sampling. 
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Figure  C-l.  Block  diagram  of  a  DPSK  receiver. 


the  optimum  position  in  a  non-fading  or  flat  fading  channel.  These  results  are  used  to 
compute  on-time  and  intersymbol  interference  (ISI)  signal  energy.  DPSK  demodulation 
performance  in  continuous  time  and  frequency  selective  fading  channels  and  in  sampled 
frequency  selective  fading  channels  is  computed  in  Section  C.2. 

C.l  IDEAL  DELAY  OFFSET  AND  OUTPUT  SIGNAL  ENERGY. 

The  ideal  delay  offset  is  computed  in  this  subsection  for  a  slow,  frequency  selec¬ 
tive  fading  channel  with  a  continuous  channel  impulse  response  function  (CIRF).  The 
ideal  delay  we  calculate  here  is  that  which  maximizes  the  total  received  signal  energy, 
including  the  on-time  signal  and  the  ISI.  Presumably,  a  delay-lock  loop  (DLL)  that  uses 
early  and  late  signal  samples  and  attempts  to  equalize  the  signal  energy  in  the  two  will 
produce  a  delay  offset  close  to  that  which  maximizes  the  signal  energy. 

Consider  a  transmitted  DPSK  waveform: 


m{t )  =  e;<P;  n 

i 


(C.l) 


where  9/  =0,71  randomly  is  the  data  modulation,  and  T  is  the  channel  bit  period.  The 
rectangular  function  II()  is  defined  as 


nw= 


for  I  x  l<y 
otherwise 


The  output  of  the  channel  is  the  convolution  of  the  transmitted  modulation  and  the 
CIRF.  This  convolution  is 


u(t)  =  r  J  m(t  -  x)h{t,x)dx  (C.2) 

o 

for  a  continuous  CIRF,  where  r  is  the  received  signal  amplitude. 

The  received  signal  is  then  sampled  in  an  AID  converter.  The  sampled  signal 
used  for  data  demodulation  is  integrated  over  the  channel  bit  period,  so  the  complex 
voltage  sample  during  the  kth  bit  period  that  is  converted  to  a  digital  representation  by 
the  A/D  can  be  written  as: 


,  (k+U2)T+xD 

Zk=-  j[u(t)  +  n(t)]dt  ,  (C.3) 

1  (k-M2)T+lD 
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where  XD  is  the  delay  offset.  In  subsequent  developments  we  calculate  the  ideal  delay 
offset  assuming  that  the  channel  is  slow  fading  (t0  »  T),  so  the  time  dependence  of 
the  CIRF  can  be  ignored  when  Zk  is  evaluated. 

The  voltage  n{t)  is  complex  additive  white  Gaussian  noise  (AWGN)  with  the 
usual  properties: 

{n(t))  =  0 
(n(r1)«(r2)}  =  0 

(n(r])n*(r2))=  A^08(/i  -t2) 

where  N0  is  the  two-sided  noise  spectral  density  ratio.  The  second  equation  results  be¬ 
cause  the  real  and  imaginary  components  of  AWGN  are  uncorrelated. 

It  is  convenient  to  separate  the  complex  signal  samples  into  contributions  from 
the  on-time  signal  and  the  1ST  Assuming  that  the  delay  offset  is  limited  to  the  range 
0<t d  <T,  the  on-time  signal  contribution  to  Zk  is 

T+Xd 

S0=reJ<9k  h(x)A^~^jdx  , 
o 

where  we  have  suppressed  the  time  dependence  of  the  CIRF  for  this  slow  fading  calcu¬ 
lation.  The  triangle  function  in  this  equation  is  defined  as 

T—  I  x I  for  I  x Icl 

A  (*)  =  <! 

0  otherwise 

The  ISI  contribution  is 

T+xd 

S,=rfe*‘-'  +  +  %  +  . 

XD 

Rather  that  computing  early  and  late  voltages  to  find  the  ideal  delay  offset,  we 
will  assume  that  the  offset  is  close  to  the  delay  that  gives  the  maximum  mean  signal  en¬ 
ergy.  That  is,  we  will  find  the  value  of  xD  that  maximizes 

E  =  (\S0+S,\2)  . 
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ignoring  the  effects  of  AWGN.  In  computing  the  expectation  in  this  expression,  we 
make  the  reasonable  assumptions  that  the  transmitted  modulation  is  uncorrelated  with 
the  channel  impulse  response  function  and  that  the  modulation  is  uncorrelated  from 
symbol-to-symbol.  The  two  resulting  expectations  are 


(h{x)  h*  (t/))  —  G(x)  8(x  —  x')  , 

(e^-<p,))  =  5w  f 


(C.4) 


where  G()  is  the  power  impulse  response  function,  8()  is  the  Dirac  delta  function,  and 
8^  /  is  the  Kronecker  delta  symbol: 


1  if  k  =  l 
otherwise 


With  these  assumptions  and  definitions,  the  mean  output  energy  of  the  on-time  and  ISI 
contributions,  respectively,  is 


T+Zr 


E0={S0S'o}=r‘ 


G(x)A2 


x-x 


D 


dx 


e,=(s,s;}=s 


7+Tp 

r 


G(x) 


x-x 


D 


dx 


T+Zr 


+r2 1 
/=i 


G(x  +  IT) 
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+  2 


IzId)2 
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dx 


When  GQ  has  an  exponential  form  [Eqn.  (2.8)],  the  on-time  and  ISI  terms  reduce  to 


E0=r< 


E,  =  2r: 


fr  \ 2  l-e~m+XD>T) +X(l-2e~XxD,T -xd/t) 

+2 - V - - 


d!T 

{l-e~2X  -2Xe~X) 

s' - ^ 

1 

1 

I*.2 
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where  A,  =  2 nf0T. 

The  ideal  value  of  xD/T  that  maximizes  E0  +  Ej  is  plotted  in  Figure  C-2  versus 
normalized  frequency  selective  bandwidth,  f0T.  When  f0T  is  less  than  0.1  or  so, 
xd/T  approaches  0.182.  The  on-time,  ISI,  and  total  signal  power  for  the  ideal  value  of 
xd/T (solid  and  dashed  lines)  and  for  Td/T  equal  to  zero  are  plotted  in  Figure  C-3. 

In  the  limit  of  severe  frequency  selective  fading,  the  total  signal  energy  ap¬ 
proaches  2/3.  The  loss  of  1/3  of  the  energy  is  often  attributed  to  the  “mismatch”  of  the 
received  signal  and  the  rectangular  pulse  shape  assumed  in  the  receiver.  However,  the 
missing  1/3  of  the  signal  energy  (in  the  limit  that  f0T  « 1)  is  actually  contained  in  the 
cross  correlation  of  the  on-time  signal  and  interfering  signal  voltages,  which  is  identi¬ 
cally  zero  in  this  calculation  only  because  we  assume  that  the  DPSK  modulation  is  un¬ 
correlated  from  bit-to-bit.  If  long  sequences  of  zeros  or  ones  are  transmitted,  then  the 
signal  modulation  is  perfectly  correlated  from  bit-to-bit,  the  cross  term  is  no  longer 
zero,  and  the  total  energy  is  unity  for  all  values  of  f0T,  as  it  should  be. 

The  signal  energy  for  the  zero  offset  case  (td  =  0)  is  shown  in  Figure  C-3  be¬ 
cause  in  later  developments  we  are  going  to  ignore  the  delay  offset  to  simplify  the  tedi¬ 
ous  algebra  somewhat.  These  results  show  that  the  total  signal  energy  is  relatively  in¬ 
sensitive  to  the  value  of  xd/T .  However,  using  the  ideal  delay  offset  increases  the  on- 
time  signal  energy  by  a  factor  of  3/2  or  so  and  decreases  the  ISI  energy  by  a  factor  of 
about  2.  Thus  we  expect  there  to  be  some  impact  of  delay  tracking  on  the  DPSK  de¬ 
modulation  error  rate  in  frequency  selective  fading. 
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Figure  C-2.  Ideal  delay  offset  of  DPSK  receiver  in  frequency  selective  fading. 
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Figure  C-3.  On-time,  ISI,  and  total  signal  energy  for  ideal  and  zero  delay  offsets. 
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C.2  DPSK  DEMODULATION  ERROR  RATE  IN  FAST,  FREQUENCY 

SELECTIVE  FADING  WITH  CONTINUOUS  CIRF. 

Error  rates  for  binary  differential  phase-shift  keying  (DPSK)  demodulation  are 
computed  in  Appendix  B  for  non-fading  additive  white  Gaussian  noise  (AWGN)  chan¬ 
nels,  Rician  fading  channels,  and  slow  and  fast,  flat  Rayleigh  fading  channels.  In  this 
appendix  the  calculation  is  extended  to  fast,  frequency  selective  fading.  The  DPSK  er¬ 
ror  rates  for  fast  fading  or  frequency  selective  fading  was  originally  derived  by  Bello 
and  Nelin  [1962b].  To  our  knowledge  this  is  the  first  time  this  calculation  has  been  ex¬ 
tended  to  simultaneous  fast  and  frequency  selective  fading.  To  simplify  the  calculation 
somewhat  we  assume  that  the  CIRF  is  continuous  and  that  the  delay  offset  is  zero. 

By  combining  Equations  (C.l),  (C.2)  and  (C.3)  the  complex  signal  plus  noise 
voltage,  sampled  over  a  channel  bit  period  T,  is 

oo  tf+1)  T  772  _ 

Zk=r  I>M-'  J  dtj  j  dt  h(t  +  kTyl)Tl\t~-  +  lj  +  Nk  , 

1=0  (/—l  )T  -772 

where  the  delay  offset  has  been  set  to  zero,  and  the  CIRF  is  identically  zero  for  nega¬ 
tive  values  of  delay.  The  AWGN  contribution  to  Zk, 

,  (k+\/2)T 

Nk=-  jn(t)dt  , 

1  (k-M2)T 


has  the  following  properties: 


(Nt)={NtN,)  =  0 


(C.5) 


It  is  convenient  to  separate  the  kth  voltage  sample  Zk  into  on-time  and  ISI  con¬ 
tributions: 


Zk  =  r  ej(fk  (*)  +  r  X S2  (k,l)  +  Nk  , 

1= l 
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where 


7  772 

S}(k)  =  jdxj;  J  dth(t  +  kT9T)Tl 


o 


-7/2 


rt- T 

l  r 


and 


27  „  7/2 


52(^,0=  J  ^A[r  +  (Jfc-/  +  l)r,T  +  (/-l)7ln^^~  +  lj  . 


o  -r/2 
Similarly,  the  £  + 1"  voltage  sample  is 

oo 

ZM=reJ^'  Sj(*  +  l)  +  r  ]>***'-'  S2(k  +  l,l)  + Nk+]  . 

i= l 

Following  the  derivation  in  Schwartz,  Bennett  and  Stein  [1966],  the  DPSK  deci¬ 
sion  metric  is 


m  =  w. 


\w_ 


where 


w+  ~2^Zk+\  +zk) 
w_=~[Zk+x-Zk) 

Upon  substituting  the  expressions  for  Zk  and  Zk+ 1  into  the  expression  for  m,  we  get 


w±=-< j  reJ(*k+l  S}  (k  + 1)  +  rej<fk  S2  ( k  + 1, 1)  +  r  £e;(p*+1-'  S2  (k  + 1,1)  +  Nk+l 
21  1  '  '  2 - '  Jll _ ,  V_4_J 


(C.6) 


± rej<9k % ( k ) ± rej(fk~' S2 ( k ,  1) ± rTeJ<Pi-' S2 (it, /) ± 

v - - - '  v - - - '  /_o 

5  6  Jzl - w - -  8 

7 

The  terms  in  this  equation  have  been  numbered  as  a  short  hand  way  of  referring  to 
them  in  further  developments. 
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C.2.1  Statistics  of  w+  and  w_. 

In  Rayleigh  fading,  whether  flat  or  frequency  selective,  the  first-order  statistics 
of  the  channel  impulse  response  function  are  complex  normal  with  zero  mean.  Of 
course  the  noise  is  also  complex  normal  with  zero  mean.  Because  the  integral  of  a  zero 
mean,  normally  distributed  random  process  is  similarly  distributed,  w+  and  w_  are 
also  zero  mean,  normally  distributed  random  processes.  Thus  the  statistics  of  w+  and 
w_  are  completely  determined  once  the  second  order  moments  of  the  eight  terms  are 
computed. 

For  the  steady  state  channel  and  AWGN  random  processes  considered  here,  the 
variances  of  the  terms  in  Equation  (C.6)  must  be  independent  of  the  index  k.  Thus  the 
variances  of  terms  1  and  5,  terms  2  and  6,  terms  3  and  7,  and  terms  4  and  8  are  all 
pair-wise  equal.  The  variance  of  terms  4  and  8  is  given  in  Equation  (C.5).  Further¬ 
more,  because  the  channel  fluctuations  are  uncorrelated  with  the  AWGN,  all  channel  x 
noise  cross  terms  necessarily  have  zero  mean. 

The  variance  of  term  1  in  Equation  (C.6)  is 


=~T  (£,  (k  +  1)^1*  (k  +  1)} 


2  T 


77  2  772 


4  r 


-\dx\dx'  jdt  \dt'{h{t  +  kT,x)h\t'  +  kT,x'))n 


-77 2  -77  2 


f  t  ~  x']  —i 

—  n 

T  J 

l  T  J 

The  turbulent  model  is  assumed  so  that  the  expectation  of  the  channel  impulse  response 
function  is  equal  to  the  power  impulse  response  GO  times  the  temporal  autocorrelation 
function  of  the  channel: 

(h(t, X )h* it', x'))  =  p(r  - 1') G(x) 5(t  -  x')  . 

After  some  manipulations  of  the  two  time  integrals,  the  expression  for  Gj  can  be  re¬ 
duced  to  a  single  time  integral  with  the  result 

a?=^-j^rG(2X)j4p(^)(l-C-0  > 

^  o  o 

where  t,  =  x/T  and  £,  =  t  /  T  are  normalized  delay  and  time  variables,  respectively. 
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The  variance  of  term  2  in  Equation  (C.6)  is 
2 

<*2=Y^2(*  +  U)^(*  +  U)) 


2  IT  2  T  772  772 
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J  c/x  J^x7  J  J  dt*  (h\t  +  (&  + 1)7, x]  h  [7  +  (£  +  1)7,  x/]^  . 


0  0  -772  -772 


xn 


t  —  X 


+i  n 


A  t' 


t'-x' 
l  7 


+  1 


Similar  manipulations  as  were  performed  in  the  expression  for  of  reduce  this  variance 
to  the  following 


2  1 


o}-—j4TGOQj<%  pOtXS-i) 
1  A  0 


0 

2  1 


K 


+— S<KTG[T(t,+  l)}  J4p(75)(l-?-^) 
Z  0  0 


The  variance  of  term  3  in  Equation  (C.6)  is 

2  oc  oo 


1=2  /'= 2 


We  assume  that  the  transmitted  modulation  is  uncorrelated  with  the  channel  impulse 
response  function  and  is  uncorrelated  from  symbol-to-symbol2.  Thus  the  expectation  of 
the  modulation  is  given  by  the  expression  in  Equation  (C.4),  and  the  double  summation 
in  this  equation  reduces  to  a  single  sum.  After  some  algebra, 

-4iiKrc[r<t+,>l}<^«7?Kt-o 

1  1-1  (o  0 

1  K  ) 

+|^7G[7(C  +  /  +  1)]  j4p(7$(l-C-5)[ 

0  0  J 


2  The  first  of  these  assumptions  is  reasonable  because  the  transmitted  data  and  the  channel  fading  are 
completely  unrelated.  The  second  assumption  implies  that  the  transmitted  data  are  random  and  do  not 
contain  long  sequences  of  zeros,  ones,  or  alternating  zeros  and  ones. 
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0  t7  r) 

The  two  terms  within  the  curly  brackets  are  equal  to  c2  when  l  =  0.  Thus  cr2  +<73  an^ 

9  9 

a6  +  o7  are  equal  to  this  expression  with  the  lower  summation  limit  set  to  zero. 

Fortunately  (because  they  are  quite  tedious  to  calculate),  there  are  only  five  sig¬ 
nal  x  signal  cross  correlation  terms  that  are  non-zero.  The  other  10  signal  x  signal 
cross  correlation  terms  are  equal  to  zero  because  the  transmitted  modulation  is  uncor¬ 
related  from  symbol-to-symbol  [ i.e .,  because  of  Equation  (C.4)].  All  12  signal  x  noise 
cross  correlation  terms  and  the  one  noise  x  noise  cross  correlation  term  are  equal  to 
zero.  The  non-zero  terms  are  C12,  C15,  C25,  C36,  and  C37  where  C ^  denotes  the  cross 
correlation  of  the  kth  and  Ith  terms  in  Equation  (C.6).  The  1-2  cross  correlation  is 


Ci2=—  (Si(*  +  l)S2(*  +  U) 

2  T  2T  77  2  Til 


4  r 


jdx  j dx'  jdt  jdt'(h[t  +  {k  +  \)T,x}h*[t'  +  (k  +  \)T,x'])  . 


o  0  -7/2  -7/2 


x  n 


t  —  X 


n 


+  i 


After  considerable  manipulation  this  expression  reduces  to 


2  1/2 


C12=—  jdtiTGm 


0 
2  I 


+—  id$TGO%)\ 
4  1/2 


J45p(7?)+?  |4p(7?)+  J4pO$X1-5) 

0  ?  K 

"K  C  i 

J p(T^)  +  (1  - 0  J 4p(7^>  + j 4p(^)(  1  -  5) 

o  k  ; 


The  1-5  cross  correlation  is 


Cl5=±^-{sl(k  +  l)S*l(k)) 

2  T  T  77  2  Til 

=  ±^\dx\dx'  J dt  \dt'(h[t  +  (k  +  l)T,x]h*[t'  +  kT,x'])  , 

W  0  0  -7/2  -7/2 
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which  reduces  to 


,2  1 


K 


Cls  =  ±-\dZ,TG(TQ  j4{p[n?  +  l)]+p[r(l-4)]}(l-C-|)  . 
4  0  0 

Next,  the  2-5  cross  correlation  term  is 

c25=±^(s2(k+i,i)s;(kj) 


2  2 T  T  T/2  77 2 


=  +- 


AT 2 


jdxjdx'  jdt  jdt'jh[t  +  (k  +  l)T,x]h*[t'  +  kT,x'])  . 


0  0  -772  -T/2 


xn 


t- X 

Ct~ 


\ 


+  1 


n 


f  t'-x‘ 
\  T 


After  some  manipulation  it  can  be  seen  that  this  expression  is  equal  to  C12,  except  for 
the  leading  sign. 


The  3-6  cross  correlation  is 


'36 


=  +£ly  / 

■  4  h V 


,J9k- 


')(s2(k,l)S*2(k  +  l,lj)  . 


The  expectation  of  the  modulation  is  non-zero  only  for  the  1  =  2  term,  so  this  expres¬ 
sion  collapses  to 


C36=±^-{s2(k,l)Sl(k  +  l,2)) 

2  2  T  2  T  T/2  T/2 

=  ±—T  jdxjdx'  jdt  jdt'(h[t  +  kT,x]h*[t'  +  kT,x'  +  T ]}  . 

4^  0  0  -T/2  -T/2 
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After  considerable  algebra,  this  reduces  to  an  expression  similar  to  that  for  Cn  except 
for  the  sign: 

_2  1/2  f;  i-c  i 

c36  =  ±—  J4rc[r(?+i)]  J4^p(n)+t  J^p(7?)+  J4pU1)(1-0 

4  o  |_°  C  K 

±4  )^rc[r(C+D]  fd^p(7^)+(i-o  j^p(n)+j4P(7^)(i-0 

4  1/2  [0  1-C  £ 


Again  after  considerable  manipulation,  C37  reduces  to 

2  oo  1/2  ^  1_C  1 

Cil=±—'Z  J^7-G[T(C  +  /)] U4|p(7?)  +  C  J^P(?t)+  J^p(7?)(l-0 

4  /=1  o  [o  c  1-C 

±4l  J^7’G[r(C+/)]|  jk^pTO+a-O  J^p(7^)+J4p(7^)(i-^) 

4  /=!  1/2  o  K  C 
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When  GO)  exponential,  C37  reduces  further  to 

oo 

C37  =  ±C12^e~1^  =  ±Ci 2 - zt  (exponential  power  impulse  response  function)  . 

w  l-« 

These  second  order  moments  of  the  terms  in  Equation  (C.6)  now  can  be  written 
in  terms  of  four  double  integrals: 


R\  =  jdC>TG(Tt>)  J^p(7$)(l-C-$) 


R2=jdtTG(TOjd&('It>)&-Z>) 


R3  =  ]dt,T G(IQ  J d\ {p[r(l  +  0]  +  P[r(l - £)] } (1-C-D 


1/2  t  K  1 

fi4=  j4TG(ro  J4^P(T5)  +  C  J4p(75)+  J4p(7^)(1-^) 

0  |_°  ?  1-C 

1  n-c  c  1 

+  Jrf^p(^)  +  (1-D  }^p(^)  +  J4p(7^)(1-^) 

1/2  [0  K  £ 

With  these  definitions  and  the  exponential  form  for  GO), 


<5\  +  or3  =  (Jg  +  C7  =  ■ 


r2  ft,  +e_A/?, 


2  l-e- 


Cl2  ~  Q5  “ 


c,5=T«3 
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e~XR4 


R4 


The  variances  of  the  noise  terms  (4  and  8)  are  given  by  Equation  (C.5). 

We  note  in  passing  that  the  on-time  ( E0 ),  ISI  (£/),  and  total  energy  (ET)  of  the 
signal  can  also  be  written  in  terms  of  /?,  and  R2 : 


C.2.2  Evaluation  of  Integrals. 

The  R},  R2,  R2  and  R4  integrals  can  be  done  in  closed  form  for  the  exponential 
form  of  the  power  impulse  response  function  and  for  the  temporal  correlation  func¬ 
tions  given  in  Chapter  2.  The  results  are  tabulated  in  this  subsection  for  Gaussian,  f~6 
and  /“4  Doppler  spectra  and  for  the  slow  fading  limit  (x0  »  T). 

Gaussian  Doppler  Spectrum 


R{  = 


4ft 


exp 


4k(X-\) 

2Tg\ 
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where  erf  (•)  is  the  error  function  and  Tg  =  77  x0 . 
f~^  Doppler  Spectrum 

8T62-9r6X  +  3X.2  _x  8r6+15>.-8r6l 
1  3X(T6-X)3  e  3TlX 

r62  (24  +  9r6  +  r62  )  -  X.r6  (37  +  16T6  +  27/ )  +  X2  (l  5  +  7T6  +  Tj ) 

3r62(r6-A,)3 

„  87;;  +  97;./.  +  37.2  W6-l5X-HTtk  _x 

37.(r6+X)3  3T62J. 

#  (at + 97-„  +  r62)+>.r6(37 + i6r6 + 2r62)+ i2(is + 7r6 + 7g)  : 

3  Ti(T6+Xf 
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24  r62  +  377^  +  15^ 

2(i5+7r6  +  r62) 

3T62(7i  +X)3 

3  T2 

27~62(l2  +  91 +  2r62)  -  XT6(37  +  327 ~6  +  8T62)  +  X.2(l5  +  14T6  +  4r62) 

3Ti(T6-X f 

|  r64  (i  5 + 77~6  +  r/ )  -  2ftr6  )2  (5 + sr6  +  p  ) + V  (3 + 3r6  +  p )  _r< .  _x 

3(r62  -  a.2)3 

_  15762  +  217^  +  8 A,2  15r62  -  217^1  +  8^2  x 

4_  3r6  (r6  +  a.)3  3T6(T6-xf 

t  # (1 5 + 7r6 + p )  -  xr6 (2 1 + 1  ip + rr[ ) + (s + sr6  +  p  ) 

3r6(r6-^)3 

r62(i5 + 7r6  +  r62) + xr6(2i + nr6  +  2r62 ) + x2(s + 5t6  +  7?)  _x 

3T6(T6+\f 

where  T6  =  a 6T '/x0 ,  and  a6  is  a  numerical  constant  (a6  =  2.904630- ••)  defined  in 
Section  2.1. 

/~4  Doppler  Spectrum 

n  _2T4X-2T4-3X  ,  274-x  _x  ,  r4(4+r4)-^(3  +  r4)  _r4 
7?^  (r4-a.)2A,  t42(t4-^)2 

p  27, +X,  274  -  3A,  +  274A.  _x  74(4  +  r4)  +  ?i(3  +  r4)  _7-4_x 

2  (r4  +  ^)2x  t}\  e  t2{t4  +  x)2 

R  =x  47^+u  7QU±Le-T<  12r4(2  +  r4)-M3  +  274)^_27-4 

3  T?(T4+X)2  t2  t;2^-^)2 

r42(3+r4)-A.2(i  +  r4)  ri.x 

/_-)  a  o \2 
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3T4  +  2X  3Ta-2\  .  r4(3  +  r4)-x(2  +  r4)  _r, 

4  r4(r4+x)2  r4(r4  -  if  r^-xf 

r4(3+r4)+x(2+r4) -r,-t 
r4(r4+^)2 

where  T4  =  a 4r/x0  and  a4  is  a  numerical  constant  (oc4  =  2.146193- •  -)  defined  in  Sec¬ 
tion  2.1. 

5/ow  Fading  Limit  (i 0»T) 

All  of  the  above  expressions  for  R\,  R2,  R2,  and  R4  reduce  to  the  same  set  of 
equations  in  the  limit  that  the  decorrelation  time  is  much  larger  than  the  symbol  pe¬ 
riod.  The  slow  fading  limits  for  these  equations  are 

2(l-e_x)-^(2-?i) 

R  —  — - ~ - 

1  2X2 

2-(2  +  2X  +  X2)e~X 
Rl~  2X? 

D  2-2X  +  X2  -2e~x 

-  R,=  3? 


2X2 

(2  +  2X  +  A.2  j 
27? 


*4  = 


4(^-2)  +  (8-A,2)e-X/2 
4A2 


C.2.3  DPSK  Channel  Bit  Error  Rate. 

In  general,  the  DPSK  channel  bit  error  rate  (i.e.,  the  demodulation  error  rate)  is 

Pe  =  P[m  <  0|<p*+1  =  <p*M<P*+i  =  <?k] 

+P[m  >  0|  <p4+1  =  9*  +  ^]^[<P*+i  =  9*  +  A 

where  P[m  <  0|  cp^+1  =  cp^.]  is  the  probability  that  m  is  negative  given  that  there  was  no 
phase  change  between  the  kth  and  the  k  +  lst  transmitted  bits  (i.e.,  that  (pfc+1  =  (pk), 
P[q>*+1  =  9*]  is  the  probability  that  there  was  no  phase  change  in  the  transmitted 
modulation,  P[m  >  0|cp^+1  =9  +  7t]  is  the  probability  that  m  is  positive  given  that 
there  was  a  phase  change  between  the  kth  and  the  k  + 1**  transmitted  bits  (i.e.,  that 


(C.7) 
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9^+1  =9*  +  7i),  and  JP[9jt+J  =9*  +n]  is  the  probability  that  there  was  a  phase  change 
in  the  transmitted  modulation. 

For  non-fading  or  flat  fading  channels  the  probabilities  P[m  <  0|  9^+1  =  9^  ]  and 
P[m>  0|  9a.+j  =  9^  +  7t]  are  equal,  so  only  one  of  these  needs  to  be  computed.  Thus  the 
channel  bit  error  rate  is  independent  of  the  exact  distribution  of  zeros  and  ones  in  the 
transmitted  data  stream.  For  frequency  selective  fading  these  two  probabilities  are  not 
equal  so  both  must  be  computed,  and  the  channel  bit  error  rate  depends  on  the  trans¬ 
mitted  data.  In  further  developments  we  will  assume  that  phase  changes  or  no  phase 
changes  are  equally  likely  in  the  transmitted  modulation.  Thus  we  assume  that 

^[<P*+i  =(Pa]  =  <P[<P*+i  =<P*+tcM  •  (C-8) 

This  may  not  always  be  the  case.  For  example,  one  could  imagine  a  fixed  message  or  a 
preamble  that  contains  more  ones  than  zeros  or  vice  versa  or  a  long  sequence  of  alter¬ 
nating  zeros  and  ones.  We  will  show  that  in  the  limit  of  severe  frequency  selective 
fading  (f0T  «  1)  and  large  signal-to-noise  ratio,  the  irreducible  DPSK  channel  bit  er¬ 
ror  rates  for  the  two  cases  are 


P[m  <  0|  9^+|  =9*]-»f 
P[m  >  0|  9*+]  =9*  +7i]-»f 


(C.9) 


Obviously  the  linear  average  of  these  two  limits  is  50  percent,  but  if  Equation  (C.8) 
does  not  hold,  the  average  irreducible  error  rate  could  be  greater  than  50  percent. 
However,  because  these  two  probabilities  differ  by  a  measurable  amount  only  at  large 
error  rates  and  large  signal-to-noise  ratios,  this  may  be  of  little  practical  significance. 

With  the  above  assumption  about  the  distribution  of  phase  changes  in  the  trans¬ 
mitted  modulation,  the  channel  bit  error  rate  reduces  to 

Pe  =Ip[m  <0|9^+1  =9*]  +  ^/>[m>0|9*+I  =9*  +7c]  .  (C.10) 

Case  1.  9^  =  9*.  In  this  case  the  probability  of  a  demodulation  error  is  the  probabil¬ 
ity  that  the  amplitude  of  w_  is  greater  than  that  of  w+.  Assuming  Rayleigh  fading  so 
w+  and  w_  are  both  zero-mean,  normally  distributed,  complex  random  process,  the 
DPSK  channel  bit  error  rate  is  given  by  the  expression  derived  in  Appendix  D: 
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P[m<  0|<p*+i  =<P*]=4 


1- 


2  2 

g+  -  a: 


(<^+<*-)  -4G2a2p| 


(C.ll) 


where 


<*+  =  (w+w* )  a!  =  (w_wl)  = 


a+a_ 


The  cross  correlation  of  w+  and  w_  is  real  for  DPSK  waveforms. 

The  variances  and  cross  correlation  of  w+  and  w_  can  be  written  in  terms  of 
variances  and  cross  correlations  of  the  individual  terms  calculated  in  Section  B.2.1. 
Being  careful  to  keep  track  of  the  sign  of  each  term,  we  get 

2  22222222 

G+  =  G]  +  G2  +  O3  +  G4  +  G5  +  01  +  G7  +  G  g 


4- 2C12  4"  2 Ci  s  4-  2Coc  4"  2(2*6  4-  2C 


"15 
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"36 


"37 


2  22222222 

G  1  =  Gj  +  G2  4-  G3  4-  G4  4-  G5  4-  Gg  4-  G7  +  Gg 


+  2Q2  -  2 C15  -  2C25  —  2C3g 
a+a-P*  =  ^C12  . 


■2C 


(C.12) 
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Writing  these  expressions  in  terms  of  the  R  integrals  and  assuming  the  exponential 
form  for  the  power  impulse  response  gives  the  following: 


G2+G2_  =  r2 


1-*T*  Y 


G 


2 


i?4  4-  i?3 


G+G_p*  =^r2R4 

where  y  =  r2T/N0  is  the  channel  bit  energy-to-noise  spectral  density  ratio,  Ecb  /  N0,  in 
the  absence  of  propagation  effects. 

In  the  limit  of  slow  (t 0/T » 1),  severe  frequency  selective  fading  (  f0T  « 1), 
the  irreducible  error  rate  (i.e.,  lower  limit  of  the  channel  bit  error  rate  when  y  » 1) 
when  the  modulation  is  unchanged  (cp^+j  =  (pA)  is  3/8. 
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Case  2.  cp^+,  =  <p*  +  n.  In  this  case  the  probability  of  a  channel  bit  error  is  the  prob¬ 
ability  that  the  amplitude  of  w_  is  less  than  that  of  w+.  Again  assuming  Rayleigh  fad¬ 
ing,  this  error  rate  is  given  by  the  expression  in  Appendix  D: 


P[m  >  0|(p£+i 


(C.13) 


We  get  the  following  expressions  for  the  variances  and  cross  correlation  of  w+  and  w. 
when  the  modulation  has  changed: 


0;  =  0f  +  02  +  03  +  04  +  05  +  0g  +  +  0 

-2C|2  —  2C|5  +  2C25  +  2C36  +  2C37 
2  ,_2  ,_2  .  _2  .-2+c2+c2 
2C25  -  2 C™  -  20 


0f  +  02  +  03  +  04  +  0|  +  0g  +  02  +  0g 


•2C12  +  2C15 


(C.14) 
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Writing  these  expressions  in  terms  of  the  R  integrals  and  assuming  the  exponential 
form  for  the  power  impulse  response  function  gives  the  following: 
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In  the  limit  of  slow  severe  frequency  selective  fading,  the  irreducible  error  rate 
when  the  modulation  is  changed  (tyk+l  =  <p*  +  7t)  is  5/8. 

General  Case.  The  DPSK  irreducible  channel  bit  error  rate  in  slow,  frequency  selec¬ 
tive  fading  with  a  continuous  CIRF  is  plotted  in  Figure  C-4  for  three  cases:  when  the 
modulation  is  unchanged  (cpA+]  =  cpA),  when  it  is  changed  ((pfc+1  =  cp*  +  n),  and  the  lin¬ 
ear  average  of  the  two.  One  can  see  from  the  figure  that  the  difference  between  the  ir¬ 
reducible  error  rate  for  the  two  cases  is  negligible  for  error  rates  below  0.01  or  so.  In 
further  developments  we  will  assume  that  the  two  cases  are  equally  likely,  and  we  will 
plot  the  average  of  the  error  rates  for  the  two  cases. 
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Figure  C-4.  DPSK  irreducible  channel  bit  error  rate  in  slow,  frequency  selective 
fading  with  a  continuous  CIRF. 


The  DPSK  irreducible  error  rate  in  fast,  frequency  selective  fading  with  a  con¬ 
tinuous  CIRF  and  a  Gaussian  Doppler  frequency  spectrum  is  plotted  in  Figure  C-5. 
Flere  the  error  rate  is  plotted  versus  the  product  /0T  for  parametric  values  of  the  ratio 
t0  /  T.  These  results  show  that  the  effect  of  fast  fading  is  to  increase  the  irreducible  er¬ 
ror  rate  above  that  for  slow  fading,  as  is  expected. 
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Figure  C-5.  DPSK  irreducible  error  rate  in  fast,  frequency  selective  fading  with  a 
Gaussian  Doppler  frequency  spectrum. 


C.3  DPSK  DEMODULATION  ERROR  RATE  IN  SLOW,  FREQUENCY 

SELECTIVE  FADING  WITH  A  SAMPLED  CIRF. 

So  far  the  results  in  this  appendix  have  been  developed  for  a  continuous  channel 
impulse  response  function  (CIRF)3.  Thus  the  effect  of  the  channel  on  the  transmitted 
modulation  is  given  by  the  convolution  integral  in  Equation  (C.2).  However,  to  actu¬ 
ally  generate  a  realization  of  the  CIRF  for  use  in  either  a  simulation  or  a  hardware 
channel  simulator,  the  channel  must  be  discretely  sampled  in  time  and  delay.  In  the 
time  domain,  the  sampling  is  usually  done  to  accurately  reproduce  the  mean  duration 
and  separation  of  fades,  say  down  to  -30  or  -40  dB.  This  requires  something  on  the 
order  of  40  samples  per  decorrelation  time  [Dana,  1988],  It  is  shown  in  Appendix  B 
that  such  fine  time  sampling  is  more  than  adequate  to  minimize  time  sampling  effects 
on  DPSK  demodulation  performance. 


3  By  continuous  CIRF  we  mean  that  the  delay  variable  is  continuous.  The  function  itself  is  delta  corre¬ 
lated,  and  hence  is  “infinitely  discontinuous”. 
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Sampling  effects  are  more  significant  in  the  delay  domain  where  the  sample  size 
often  is  coarser.  With  delay  sampling,  Equation  (C.2)  becomes 

Nx~  1 

u(t )  =  r  2^  m(t  -  /At)  /z(r,  /Ax)  Ax 

i=0 


where  m(r)  is  the  transmitted  DPSK  modulation,  Ax  is  the  delay  sample  size,  /VT  is  the 
number  of  delay  samples  [see  Equation  (2.13)],  and  h(t,  /Ax)  Ax  is  the  sampled  CIRF.  In 
subsequent  developments,  we  use  lift)  as  a  short-hand  notation  for  h(t,  /Ax)  Ax .  Upon 
substituting  the  expression  for  the  transmitted  modulation  [Equation  (C.l)],  the  com¬ 
plex  voltage  sample  in  Equation  (C.3)  becomes 


OO  Mj-1  1  7/2 

£  -  J*  A,(<  +  *X)n 

/=0  i=0  *  -7/ 2 


t  -  /Ax 


~h  / 


+  A, 


where  is  an  AWGN  sample  with  properties  given  in  Equation  (C.5).  After  a  few 
changes  in  variables  and  assuming  slow  fading  so  hft  +  kT)  can  be  pulled  out  of  the 
time  integral,  the  complex  voltage  sample  can  be  written  as 

oo 

Zk  =  rej^Sl+rJjej^-’S2(l)  +  Nk  . 

l= l 

Assuming  that  the  number  of  delay  samples  per  channel  bit  period  ND  =  T/Ax  is  an 
integer,  the  S  terms  are 

S,=  2(1  -UND)h, 

1=0 

Y[{il ■ 

i=0 

The  time  argument  of  the  sampled  CIRF  has  been  suppressed  because  of  the  assumption 
of  slow  fading. 

With  these  definitions,  the  w+  terms  in  the  DPSK  decision  metric  are 
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±  re^k  5]  ±  reJ{?k~'  S2 (1)  ±  r  e7<p*"'  S2  (/)  ±  A?/; 
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Again  the  terms  are  numbered  as  a  short-hand  way  of  referring  to  them  below. 


C.3.1  Statistics  of  w+  and  w_. 

As  is  the  case  for  a  continuous  CIRF,  the  first  order  statistics  of  a  sampled  CIRF 
in  Rayleigh  fading  are  complex  normal  with  zero  mean.  Thus  the  statistics  of  w±  are 
completely  determined  once  the  second  order  moments  of  the  eight  terms  are  com¬ 
puted.  The  second  order  moments  of  the  noise  terms  are  given  in  Equation  (C.5),  and 
all  channel  x  noise  terms  all  have  zero  mean. 


The  variances  of  terms  1  and  5  are  equal  and  are 

.2  nd-\  nd- i 


=T  £  I  {hi^)(l-UND)(l-nND)  . 

4  i=0  /'= o 

Because  the  CIRF  represents  a  stationary  process  in  frequency,  it  is  delta  correlated  in 
delay.  Thus  the  delay  correlation  of  the  sampled  CIRF  is 


where  Pt  is  the  mean  power  of  the  ith  delay  sample  of  the  CIRF  [Eqn.  (2.14)].  The 
double  sum  in  the  variance  expression  then  collapses  to  a  single  sum  to  give 

,2  Nn-i 


f  =^7^(1-^)2  • 


Similarly, 


4  i=o 


02  =og  =^-2[P,{HNDf+P,^  (1  -UNd)‘ 

4  i= 0 
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and 


a3  -  a7  -  X  X  [^+(M)WD  {it Nd)  +  F-+w  (l  —  i/ Nq ) 

/=2  z=0  J 

Although  the  upper  limit  of  the  first  sum  in  the  expression  for  cj|  is  infinity,  there  are 
only  a  finite  number  (Nx)  of  non-zero  Pi  terms,  as  determined  by  Equation  (2.13). 

The  non-zero  cross  correlation  terms  are  C12,  C15,  C25,  C36,  and  C37.  These 
terms  are 


C,2  =  C25  =r-j  lP,(i/ND)(l-HND) 

4  i=0 

Cjg  =  (J* 

C36=4  i\«„(i/WD)(l-.7WD) 

4  i=0 

4  /=1  i=0 

C.3.2  Evaluation  of  Sampled  CIRF  Sums. 

Some  care  must  be  taken  in  evaluating  the  sums  that  occur  in  the  expressions  for 
the  demodulation  error  rate  with  a  sampled  CIRF  so  that  the  delay  grid  in  the  analytic 
error  rate  expression  contains  exactly  the  same  total  signal  energy  as  is  contained  in  the 
COMLNK  grid.  The  mean  energy  of  the  sampled  CIRF  in  each  delay  bin  (/*)  in  terms 
of  the  normalized  frequency  selective  bandwidth  (X  =  2nf0T)  and  the  number  of  delay 
samples  per  modulation  period  ND  is,  from  Equation  2.14, 

The  total  number  of  delay  samples  Nz  in  the  grid  is  related  to  the  total  signal  energy 
Px  in  the  delay  grid  by  the  expression 

=  Mi 

T  x 
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The  current  DSWA  specification  for  the  minimum  total  signal  energy  in  the  de¬ 
lay  grid  is  0.975  for  which  the  factor  -ln(l  -  PT)  is  equal  to  3.7.  We  show  later  in  this 
Appendix  and  in  Appendix  G  for  BFSK  without  hopping  that  this  may  be  inadequate 
for  ISI  applications  and  should  be  increased  to  0.999.  For  this  new  value  of  Px,  the 
factor  -ln(l  -  Px)  is  equal  to  6.9,  increasing  the  required  number  of  delay  samples  by 
a  factor  of  1.9  for  small  values  of  X. 

The  sums  that  occur  in  the  sampled  CIRF  expressions  for  mean  signal  energy  can 
be  written  in  one  of  two  forms: 


Nr, 


Ex=  I  P,RX{i/ND) 


i= 0 

oo  ND- 1 

Er  =  I  R,(HNd) 

/= 1  1=0 

where  Rx(i/  ND)  and  RY(i/ ND)  are  expressions  that  result  from  the  integrals  over  the 
sample  time  T.  The  /  sum  in  the  second  expression  results  from  evaluating  the  contri¬ 
bution  of  the  intersymbol  interference.  The  upper  limit  in  the  delay  sums,  ND  —  1, 
must  be  replaced  by  Nx  —  l  when  Nx  <  ND.  Equivalently,  one  could  evaluate  these  ex¬ 
pressions  by  setting  =  0  for  i>  Nz. 

Because  the  sampled  CIRF  has  an  exponential  fall-off  for  the  delay  bin  energy, 

-l\  : 


P. 

ri+lND 


and  the  ISI  sum  can  be  separated  from  the  delay  sum: 

Ey  = 


Nx/Nd-  1 


I 

/=! 


-a 


ND-\ 

’ZP1RAilND) 

1=0 


where  Nx  /  ND  is  the  number  of  delayed  modulation  periods  in  the  sampled  CIRF. 
There  are  two  cases  to  consider.  When  Nx  <  ND,  only  signal  energy  from  the  immedi¬ 
ately  preceding  modulation  period  contributes  to  the  energy  received  during  the  on- 
time  modulation  period,  and 

EY  =  0  NX<ND  . 

When  the  delay  spread  equals  or  exceeds  one  modulation  period  (Nx>  ND),  the  ISI 
sum  is 
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where  the  sums  are  equal  to  zero  when  the  upper  limit  is  less  than  the  lower  limit.  The 
second  term  is  the  contribution  from  the  “leftover”  delay  samples,  where 

N,D=Mod{NT,ND)  , 

and  Mod  (•,  •)  is  the  remainder  of  the  first  argument  divided  by  the  second. 


C.3.3  DPSK  Channel  Bit  Error  Rate. 

As  is  the  case  for  a  continuous  CIRF,  the  demodulation  error  rate  in  frequency 
selective  fading  for  a  sampled  CIRF  depends  on  the  transmitted  modulation.  Thus 
Equation  (C.7)  again  gives  the  channel  bit  error  rate.  To  simplify  this  calculation  with 
little  loss  in  generality,  we  will  make  the  reasonable  assumption  that  zeros  and  ones  are 
equally  likely  and  uniformly  distributed  in  the  transmitted  data  stream,  so  Equations 
(C.8)  and  (C.10)  hold.  The  demodulation  error  rate  for  the  case  where  the  transmitted 
modulation  is  unchanged  (tp^+i  =  cp*.)  is  then  given  by  Equations  (C.ll)  and  (C.12)  us¬ 
ing  the  sampled  CIRF  expressions  for  the  variances  and  cross  correlation  coefficients. 
Similarly,  the  demodulation  error  rate  for  the  case  where  the  transmitted  modulation  is 
changed  (<pk+\  =  <p*  +tc)  is  given  by  Equations  (C.13)  and  (C.14),  again  using  the  sam¬ 
pled  CIRF  expressions.  The  average  DPSK  demodulation  error  rate  is  the  linear  aver¬ 
age  of  the  two  error  rates  for  the  two  cases. 

The  DPSK  irreducible  channel  bit  error  rate  in  slow,  frequency  selective  fading 
is  plotted  in  Figure  C-6  for  sampled  CIRFs  with  2,  4,  8,  and  32  delay  samples  per 
channel  bit  period.  The  total  signal  energy  in  the  delay  grid  is  0.975  for  these  curves. 
For  comparison,  the  irreducible  error  rate  is  also  plotted  for  a  continuous  CIRF.  The 
discontinuous  jumps  in  the  sampled  CIRF  curves  occur  as  the  number  of  delay  samples 
in  the  grid  changes.  For  small  values  of  f0T  there  are  many  delay  samples  and  the  dis¬ 
continuities  are  less  obvious  in  the  curves.  As  f0T  increases,  the  number  of  delay  sam¬ 
ples  eventually  decreases  to  one,  and  the  irreducible  error  rate  is  zero  for  flat  fading 
(i.e.,  for  Nz  =  1).  Of  course  the  value  of  f0T  where  flat  fading  is  reached  depends  on 
the  number  of  delay  samples  per  modulation  period,  ND. 
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Figure  C-6.  DPSK  irreducible  channel  bit  error  rate  in  slow,  frequency  selective 
fading  with  sampled  CIRFs  and  Px  =  0.975. 


Clearly  there  can  be  considerable  difference  between  the  irreducible  DPSK  de¬ 
modulation  error  rate  for  sampled  and  continuous  CIRFs  depending  on  the  value  of 
f0T  and  the  number  of  delay  samples  per  channel  bit  period.  For  f0T  =  1.0  there  is  a 
factor  of  about  4.5  difference  in  the  error  rates  for  the  N D  =  2  and  continuous  CIRF 
cases,  but  this  difference  shrinks  to  a  factor  of  about  1.5  for  f0T  =  0.2. 

Another  feature  of  the  curves  is  the  discontinuities.  The  abrupt  change  in  the  ir¬ 
reducible  error  rate  from  zero  to  a  finite  value  as  the  number  of  delay  samples  changes 
from  1  to  2  cannot  be  avoided.  However,  the  discontinuities  as  Nx  varies  from  2  to  3 
to  4,  for  example,  have  the  potential  of  producing  discontinuous  link  performance  re¬ 
sults  for  weakly  frequency  selective  fading  channels. 

The  discontinuities  are  not  caused  by  changes  in  Nx  per  se,  but  rather  are  the  re¬ 
sult  of  the  change  in  the  total  signal  energy  in  the  delay  grid  as  that  grid  varies  from 
2At  to  3At,  for  example.  This  suggests  that  increasing  the  minimum  energy  in  the 
grid  from  0.975  to  a  larger  value,  say  0.999,  can  eliminate  the  discontinuities.  This 
suggestion  is  confirmed  by  the  results  in  Figure  C-7  where  the  irreducible  DPSK  error 
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rate  is  plotted  for  the  larger  value  of  PT.  These  curves  have  a  much  smoother  variation 
as  f0T  decreases  than  do  the  corresponding  curves  in  Figure  C-6. 


Figure  C-7. 


Normalized  Frequency  Selective  Bandwidth,  f  T 

DPSK  irreducible  channel  bit  error  rate  in  slow,  frequency  selective 
fading  with  sampled  CIRFs  and  PT  =  0.999 . 
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APPENDIX  D 


DEMODULATION  ERROR  RATE  FOR  DPSK  AND  BFSK 

Both  differential  phase-shift  keying  (DPSK)  and  binary  frequency  shift  keying 
(BFSK)  demodulation  involve  the  comparison  of  two  signal  amplitudes.  The  purpose  of 
this  appendix  is  to  calculate  the  probability  that  the  amplitude  of  one  voltage  is  greater 
than  that  of  another  where  the  two  voltages  are  correlated,  complex,  zero-mean,  and 
normally  distributed  random  variables  with  different  variances. 

For  differentially  coherent  DPSK  demodulation,  the  decision  metric  is 
[Schwartz,  Bennett,  and  Stein,  1966] 

«*  =  i|Zi  +  zQ\-\\zx -z0| 

where  Z0  and  Zx  are  successive  samples  of  the  received  signal  voltage.  If  the  trans¬ 
mitted  modulation  is  unchanged  from  the  0  to  1  symbol  period  then  Zx  +  Z0  should 
have  a  larger  amplitude  than  Zj  —  Z0,  and  a  demodulation  error  occurs  if  m  is  nega¬ 
tive.  Conversely,  if  the  transmitted  modulation  changes,  then  the  amplitude  of  Z1  -  Z0 
should  be  larger  than  that  of  Zx  +  Z0,  and  a  demodulation  error  occurs  if  m  is  positive. 
For  BFSK,  two  tone  filters  are  formed  in  the  receiver  corresponding  to  each  of  the 
two  possible  transmitted  tones.  The  demodulation  decision  is  formed  by  selecting  the 
filter  with  the  largest  output  amplitude. 

For  either  DPSK  or  BFSK,  the  demodulation  error  rate  is  given  by  the  prob¬ 
ability  that  the  amplitude  of  one  voltage  is  greater  than  that  of  another  voltage.  To  cal¬ 
culate  this  error  rate  for  the  case  of  Rayleigh  fading,  we  need  only  to  calculate  the 
probability  that  |w1|>|w2|  where  w,  and  w2  are  two  complex,  zero-mean,  normally 
distributed  random  variables.  A  complication  to  this  problem  is  introduced  by  the  cor¬ 
relation  between  the  two  voltages.  For  both  DPSK  and  BFSK  this  correlation  is  non¬ 
zero,  and  for  the  BFSK  case  this  correlation  is  complex. 

Consider  wx  and  w2  in  terms  of  their  real  and  imaginary  parts, 

w\  =xi  +Jy  l 

W2=x2+jy2 

Because  they  are  normally  distributed,  the  second  order  statistics  of  wx  and  w2  are 
completely  determined  by  the  mean  values, 
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(-^1 )  =  (^2  >  =  (^1 )  =  <^2  )  =  0 


variances, 


{4)=(yl)=i°l 


and  cross  correlations, 

(xl  yx)  =  {x2  y2}  =  0 

{xlx2)  =  {y\y2)  =  '2PR<J\<52  > 
ixi  yi')  ~  ~(x2  y\)  =  iPi<5\<52 


where  p^  and  p;  denote  the  real  and  imaginary  parts,  respectively,  of  the  normalized 
correlation  coefficient.  The  first  of  these  equations  results  because,  for  Rayleigh  fading 
the  real  and  imaginary  parts  of  are  uncorrelated  as  are  the  real  and  imaginary  parts 
w2 .  The  third  equation  reflects  the  fact  that  the  two-frequency  mutual  coherence  func¬ 
tion  is  complex.  Thus  for  BFSK  modulation  and  frequency  selective  fading,  the  cross 
correlation  of  the  outputs  of  the  two  tone  filters  is  also  complex.  With  these  definitions 
it  is  easy  to  see  that 

( wj i  Wi)«of 

(w2  11*2^  =  C>2 

(vVj  VV2  )  =  0 

K  w2)*o,  CJ2  {pR+jpi) 

Thus  the  components  of  the  complex  voltages  w  =  {xx,yx,x2,y 2)  are  jointly  nor¬ 
mal  with  the  covariance  matrix 
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so  the  joint  probability  density  function  of  w  is 

To  compute  the  error  probability  we  need  the  joint  probability  density  function 
of  the  amplitudes  of  w,  and  w2 .  Changing  to  polar  coordinates, 


h 


O]  =  yxj  +  y,  0,  =  tan 


+  y2  02  =tan'1f  — 


gives  the  following  joint  probability  density  function  for  the  amplitudes  and  phases: 


/(a1,01,a2,02)  = 


7t2ofa^(l-p|-p^) 

Cl^  (J 2  ^1  2^ifl2CJjG2  [sill  f  0^  —  02  )p /  —  COS (0j  @2  ) P 1 

xexp|  of°2(i-Pi-P?) 


Integrating  this  expression  over  the  range  of  the  two  phases  (0  <  0j  <  2n,  0  <  02  <  2rc) 
gives  the  joint  probability  density  function  of  the  two  amplitudes: 


/(« 1  ’a2 )  =  t4T2  exp 


aj2a2+a2o2  7  f  2pa]<32 

a  /  « \  in  / 


afa|(l-p2)  L  °ia2 (1_P2)_ 


where  /0Q  is  the  modified  Bessel  function,  and 

P  =  •'/pR  +P^  • 

The  DPSK  or  BFSK  error  rates  are  given  by  the  probability  that  one  amplitude 
is  greater  than  another,  so  we  arbitrarily  set  this  equal  to  the  probability  that  a}  >  a2 : 


p{a\  >a2)=  \dai \daxf(ax,a2)  . 

0  cb 
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The  ax  integral  can  be  written  in  terms  of  Marcum’s  ^-function  [Marcum,  I960]: 


Q(a,b)=  J*exp[--j(a2  +x2)]l0(ax)dx  . 
b 

The  remaining  integral  in  the  expression  for  P(a]  >a2)  is  given  in  Nuttall  [1972], 
Thus  the  probability  that  ax  >  a2  is 

pia\  >ai)  =  ^  1- 
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APPENDIX  E 


DIFFERENTIAL  PHASE-SHIFT  KEYING 
WITH  DIVERSITY  COMBINING 


A  powerful  mitigation  technique  for  fading  channels  is  having  diversity  in  the 
received  channel  bits.  Such  diversity  is  obtained  by  transmitting  the  same  data  through 
independently  fading  channels,  and  a  number  of  ways  this  can  be  achieved  are  de¬ 
scribed  in  Bogusch  [1989].  Time  diversity  is  easily  obtained,  for  example,  using  block 
interleavers  where  the  interleaver  array  is  simply  read  out  several  times.  Multiple 
copies  of  each  symbol,  separated  in  time  by  an  interval  corresponding  to  the  span  of 
the  interleaver,  are  then  transmitted  over  the  channel.  Spatial  diversity  can  be  obtained, 
for  example,  by  simultaneously  sending  the  same  data  from  multiple  spatially  separated 
transmitters  to  the  same  receiver  location  or  by  receiving  the  data  from  the  same 
transmitter  with  multiple  spatially  separated  antennas. 

With  either  type  of  diversity,  one  can  not  simply  sum  the  signal  voltages  from 
independently  fading  channels  because  such  coherent  combining  does  not  improve  the 
signal-to-noise  ratio  unless  the  carrier  phase  is  tracked  on  each  channel  to  a  common 
reference.  When  phase  tracking  is  not  feasible,  or  if  phase  ambiguities  are  not  re¬ 
solved,  the  information  from  the  diversity  channels  must  be  non-coherently  combined 
(i.e.,  quantities  related  to  signal  energy  must  be  combined). 

Differential  phase-shift  keying  (DPSK)  demodulation  decision  metrics  are  non¬ 
coherent  quantities  that  can  be  combined  to  take  advantage  of  diversity.  For  each  chan¬ 
nel,  the  DPSK  decision  metric  can  be  written  as  [Schwartz,  Bennett,  and  Stein,  1966] 


where 


m  =  E+  -  E_  , 


E+ 

E_ 


j\zM+zk\2 
l\Z  _zp’ 

A\‘ck+ 1  ^k  | 


E-l 


and  where  Zk  is  the  signal  plus  noise  voltage  sample  during  the  kth  symbol  period1.  If 
the  transmitted  phase  of  the  k  +  lSI  symbol  is  the  same  as  that  of  the  k'h  symbol,  then  in 
slow  fading  or  non-fading  channels  the  phase  of  the  signal  components  of  Zk  and  Zk+] 
will  also  be  the  same,  the  signal  contributions  will  add  in  Zk+[  +  Zk  but  will  cancel  in 
Zk+l  —  Zk,  and  m  should  be  positive.  A  demodulation  error  then  occurs  when  m  is 
negative.  Conversely,  if  the  transmitted  phase  of  the  k  +  lJf  symbol  is  180°  out  of 
phase  with  that  of  the  kth  symbol,  then  Zk+ 1  “  zk  should  have  a  larger  magnitude  that 
does  %k+ 1  +  Zk,  and  m  should  be  negative.  In  this  case,  a  demodulation  error  occurs 
when  m  is  positive.' 

If  Nc  copies  of  the  decision  metric  are  available,  they  can  be  added  together  to 
form  a  combined  metric: 


1  Nc 

A  I  A 

m  = - >  rri:  . 

Net 


(E.l) 


The  idea  here  is  that  the  channels  with  faded  signals  have  small  values  of  m(-,  which 
contribute  little  to  the  sum,  so  primarily  channels  with  strong  signals  determine  the 
value  of  m. 


Although  this  is  a  simple  combining  algorithm,  there  are  some  very  important 
implementation  details.  Obviously,  the  k,h  symbol  for  each  channel  must  correspond  to 
the  same  transmitted  symbol.  If  spatial  diversity  is  used,  for  example,  then  the  decision 
metrics  from  each  channel  must  be  aligned  to  account  for  possible  differences  in  the 
time-of-arrival  between  the  channels.  Also,  in  order  for  channels  with  weak  signals  to 
have  relatively  small  values  of  |  mf|,  all  channels  must  have  the  same  average  noise 
contribution  to  |  m,  |.  This  can  be  accomplished  by  using  noise-based  AGC  circuits. 

The  leading  factor  of  1  /  Nc  in  the  combining  equation  is  there  to  rescale  the  sum 
back  to  the  same  dynamic  range  as  the  individual  values.  This  is  important  if  there  is  a 
soft-decision  decoder  following  the  demodulation  process.  Otherwise,  the  scale  factor 
has  no  effect  on  the  probability  of  demodulation  errors,  and  it  is  ignored  in  subsequent 
developments  of  the  demodulation  error  rate  with  diversity  combining. 


1  This  form  of  the  DPSK  metric  is  convenient  for  analytic  calculations  but  it  is  not  the  form  actually  used 
in  hardware  or  in  COMLNK.  In  a  digital  receiver,  the  DPSK  decision  metric  is  formulated  as 

™  =  hh- 1  +  QkQk-v 
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Calculation  of  the  DPSK  demodulation  error  rate  with  diversity  combining  as  de¬ 
scribed  in  Equation  (E.l)  is  not  simple.  To  the  authors’  knowledge,  it  is  not  possible  to 
compute  the  probability  density  function  of  m  in  closed  form  for  an  arbitrary  number  of 
combined  non-fading  additive  white  Gaussian  noise  (AWGN)  channels  except  for  the 
special  case  where  all  channels  have  exactly  the  same  average  signal-to-noise  ratio.  This 
latter  case  was  addressed  by  Bello  and  Nelin  [1962b]  more  than  35  years  ago.  In  this 
appendix  we  present  new  results  for  DPSK  decision  metric  diversity  combining  of  two 
and  three  non-fading  or  Rician  fading  channels  with  unequal  signal-to-noise  ratios.  We 
assume  that  the  fading  is  slow  and  non-frequency  selective. 


E.l  STATISTICS  OF  SINGLE-CHANNEL  DPSK  DECISION  METRIC. 


The  starting  point  for  the  calculation  of  the  DPSK  error  rate  with  diversity  com¬ 
bining  is  determining  the  statistics  (i.e.,  the  probability  density  function  of  m)  of  the 
single-channel  DPSK  decision  metric  for  non-fading  channels.  This  function  is  then 
used  to  compute  the  error  rate  when  two  or  three  metrics  are  summed  together.  The  re¬ 
sulting  expressions  are  averaged  over  fading  distributions  to  obtain  results  valid  in  slow 
fading. 

We  show  in  Appendix  B  that  in  non-frequency  selective  fading  we  can  assume, 
without  loss  of  generality,  that  the  phase  of  the  transmitted  signal  is  unchanged  between 
the  kth  and  k  +  Ist  channel  bit  periods  when  calculating  the  demodulation  error  rate. 
Thus  the  signal  voltage  coherently  adds  in  the  expression  for  E+  and  cancels  in  the  ex¬ 
pression  for  E_  in  the  absence  of  propagation  effects  when  we  assume  that  the  receiver 
is  ideally  tracking  the  signal  time-of-arrival  and  frequency.  We  also  show  in  Appen¬ 
dix  B  that  the  additive  white  Gaussian  noise  (AWGN)  voltage  contributions  to  E+  and 
F.  are  uncorrelated  and  thus  independent.  The  probability  distributions  for  the  ampli¬ 
tude  associated  with  E+  and  2L  are  then  Rician  and  Rayleigh,  respectively.  Thus  the 
probability  density  functions  f+(E+)  and  /_(£_)  of  the  signal  plus  noise  energy  and 
the  noise  only  energy,  respectively,  are 
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where  70  (•)  is  the  modified  Bessel  function,  N0  is  the  one-sided  noise  spectral  density,  T 
is  the  channel  bit  period,  which  is  also  equal  to  the  sample  period  of  Zk ,  and  r  is  the  am¬ 
plitude  of  the  received  signal.  Both  of  these  probability  density  functions  are  zero  for 
negative  values  of  the  argument. 

The  probability  density  function  of  the  difference  m  =  E+  —  E-  is  then  given  in 
terms  of  the  probability  density  functions  of  E+  and  E_  by  the  usual  expression: 

^00 

\f_(x-  m)f+(x)dx  m>  0 

m 
00 

\f-(x  -  tn)f+  (x)dx  m<  0 

.0 

Using  integrals  in  Nuttall  [1972]  to  evaluate  these  expressions,  the  probability  density 
function  of  m  reduces  to 
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where  Ecb  =  r2T  is  the  channel  bit  energy,  and  Q(-,  )  is  Marcum’s  £9- function  [Marcum, 
I960]: 


00  _ 

Q(a,ti)  =  Jxexp^-y^x2  +a2 )j/0(ax)d!x  . 

b 

With  our  assumption  that  the  transmitted  modulation  is  unchanged  between  the 
kth  and  k  +  15(  channel  bit  periods,  the  DPSK  channel  bit  or  demodulation  error  rate  is 
equal  to  the  probability  that  m  is  negative: 

0  1 

Pe  =  \f(m)dm  =  ~exp 
-00  ^ 

which  is  the  familiar  non-fading  (AWGN)  expression  for  a  single  channel. 

In  the  developments  below  we  need  the  cumulative  distribution  function  of  the 
single-channel  DPSK  decision  metric: 


Ecb 

Nn 


E-4 


F(m)=  jf(x)dx  . 


Using  integrals  given  in  Nuttall  [1972],  this  distribution  function  is 
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E.2  NON-FADING  DPSK  DEMODULATION  ERROR  RATE  WITH 
TWO-AND  THREE-CHANNEL  COMBINING. 

When  two  DPSK  decision  metrics  for  exactly  the  same  transmitted  channel  bit 
are  available,  the  metrics  can  be  added  together: 

m  —  mj  +  m2  . 

Note  that  we  have  not  renormalized  the  metrics  because  for  our  current  purpose, 
which  is  to  compute  the  probability  that  m  is  negative  given  that  the  transmitted 
modulation  is  unchanged  between  the  kth  and  k  +  l4*  channel  bit  periods,  the  normali¬ 
zation  is  irrelevant  ( i.e the  probability  of  demodulation  error  is  independent  of  the 
normalization  factor  as  long  as  the  normalization  is  positive). 

To  calculate  the  demodulation  error  rate  we  assume  that  the  receiver  is  ideally 
tracking  signal  time-of-arrival  and  frequency  and  that  the  AWGN  of  the  two  channels 
is  uncorrelated  and  has  the  same  average  power.  The  most  restrictive  of  these  assump¬ 
tions  is  that  the  noise  power  is  the  same  for  both  channels,  especially  when  spatial  di¬ 
versity  is  used  and  the  two  metrics  come  from  two  different  receivers.  However,  the 
evaluation  of  the  effects  of  different  average  noise  powers  is  a  problem  for  which 
COMLNK  is  the  ideal  analysis  tool.  Our  purpose  here  is  to  develop  expressions  for  an 
idealized  case  that  can  be  used  to  validate  the  simulation  and  estimate  the  performance 
gain  afforded  by  diversity  combining. 

Given  unchanged  transmitted  modulation  between  the  two  channel  bit  periods,  a 
formal  expression  for  the  probability  of  demodulation  error  is  just 
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0 

pe  =  \f{m)dm  , 

—oo 

where  now  f(m)  is  the  probability  density  function  of  the  combined  metric.  The  cal¬ 
culation  of  f(m )  is  complicated  and  is  also  unnecessary  because  f(m )  can  be  written  in 
terms  of  the  probability  density  functions  of  the  two  separate  decision  metrics.  For  un¬ 
correlated  AWGN  the  two  decision  metrics  are  also  independent  so  the  expression  for 
Pe  can  be  rewritten  as 

0  oo 

Pe=  )  dm\dxfx(m-x)f2(x)  , 

— oo  — oo 

where  /}(•)  and  /2(  )  are  the  probability  density  functions  of  the  two  individual  deci¬ 
sion  metrics.  Both  of  these  functions  are  given  by  the  expressions  in  Equation  (E.2). 
After  some  rearrangement  the  demodulation  error  rate  reduces  to 

oo 

Pe  =  jf2{m)Fl(-m)dm  , 

— oo 

where  F]  (■)  is  the  cumulative  distribution  function  of  the  individual  decision  metrics. 
The  probability  density  function  of  the  DPSK  decision  metric,  derived  in  the  previous 
subsection,  has  a  different  functional  form  depending  on  the  sign  of  the  argument. 

Thus  to  evaluate  the  expression  for  Pe  one  more  step  is  necessary: 

Pe=  j A- (>») Fh+  (-«) d™  +  j fi,+ i™) F\- MO > 

-oo  0 

where  /2  ,  (•)  and  Fl+(-)  and  /2_(  )  and  F{  _ (•)  are  the  probability  density  function  and 
cumulative  distribution  function,  respectively,  for  positive  and  negative  arguments,  re¬ 
spectively.  The  probability  of  error  can  now  be  evaluated  directly  from  this  last  ex¬ 
pression,  again  using  integrals  given  in  Nuttall  [1972]. 

After  considerable  algebra,  the  non-fading,  two-channel  DPSK  error  rate  is 

Pe  =  1[4  +  Yj  +y2]  e~^l+l2'>  ,  (Two  Channels,  Non-Fading)  (E.4) 

where  yl  and  y2  are  the  values  of  the  channel  bit  energy-to-noise  spectral  density  ratio 
(Ecb/  N0)  for  the  two  channels. 
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When  three  DPSK  decision  metrics  for  exactly  the  same  transmitted  channel  bit 
are  available,  the  combined  metric  is 

m  =  rh\  +  m2  +  m3  . 

Given  that  the  transmitted  modulation  is  unchanged  between  the  kth  and  k  +  lst  channel 
bit  periods,  the  probability  of  a  channel  bit  error  is  the  probability  that  m  is  negative: 

0  oo  oo 

Pe=  ]dx  jdyf3(x-y)  jdzf2{y-z)Mz)  , 

— oo  — oo  — oo 

where  /](•),  /2O’  and  /3(  )  are  the  probability  density  functions  of  the  individual  met¬ 
rics.  Each  of  these  functions  is  given  by  the  expressions  in  Equation  (E.2).  Note  that 
the  last  integral  in  the  expression  for  Pe  is  the  probability  density  function  of  m}  +  m2, 
the  last  two  integrals  are  the  probability  density  function  of  mx  +  m2  +  m3,  and  the  first 
integral  is  the  probability  that  mx  +  m2  +  m3  is  negative.  After  some  manipulation  the 
error  rate  then  becomes 


Pe  =  j<bfi(x)  jdyf2(y-x)F3(-y)  , 

— 00  —00 

where,  again,  F3(  )  is  the  cumulative  distribution  of  a  single-channel  decision  metric 
given  in  Equation  (E.3).  Remembering  that  the  probability  density  and  cumulative  dis¬ 
tribution  functions  have  different  forms  for  positive  and  negative  arguments,  this  ex¬ 
pression  expands  to  six  terms: 

Pe  =  PeX  +  Pe>2  +  Pe>3  +  PeA  +  Pe5  +  Pe6  , 

where 
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pe,4  =  \dxfx  +  (x)  \dyf2_(y-x)F^{-y) 
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pe,5  =  \dx  fx >+  (x)J dy  f 2  _ (y  - x)F3_(-y) 

0  0 

co  oo 

pe,6  =  J dx  fl+  (x)  } dyf2  +  (y  -  x)F3_  (-y)  . 

0  jc 

Most  of  these  terms  are  just  plain  tedious  to  compute,  but  with  some  persistence  closed 
form  expressions  can  be  obtained  for  all  six.  Two  integrals  are  needed  that  are  not  in 
Nuttall  [1972],  but  can  be  derived  from  results  therein.  These  are 
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The  non-fading  (AWGN)  demodulation  error  rate  when  three  uncorrelated  DPSK 
decisions  metrics  are  combined  is 

pe =^[(4+/i  +r2 +r3)(8+/i  +r2+r 3)]  e~{Wl+n)  , 

(Three  Channels,  Non-Fading) 

where  y  j ,  y  2 ,  and  y  3  are  the  values  of  the  channel  bit  energy-to-noise  spectral  density 
ratio  for  the  three  DPSK  metrics. 

The  non-fading  (AWGN)  DPSK  demodulation  error  rates  with  one-,  two-,  or 
three-channel  combining  of  the  decision  metrics  are  plotted  versus  the  single  channel  bit 
energy-to-noise  spectral  density  ratio  per  channel  in  Figure  E-l.  It  is  assumed  that  all 
Nc  channels  have  exactly  the  same  value  of  /  No  . 
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Figure  E-l.  Channel  bit  error  rate  versus  single  channel  signal-to-noise  ratio  after 
combining  DPSK  decision  metrics  from  Nc  non-fading  channels. 


Note  that  we  are  plotting  these  curves  versus  the  channel  bit  energy-to-noise 
spectral  density  ratio  of  a  single  channel.  When  the  power  in  each  channel  is  equal,  as 
is  the  case  here,  the  two-channel  case  has  3  dB  more  total  power  and  the  three-channel 
case  has  4.8  dB  more  power  than  the  single-channel  case.  Thus,  if  the  diversity  is  ob¬ 
tained  by  repeating  a  user  bit  Nc  times  over  the  same  channel  and  if  the  channel  bit  er¬ 
ror  rates  are  plotted  versus  user  bit  energy-to-noise  spectral  density  ratio,  where 

E,t/N0  =  Nc(Ecb/N0)  , 

then  the  two-channel  curve  must  be  shifted  to  the  right  by  3  dB  and  the  three-channel 
curve  must  be  shifted  right  by  4.8  dB.  There  is  therefore  a  small  penalty  for  time- 
diversity  combining  if  the  channel  is  not  fading. 

This  penalty  is  the  noncoherent  combining  loss  that  is  illustrated  in  Figure  E-2, 
where  we  re-plot  the  combined  DPSK  demodulation  error  rate  versus  Eub/N0  .  Here 
the  error  rate  increases  as  Nc  increases  because  diversity  combining  only  provides  a 
gain  when  there  is  uncorrelated  fading  on  each  channel.  When  the  channels  are  non¬ 
fading,  as  they  are  here,  or  when  the  fading  on  the  multiple  channels  is  highly  corre¬ 
lated,  one  obtains  a  noncoherent  combining  loss. 

E.3  SLOW  FADING  DPSK  DEMODULATION  ERROR  RATE  WITH 
TWO-  AND  THREE-CHANNEL  COMBINING. 

Of  course  the  full  advantage  of  diversity  combining  is  realized  in  Rayleigh  fad¬ 
ing  channels  when  the  fading  is  uncorrelated  from  one  channel  to  the  next.  For  two- 
channel  combining,  we  consider  two  cases.  The  first  case  is  where  there  is  uncorrelated 
Rician  fading  on  both  channels,  and  the  second  case  is  where  there  is  correlated 
Rayleigh  fading  on  the  two  channels.  The  first  case  illustrates  how  the  advantage  of 
combining  increases  as  the  fading  channel  statistics  vary  from  non-fading  to  Rician 
fading  to  Rayleigh  fading.  The  second  case  is  interesting  for  either  spatial  or  temporal 
diversity.  For  example,  with  spatial  diversity  the  two  metrics  might  come  from  receiv¬ 
ers  separated  by  a  distance  insufficient  to  completely  decorrelate  the  fading  channels. 
With  temporal  diversity,  correlated  fading  occurs  when  the  temporal  separation  of  the 
channel  bit  pairs  from  which  the  metrics  are  formed  is  not  large  compared  to  the 
channel  decorrelation  time.  The  goal  here  is  to  illustrate  how  much  correlation  there 
can  be  in  the  channels  before  the  advantage  of  diversity  combining  is  lost.  Finally,  we 
compute  the  three-channel  result  for  uncorrelated  Rayleigh  fading  on  all  channels. 
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Channel  Bit  Error  Rate 


Figure  E-2.  Channel  bit  error  rate  versus  total  signal-to-noise  ratio  after  combining 
DPSK  decision  metrics  from  Nc  non-fading  channels. 


E.3.1  Two-Channel  Case  With  Uncorrelated  Slow  Rician  Fading. 

In  this  subsection  we  consider  the  case  of  uncorrelated,  slow  Rician  fading.  Be¬ 
cause  the  underlying  statistics  of  the  channel  are  normal,  uncorrelated  Rician  fading  is 
also  independent.  The  average  channel  bit  error  rate  is  then  given  by  averaging  the 
non-fading  expression  over  the  two  Rician  distributions  for  the  two  channels: 


CO  oo 

(Pe}  =  jdS l  //?,  1(^1) \d$2  /r,2 (^2)^(7 1^1  >72^2) 
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where  fRl  (•)  and  fR2  (•)  are  the  probability  density  functions  of  Rician  fading  for  the 
two  channels.  Both  of  these  functions  are  given  in  Equation  (2.2a)  with  S0  set  to  unity 
The  quantity  ^(y^  ,72*^2)  is  the  two-channel  non-fading  result  for  the  two  Ecb'N 0 
values  equal  to  y^S]  and  72^2-  1°  evaluating  this  expression  we  encounter  the  follow¬ 
ing  expectations  over  the  Rician  distribution: 


1 


(Se-*s 


y(l-R)  +  l 

y(l-R)2  +1 
[y(\-R)  +  lf 


exp 


yR 


y(l 


exp 


R)  + 1 
yR 


Y(1  -R)+l 


The  quantity  R  in  these  expectations  is  the  “Rican  index”  which  is  defined  in  terms  of 
the  scintillation  index  S4  of  the  channel: 

R  =  fi-S}  . 


The  second  expectation  requires  an  integral  that  is  not  directly  in  Nuttall  [1972]  or,  to 
the  authors’  knowledge,  any  other  readily  available  integral  table.  The  integral  is2 


1 


x3  e  Iq  ( bx )  dx  = 


1 


2  a1 


ft  b2) 

1 

V“ 

1  +  — 
l  4aJ 

exp 

Aa_ 

(E.5) 


The  average  two-channel  bit  error  rate  for  uncorrelated  Rician  fading,  in  terms 
of  the  two  expectations,  is 


2  Nuttall  [1972]  gives  a  similar  integral  with  x  rather  than  .x3  in  the  integrand.  This  expression  is  ob¬ 
tained  by  differentiating  the  Nuttall  result  with  respect  to  a. 
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(Pe)  =  \ie'y's'  ){e~yA)  +  ly](s]e~y's'  ){e~yA) +  ^y2{e~y's'  )(s2e~yA) 

(Two  Channels,  Uncorrelated  Rician  Fading) 

In  the  limit  that  both  channels  are  non-fading,  the  Rician  index  of  both  is  unity, 
the  Rician  probability  density  function  acts  as  the  delta  function  8(5  - 1),  both  expecta¬ 
tions  are  equal  to  e~y,  and  the  non-fading  limit  of  this  expression  is  identical  to  the 
AWGN  error  rate  in  Equation  (E.4). 

When  both  channels  are  full  Rayleigh  fading  the  error  rate  reduces  to 

6TiT2+5(Ti  +T2)  +  4 

=  — : - : r; - rr~  • 

8(Yi+1)  (y2+1) 

(Two  Channels,  Uncorrelated  Rayleigh  Fading) 

It  is  interesting  to  consider  this  expression  when  one  channel  has  a  very  small  signal-to- 
noise  ratio  (say  y2  ~  0)-  The  resulting  error  rate  in  the  limit  that  the  other  signal-to- 
noise  ratio  is  large  is 

(pe)~i yF!  (Yi  » 1>  Y2  ~  0)  • 

If  only  the  strong  signal  channel  is  used  to  form  the  DPSK  decision  metric  then  this 
limiting  error  rate  is 

(Pe)  ~  yY?1  (Yi  » 1»  single  channel)  . 

Thus  there  is  a  small  penalty  for  adding  the  contribution  of  a  channel  with  a  weak  sig¬ 
nal  to  the  decision  metric,  as  one  would  expect.  Equivalently,  there  is  a  small  benefit  to 
not  using  the  contribution  from  channels  with  weak  signals  if  that  condition  can  be  rec¬ 
ognized  a  priori. 

The  two-channel,  Rician  fading  demodulation  error  rate  is  plotted  in  Figure  E-3 
versus  the  average  single  channel  bit  energy-to-noise  density  ratio  without  propagation 
effects.  The  values  of  Ecb  /  Nq  and  54  are  assumed  to  be  the  same  in  both  channels.  For 
comparison,  the  single-channel  DPSK  demodulation  error  rate  curve  is  also  plotted  in 
the  figure.  As  is  the  case  for  single-channel  demodulation,  Rician  fading  curves  for 
2-channel  demodulation  essentially  vary  from  the  non-fading  to  full  Rayleigh  fading 
curves  as  54  varies  from  0.25  to  0.75  or  so. 
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Channel  Bit  Error  Rate 


Single  Channel  Bit  Energy-to-Noise  Density  Ratio,  Ecb/N0  (dB) 


Figure  E-3.  Channel  bit  error  rate  after  combining  DPSK  decision  metrics  from 
two  Rician-fading  channels. 


E.3.2  Two-Channel  Case  With  Correlated  Slow  Rayleigh  Fading. 


Now  we  consider  the  effects  of  correlated  Rayleigh  fading  on  the  two  channels. 
The  noise  in  the  two  decision  metrics  is  uncorrelated  as  before.  The  joint  probability 
density  function  of  correlated  Rayleigh  fading  powers  Sj  and  S2  is 


/p(5„52)  = 


1 

5]  +  S2 

k 

2p^SlS2 

1-p2  p 

!"P2. 

_  !"P2 

where  p  is  the  correlation  coefficient  of  the  complex  channel  response  function  [Dana, 
1995b].  The  average  error  rate  is  then  given  by  the  double  integral 

o©  oo 

(Pe)=  fdS, J<iS2/p(S1,52)n(Y,i1,Y2S2)  . 

0  0 

After  considerable  algebra  this  expression  reduces  to 

^_6TiY2(1-P2)  +  5(Yi  +T2)  +  4 

8[y1Y2(l-p2)  +  y1+Y2+l] 

(Two  Channels,  Correlated  Rayleigh  Fading) 

In  the  limit  of  uncorrelated  fading  (p  =  0)  this  expression  reduces  to  that  in  Equa¬ 
tion  (E.6),  as  it  should.  The  large  signal-to-noise  ratio  limit  of  the  uncorrelated 
Rayleigh  fading  expression  is 

(pe) «  KY1Y2 )_1  (P  =  0  and  Yi  » 1,  Y2  » 1)  . 


whereas  in  the  limit  of  perfectly  correlated  fading  (p  =  1)  and  large  values  of  the  sig¬ 
nal-to-noise  ratio,  the  error  rate  is 


(^W(Yi+Y2)  1  (p  =  l  and  Yi  »1,  Y2  »!)  • 

Clearly  there  can  be  a  large  error  rate  penalty  for  combining  DPSK  decision  metrics 
from  correlated  fading  channels  relative  to  that  obtained  using  metrics  from  uncorre¬ 
lated  fading  channels.  Still,  combining  two  metrics  with  perfectly  correlated  Rayleigh 
fading  but  uncorrelated  noise  provides  an  approximate  5/8  reduction  in  the  error  rate 
over  the  single-channel  value,  at  the  expense  of  3  dB  more  total  power.  Thus,  there  is 
still  a  noncoherent  combining  loss  with  correlated  fading. 
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The  two-channel  DPSK  demodulation  error  rate  with  correlated  Rayleigh  fading 
is  plotted  in  Figure  E-4  for  several  values  of  the  channel  correlation  coefficient.  Al¬ 
though  there  is  a  large  penalty  for  combining  decision  metrics  from  two  correlated 
fading  channels,  it  is  seen  that  the  channels  must  be  highly  correlated  to  suffer  the  full 
penalty.  Indeed,  correlation  coefficients  greater  than  0.75  are  necessary  for  any  sig¬ 
nificant  degradation  over  the  uncorrelated  case. 

Note,  however,  that  there  may  be  little  advantage  to  diversity  combining  in 
coded  systems.  Given  a  good  code  with  sufficient  interleaving,  channel  bit  error  rates 
on  the  order  of  0.1  can  produce  negligible  decoded  bit  error  rates.  Figure  E-4  shows 
only  a  small  gain  with  uncorrelated  fading  in  such  cases.  The  major  advantage  of  di¬ 
versity  combining  may  arise  from  relaxed  interleaver  requirements  resulting  from  a 
shorter  effective  decorrelation  time.  This  remains  to  be  investigated. 


E.3.3  Three-Channel  Case  With  Uncorrelated  Slow  Rayleigh  Fading. 

In  uncorrelated  fading  channels,  the  average  three-channel  combined  error  rate 
is  computed  from  the  expression 

(. Pe )  =  ^(e~y'S'  )(e~y^  ){e~y^  )  +  ^[y,  (  VY'S‘  ){e~y ^  ){e~yA )  + 

+Y2(<rYl5‘ )( VY2-S 2  ){e~yA )  +  Y3(e~y'5‘  }(e~yA  )(s3e~yiS> )] 

+31  [yiY2(‘V~Yi5‘  X  V^2*2  )(e~yA )  +  yiY3{-V"YlSl  X*~Y252  ){S3e~y^ )  . 

+Y2  Y  3  (<?_YlS|  XS2e~y2S2  )  +  64  [y?  {s?e~y'S>  )(e~y2Sl  Xc"Y3‘S'3 )  + 

+Y2<^"Y,5)  )(sle-y-  )(e~y'S} )  +  y\{e~y's'  X«_Tl*  )(s^e~y^ ) 

This  error  rate  can  be  evaluated  for  Rician  fading  using  the  following  expectation: 


{S2e~yS)  = 


2[y(l  -  J?)2 

[t(i-r)+i]5 


Y R 

y(i-r)+i 


To  calculate  this  expectation  we  have  used  the  following  integral  derived  by  differenti¬ 
ating  the  expression  in  Equation  (E.5)  with  respect  to  a: 


1 

f  x 5  e~ax  I0  ( bx )  dx  =  —r 
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Single  Channel  Bit  Energy-to-Noise  Density  Ratio,  Ecb/N0  (dB) 

Figure  E-4.  Channel  bit  error  rate  after  combining  DPSK  decision  metrics  from 
two  correlated  Rayleigh-fading  channels. 


Expressions  for  the  lower-order  moments  are  given  in  the  previous  subsection. 

In  the  limit  of  Rayleigh  fading  on  all  three  channels,  the  average  demodulation 
error  rate  reduces  to 

(P  )  = - - - 

^  e  2(Yi+1XT2+1)(Y3+1) 

t  2IY1Y2Y3  +13(YiY2  +  YiY3  +Y2Y3)  +  6(Yi  +  Y2  +Y3) 

32(Yi  +1)2(y2  +1)2(Y3  +1)2 

,  Y?(Y2  +1)2(Y3  +1)2  +  Yl(Yi  +1)2(Y3  +1)2  +Y3(Yi  +1)2(Y2  +1)2 
32(Y,+1)3(Y2+1)3(Y3+1)3 

(Three  Channels,  Uncorrelated  Rayleigh  Fading) 

The  channel  bit  error  rate  from  one-,  two-,  and  three-channel  combining  of  the 
DPSK  decision  metrics  is  plotted  in  Figure  E-5  versus  the  single  channel  bit  energy- 
to-noise  spectral  density  ratio  Ecb  /N0 ,  and  in  Figure  E-6  versus  the  total  user  bit  en- 
ergy-to-noise  spectral  density  ratio  ^ub  /Nq  .  For  comparison,  the  non-fading,  single¬ 
channel  error  rate  curve  is  also  plotted  in  the  figures. 

The  advantage  of  diversity  combining  of  uncorrelated  channels  is  evident  from 
the  error  rate  curves  in  Figure  E-5  for  the  case  where  the  multiple  channels  do  not 
dilute  the  value  of  Ecb /N0  per  channel.  In  this  case,  combining  two  Rayleigh-fading 
decision  metrics  produces  a  demodulation  error  rate  that  is  smaller  than  the  single¬ 
channel  non-fading  value  for  error  rates  above  about  ten  percent,  and  combining  three 
Rayleigh-fading  metrics  results  in  a  demodulation  error  rate  that  is  smaller  than  the 
non-fading,  single-channel  value  for  error  rates  above  about  one  percent. 

The  advantage  of  diversity  combining  is  not  so  evident  when  the  total  user  bit 
energy  is  divided  among  the  channels,  as  illustrated  in  Figure  E-6.  In  this  case  the 
multiple  channel  bit  error  rate  with  Rayleigh  fading  is  about  the  same  as  that  for  a  sin¬ 
gle  channel  with  fading  until  the  demodulation  error  rate  is  significantly  below  10  per¬ 
cent,  and  the  three-channel  error  rate  curve  is  not  much  different  than  the  two-channel 
curve  until  the  demodulation  error  rate  is  well  below  one  percent. 

In  either  case,  the  advantage  of  diversity  combining  may  be  more  evident  in  the 
bit  error  rate  at  the  output  of  a  decoder  under  slow  fading  conditions  as  the  diversity 
combining  helps  to  randomize  the  decoder  input  errors. 
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Channel  Bit  Error  Rate 


Figure  E-5.  Channel  bit  error  rate  after  one-,  two-  and  three-channel  combining  of 
DPSK  decision  metrics  versus  single  channel  signal-to-noise  ratio 
Ecb  /N0  for  uncorrelated  Rayleigh  fading. 
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Channel  Bit  Error  Rate 


Figure  E-6.  Channel  bit  error  rate  after  one-,  two-  and  three-channel  combining  of 
DPSK  decision  metrics  versus  total  user  signal-to-noise  ratio  EJN o 
for  uncorrelated  Rayleigh  fading. 
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APPENDIX  F 


DEMODULATION  PERFORMANCE  OF  NON  COHERENT  M  ary 
FREQUENCY  SHIFT  KEYING  IN  FAST  FADING 

A  functional  block  diagram  of  a  non-coherent  M-ary  frequency  shift  keying 
(FSK)  receiver  is  shown  in  Figure  F-l.  In  such  a  receiver  there  are  separate  filters  for 
each  of  the  M  possible  transmitted  tones.  For  non-coherent  demodulation  considered 
here,  the  filter  with  the  largest  output  amplitude  is  selected  to  represent  the  transmitted 
tone.  With  suppressed-carrier  tracking,  the  output  of  the  selected  filter  is  used  in  the 
automatic  gain  control  (AGC),  delay  lock  loop  (DLL),  and  automatic  frequency  con¬ 
trol  (AFC)  tracking  loops.  Thus  the  output  of  the  demodulator  is  fed  into  the  tracking 
loops  in  this  block  diagram.  This  is  only  one  of  several  possible  design  configurations. 
Other  implementations  employ  unmodulated  sync  symbols  for  tracking. 

The  block  diagram  is  for  a  frequency  hopped  (FH)  link.  In  this  appendix  we  as¬ 
sume  that  the  tracking  loops  are  operating  perfectly.  That  is,  the  receiver  timing  is 
aligned  with  the  channel  symbols,  and  the  residual  frequency  error  is  small  so  any 
phase  variation  of  the  signal  during  a  symbol  is  caused  by  the  channel  and  the  fre¬ 
quency  offset  between  the  tone  and  the  carrier.  With  this  assumption,  frequency  hop¬ 
ping  and  DLL  performance  only  have  an  impact  on  the  calculation  of  demodulation 
performance  in  frequency  selective  fading  channels,  which  is  discussed  in  Appendix  G. 

For  orthogonal  signaling,  ideal  time  and  frequency  tracking,  and  slow  or  non¬ 
fading  channels,  the  signal  is  completely  canceled  in  all  filters  except  the  one  corre¬ 
sponding  to  the  transmitted  tone.  However,  for  fast  fading  the  signal  is  not  completely 
canceled  in  any  of  the  M-ary  filters  because  of  the  channel-imposed  phase  distortion. 
When  this  occurs,  the  output  signal  voltages  of  all  of  the  filters  are  correlated,  and  it  is 
not  practical  to  calculate  closed-form  expressions  for  the  demodulation  error  rate  for 
general  M-ary  signaling.  The  one  exception  to  this  procedure  is  binary  FSK  (BFSK) 
modulation  for  which  we  can  calculate  an  exact  expression  for  the  error  rate.  As  sug¬ 
gested  by  Rutherford  [1978]1,  we  compute  the  mean  power  out  of  each  filter,  and  cal¬ 
culate  the  demodulation  error  rate  ignoring  the  correlation  of  the  filter  outputs.  We 
will  show  that  this  procedure  provides  an  upper  limit  to  the  demodulation  error  rate. 


1  Rutherford  [1978]  computed  fast  fading  M-ary  performance  for  channels  with  Gaussian  Doppler 
spectra  and  assumed  that  the  cross  correlation  coefficients  are  zero. 
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Figure  F-l.  Block  diagram  of  an  M-ary  FSK  receiver. 


Some  general  results  for  FSK  modulation  are  given  in  the  first  subsection  of  this 
appendix.  Then  the  non-fading  and  slow  fading  M-ary  FSK  demodulation  error  rates 
are  derived  in  Section  F.2.  BFSK  demodulation  error  rates  for  fast,  flat  Rayleigh  fad¬ 
ing  are  developed  in  Section  F.3  and  are  extended  to  the  M-ary  case  in  Section  F.4.  Be¬ 
cause  both  COMLNK  and  modem  digital  receivers  form  the  tone  filters  using  discrete 
Fourier  transforms  (DFTs)2,  in  section  F.5  we  investigate  the  effect  of  time  sampling 
on  the  M- ary  FSK  error  rate. 


F.l  GENERAL  FSK  RESULTS. 

In  an  M-ary  FSK  communications  link,  the  transmitted  signal  during  the  kth 
modulation  period  is 


mit)  =  Xexp[;(n*7tA/)r]n 


--k 

T 


where  A f  is  the  tone  spacing  and  T  is  the  symbol  period  (/.<?.,  the  duration  of  a  trans¬ 
mitted  tone).  The  transmitted  tone  is  determined  by  the  value  of  nk:  nk=±  1  for 
BFSK,  nk  =±1,  ±3  for  QFSK,  nk=±  1,  ±3,  ±5,  ±7  for  8-ary  FSK,  and  so  on.  The 
rectangular  function  FI  (•)  is  defined  as 

fl  if  Ixl  <4 

ri(x)=<  1  1  2  . 

0  otherwise 


Note  that  the  exponential  term  in  the  expression  for  mit)  represents  a  frequency  offset 
in  the  transmitted  signal,  so  the  carrier  frequency  per  se  is  never  transmitted  (unless 
sync  symbol  tracking  is  employed). 

The  received  signal  is  the  convolution  of  the  channel  impulse  response  function 
and  the  transmitted  modulation: 


u{t)~  r  j  m(t —  x)h(t,x)dx  , 
o 


2  This  is  one  implementation  option.  COMLNK  also  provides  the  option  of  multiple  filters  centered  at  the 
modulation  offset  frequencies  of  each  of  the  M  possible  symbols.  This  configuration  is  well  suited  to 
large  tone  spacings  and  enables  use  of  independent-tone  signaling. 
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where  r  is  the  mean  received  signal  amplitude.  This  signal  is  then  processed  in  tone 
filters  to  determine  which  tone  was  transmitted.  The  output  voltage  of  the  ith  filter 
during  the  k‘h  symbol  period  is 

^  (*+1/2)7 

zi,k  =  ~  J  [“(0  +  »(0]  exP  [-;'(nuA/>]  dt  . 

1  (*-1/2)7 

There  is  one  such  filter  for  each  of  the  possible  nk  transmitted  tones.  The  signal  is  de¬ 
modulated  by  selecting  filter  with  the  largest  output  amplitude3. 

The  complex  voltage  n(t)  is  additive  white  Gaussian  noise  (AWGN)  with  the 
usual  properties: 


(n(0)  =  0 

(n(t)n(t'))  =  0 

where  N0  is  the  one-sided  noise  spectral  density,  and  8(  )  is  the  Dirac  delta  function. 
The  second  equation  results  because  the  real  and  imaginary  parts  of  AWGN  are  uncor¬ 
related.  The  noise  contribution  to  the  ith  tone  filter  output  voltage  is  then 

.  (*+1/2)7* 

%  =  -  j  n  (r)  exp  [~j(inAf)t]  dt  . 

1  (* — 1/2)7* 

Because  n(t)  is  a  complex,  normally  distributed  random  process  with  zero  mean,  Nik 
is  similarly  distributed.  To  complete  the  description  of  the  tone  filter  output  noise,  we 
need  the  variance  and  cross  correlation  of  Ni  k .  The  noise  cross  correlation  is 

,  (*+1/2)7  (*+1/2)7 

A&*)  =  i  l*''****  \dt'eWV(n(.t)n\t'))  . 

1  (*-1/2)7  (*-1/2)7 


3  This  is  true  only  for  hard-decision  demodulation,  which  is  what  is  treated  in  this  analysis.  Coded  sys¬ 
tems  often  employ  soft-decision  demodulation,  wherein  the  outputs  of  all  M  filters  are  used  in  subse¬ 
quent  processing. 
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AWGN  is  delta-correlated,  so  this  expression  reduces  to 

cn  _  Np  sin^TtQ-QA/r]  \N0/T  if  i'  =  i 
1,1  T  ^n(i  —  i')AfT  [0  otherwise 

for  orthogonal  signaling  (i.e.,  AfT-  positive  integer  and  i  —  i'  =  even  integer  so  the 
argument  of  the  sine  function  is  an  integer  x  7t). 

F.2  M-ary  FSK  IN  NON-FADING  AND  SLOW  FADING  CHANNELS. 

In  a  non-fading  (AWGN)  channel,  the  channel  impulse  response  function  imparts 
a  simple  phase  rotation  on  the  signal: 

h(t,x)  =  e70  8(t)  , 

where  the  delta  function  indicates  that  the  signal  arrives  with  zero  delay  relative  to  its 
nominal  time-of-arrival,  and  the  phase  0  varies  slowly  during  the  symbol  period  T  as¬ 
suming  adequate  frequency  tracking  in  the  receiver.  The  output  voltages  of  the  tone 
filters  are  then 


reje  (k+]/2)T 

zi,k  =  ~zr  J  exp  [j%Af(nk  -  i )  t]  dt  +  NiJt  . 

1  (k-U2)T 

The  M-ary  FSK  demodulation  error  rate  in  AWGN  is  then  given  by  the  prob¬ 
ability  that  any  of  the  filters  that  do  not  correspond  to  the  transmitted  tone  have  a 
larger  output  amplitude  than  that  of  the  “correct  filter”.  This  problem  reduces  to  com¬ 
puting  the  probability  that  any  one  of  M  - 1  uncorrelated,  complex,  zero  mean,  nor¬ 
mally  distributed  random  variables  has  a  larger  amplitude  than  another  uncorrelated, 
normally  distributed  random  variable  with  a  non-zero  mean.  To  compute  this  prob¬ 
ability,  we  need  the  variances  and  cross  correlation  coefficients  of  the  output  voltages 
for  the  M  tone  filters. 


Assuming  that  the  receiver  noise  is  uncorrelated  with  both  the  transmitted 
modulation  and  the  channel  fluctuations  (if  any),  the  cross  correlation  coefficients  of 
the  tone  filter  outputs  are  separable  into  signal  and  noise  contributions: 


ci.l-={zuz;,J)=c£.+cl''.  . 
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where  C/J,  is  given  above.  Without  loss  of  generality,  we  assume  that  the  ith  filter  cor¬ 
responds  to  the  transmitted  tone  (i.e.,  i  =  nk ),  and  /'  represents  any  filter.  The  signal 
contribution  to  the  cross  correlation  coefficient  is  then 


2  (*+1/2)7  (*+1/2)7 

J  dt  ldt'e-Mn*-nAf' 

*  (*-1/2)7  (*-1/2)7 


r2  sin  ^%AfT{nk  -/')] 

2nAfT(nk  -*') 


In  the  limit  that  i'  =  nk ,  this  expression  reduces  to  r2  which  is  the  signal  energy  out  of 
the  filter  corresponding  to  the  transmitted  tone.  The  signal  contribution  to  the  output 
energy  of  the  other  filters  is  identically  zero  when  the  signaling  is  orthogonal: 


AfT-  an  integer  >  0 

.  (orthogonal  signaling)  , 

nk-i  =  an  even  integer  '  “ 


where  the  dimensionless  quantity  Af  T  is  the  normalized  tone  spacing. 

The  non-fading  M- ary  FSK  demodulation  error  rate  is  now  easy  to  compute. 
The  output  voltage  of  the  ith  filter  corresponding  to  the  transmitted  tone  (in  develop¬ 
ments  below  we  often  refer  to  this  as  the  “correct  filter”)  is 

zi,k  =  reJ&  +  Ni,k  > 

and  the  output  voltages  of  the  M  - 1  “other  filters”  are 


where  k  and  Zr  k  (/'  ^  i")  are  uncorrelated  and  thus  are  independent,  normally 
distributed  random  variables.  The  voltage  Zi  k  from  the  correct  filter  is  a  complex, 
zero  mean  random  process  plus  a  complex  constant,  so  its  signal  plus  noise  (S+  N) 
amplitude  ax  —  |  Zi  k  |  has  a  Rician  probability  density  function: 


2a{ 


/s+/v(«i)  =  lT-bpexp 


N0/T 


a l  +  r2 
N0/T 


2  rax 

nJt 


where  70  (•)  is  the  modified  Bessel  function.  The  voltages  from  the  other  M- 1  tone 
filters  are  complex,  zero  mean  random  variables,  so  their  amplitudes  as  =  |  Zt>  k |,  com¬ 
prised  only  of  noise,  have  Rayleigh  probability  density  functions: 


/w(a/)  ~ 


2al 

No  It 


exp 


a 


N0/T 


(/  =  2,-,M)  , 


F-6 


where  fN(  )  denotes  the  probability  density  function  of  the  amplitude  of  any  one  of  the 
noise-only  filters.  In  a  moment  we  need  the  cumulative  distribution  of  any  one  of  the 
noise-only  amplitudes.  This  Rayleigh  distribution  has  the  familiar  form 

a 

Fn (a)  =  jfN  ( a ')  da' =  1-  exp 
o 

It  is  easier  to  compute  the  probability  that  the  correct  filter  is  selected  first  and 
then  subtract  this  probability  from  one  to  get  the  error  rate.  This  is  the  probability  that 
the  maximum  of  the  M  - 1  noise-only  amplitudes  is  less  than  that  of  the  correct  tone 
filter  with  signal  plus  noise.  The  probability  of  selecting  the  correct  tone  filter  is 

oo  a{ 

Pc  -  1  dal  fs+N  ( al )  J”  da0  /n, max  (a0  )  » 

0  0 

where  /w>max  (•)  is  the  probability  density  function  of  the  largest  of  the  M  - 1  noise- 
only  amplitudes.  The  second  integral  (over  a0)  is  just  the  cumulative  distribution  of  the 
maximum  noise-only  amplitude  which  is 

FN,™x(a)  =  [FN(a)]M~]  • 

The  probability  of  correct  demodulation  is  then 

oo 

Pc  =  { fs+N («) [l  “  (~«2 T  /  Nq )]M  1  da  . 

o 

This  remaining  integral  is  performed  by  expanding  the  term  in  square  brackets  in  a  bi¬ 
nomial  series: 


a2T 

No_ 


[!-*-']  =X 


k=0 


M- 1 
k 


(-1  fe 


k  -kx 


With  this  expansion,  the  probability  of  choosing  the  correct  filter  is 

\k+l 

J  1YJL  —  J. 

I  exp 


p  =1_  y1  (~ir+1  fM-V 

c  h  *+i 


V 


r2T 


k  +  lj  N0 
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The  second  term  on  the  right-hand-side  of  this  equation  is  the  probability  that  the  filter 
with  the  largest  amplitude  does  not  correspond  to  the  transmitted  tone.  This  probability 
is  equal  to  the  M- ary  symbol  error  rate. 

For  each  transmitted  symbol  there  are  log2  M  channel  bits.  The  average  number 
of  channel  bits  in  error  given  a  symbol  error4  is  jM/(M -1).  Thus  the  channel  bit  er¬ 
ror  rate  Pe  is  related  to  M- ary  symbol  error  rate  by  [Viterbi,  1966] 

In  deriving  this  expression,  it  is  assumed  that  every  incorrect  filter  is  equally  likely  to 
be  chosen  when  a  demodulation  error  occurs.  This  is  the  case  here  because  the  average 
noise  energy  out  of  each  incorrect  filter  is  the  same.  This  is  not  the  case  in  fast  fading, 
however,  where  signal  energy  from  the  correct  tone  filter  is  spread  preferentially  into 
adjacent  incorrect  filters.  Thus  the  expression  in  Equation  (F.l)  does  not  hold  in  gen¬ 
eral. 


One  more  adjustment  is  necessary  to  transform  from  M- ary  symbols  to  channel 
bits.  The  quantity  r2T/N0  is  the  symbol  energy-to-noise  spectral  density  ratio.  This  is 
related  to  the  channel  bit  energy-to-noise  spectral  density  ratio  ( Ecb  /  N0)  by  the  num¬ 
ber  of  channel  bits  per  symbol  {i.e.,  log2  M ): 

Eg,  1  r2r 

N0  log  2  M  N0 


With  these  transformations  from  symbols  to  channel  bits,  the  M- ary  FSK  channel  bit 
error  rate  for  AWGN  channels  reduces  to 


Pe 


M 

=  X(-1)* 

k= 2 


(M/2)(M-2)! 
k\(M  -k)\ 


exp 


(fr-l)log,  M  Ecb 


k 


No 


(M- ary  FSK,  AWGN)  . 


4  This  ratio  is  derived  as  follows.  For  any  transmitted  symbol,  there  are  M  -  1  equally  likely  symbol  er¬ 
rors  in  non-fading  or  slow  fading  channels.  In  each  of  the  log2  M  bit  positions  there  are  exactly  M/2 
bits  in  error,  when  averaged  over  the  ensemble  of  M  -  1  symbol  errors,  so  the  number  of  bit  errors  is 
(M/2)  log2  M .  The  total  number  of  bits  contained  in  the  M  - 1  symbols  is  (M  - 1)  log2  M.  The  ratio 
is  obtained  by  dividing  the  number  of  bit  errors  by  the  total  number  of  bits. 
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For  BFSK  (M  =  2)  this  expression  reduces  further  to  the  familiar  form 


Pe  = 


1 

-exp 


Ecb  ~ 

2  N0_ 


(BFSK,  AWGN)  . 


This  formula  is  similar  to  that  for  DPSK  demodulation  except  that  3  dB  more 
signal  power  is  needed  with  BFSK  to  achieve  the  same  error  rate.  So  why  would  one 
ever  chose  FSK  modulation  over  DPSK  modulation?  One  reason  is  that  M- ary  FSK 
demodulation  in  non-fading  channels  becomes  more  efficient  as  M  increases  {i.e.,  a 
lower  value  of  Ecb  /  N0  is  required  for  a  given  bit  error  rate).  This  is  shown  in  Figure 
F-2  where  the  channel  bit  error  rate  is  plotted  for  a  few  values  of  M  (2,  4,  8,  16,  and 
32).  The  relative  improvement  decreases  with  increasing  M,  and  there  is  about  one  dB 
advantage  in  16-ary  FSK  relative  to  8-ary  FSK  in  AWGN.  Also,  8-ary  FSK  is  about 
one  dB  better  than  DPSK  in  AWGN.  Thus  8-ary  and  16-ary  FSK  have  become  the 
standard  modulation  techniques  for  some  systems. 


It  will  be  seen  that  M-ary  FSK  demodulation  performance  degrades  in  fading 
channels  as  does  the  performance  of  all  signalling  techniques.  First,  for  slow  fading 
where  the  channel  decorrelation  time  is  much  longer  than  the  symbol  period,  the  aver¬ 
age  demodulation  error  rate  is  given  by  averaging  the  AWGN  expression  over  the 
fading  distribution: 

oo 

{Pe)  =  lPe(yS)f(S)ds 

0 

where  y  is  the  channel  bit  energy-to-noise  spectral  density  ratio  in  the  absence  of  fad¬ 
ing.  The  probability  density  function  of  Rician  fading  f(S )  is  given  in  Equation  (2.2a), 
and  the  resulting  average  M-ary  channel  bit  error  rate  is 


M 

<*><>=  K-1  )* 

2 


_ 1 _ 

k\(M-k)\  l  +  Yt(l-fl) 


l+Y*(l-«) 


(Rician  Fading) 


where  R  is  the  “Rician  index”  defined  in  Equation  (2.2b),  and 

k  1  ,  ,  ,  Erh 

Jk=  ~7  l°§2  ■ 

k  N0 

The  8-ary  FSK  demodulation  performance  in  slow  Rician  fading  is  plotted  in  Figure 
F-3  for  several  values  of  the  scintillation  index  S4 .  There  curves  are  nearly  identical  to 
those  for  DPSK  modulation  performance  in  Rician  fading  plotted  in  Figure  B.5,  and 
comments  made  about  that  figure  apply  here. 
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Channel  Bit  Error  Rate 


Figure  F-2.  M- ary  FSK  demodulation  error  rate  for  non-fading  (AWGN)  channels. 
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Channel  Bit  Error  Rate 


Figure  F-3.  8-ary  FSK  demodulation  error  rate  for  slow  Rician  fading  channels. 
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The  real  advantage  of  M- ary  FSK  over  DPSK  is  seen  in  fast  or  frequency  selec¬ 
tive  fading  channels.  The  AWGN  and  slow  fading  demodulation  error  rates  given 
above  do  not  explicitly  depend  on  two  important  properties  of  a  transmitted  FSK  wave¬ 
form:  tone  spacing  and  frequency  hopping.  The  first  of  these  provides  a  powerful 
mitigation  technique  for  fast  fading  and  the  second  for  frequency  selective  fading. 
Neither  is  applicable  to  a  DPSK  waveform5,  and  the  two  together  allow  much  more 
robust  performance  of  FSK  in  severe  fading  channels  than  is  possible  with  DPSK. 

BFSK  demodulation  performance  in  fast  fading  is  discussed  in  Section  F.3  and  is 
extended  to  M- ary  FSK  in  Sections  F.4  and  F.5.  BFSK  performance  in  frequency  se¬ 
lective  fading  is  analyzed  in  Appendices  G  and  H. 

F.3  BFSK  IN  FAST  FADING  CHANNELS. 

In  a  fast,  flat  fading  channel,  the  channel  impulse  response  function  can  be  writ¬ 
ten  as  h(t,%)  =  h(t)d(x),  where  the  Delta  function  indicates  that  all  of  the  signal  arrives 
with  zero  delay  relative  to  its  nominal  time-of-arrival,  and  h(t)  is  referred  to  as  the 
channel  response  function.  For  Rayleigh  fading,  h{t)  is  a  zero  mean,  normally  distrib¬ 
uted  random  variable. 

Under  the  assumptions  of  perfect  time  and  frequency  tracking,  the  outputs  of  the 
two  BFSK  tone  filters  are 

(*+1/2)7 

Zi,k  =  ~  j  exP  [yWK  -  0 1 } h(t )< dt  +  %  , 

1  (*-1/2)7 

where  r  is  the  mean  received  signal  amplitude.  The  BFSK  demodulation  error  rate  is 
then  given  by  the  probability  that  the  filter  corresponding  to  the  transmitted  tone  has  a 
smaller  output  amplitude  than  does  the  other  filter. 

For  Rayleigh  fading,  this  is  just  the  probability  that  the  variance  of  one  complex, 
normally  distributed  random  variable  is  smaller  than  that  of  another.  The  complication 
here  is  that  these  two  variables  are  correlated,  as  we  show  in  the  developments  below. 


5  One  can  frequency  hop  DPSK  waveforms,  but  the  hop  rate  must  be  slow  compared  to  the  modulation 
rate  so  there  are  multiple  DPSK  symbols  per  hop.  Frequency  hopping  provides  a  signficant  advantage 
to  FSK  demodulation  in  frequency  selective  fading  channels  because  there  can  be  just  one  symbol  per 
hop. 
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(F.2) 


The  signal  contribution  to  the  output  of  the  correct  filter  (i  =  nk)  is 

(£+1/2)7" 

S\~^  J h(t)dt  , 

1  (£-1/2)7 

and  the  signal  contribution  to  the  output  of  the  other  filter  (i*nk)  is 


5o=7  J  e±KMf)'h(t)dt  .  (F.3) 

1  (£-1/2)7 


The  variance  of  5]  is 

2  (£+1/2)7  (£+1/2)7 

(s1s1*}  =  -r  jdt  j . 

1  (£-1/2)7  (£-1/2)7 

For  the  stationary  channels  considered  in  this  report,  the  autocorrelation  of  the  channel 
response  function  is 

(h{t)h*{t')}  =  p(t-t')  , 

and  the  expression  for  the  variance  of  5]  collapses  to  a  single  integral: 

(51S1,)  =  2r2jp(75)(l-y4Sr2R1  . 

0 


Similarly,  the  variance  of  S0  is 

2  (*+1/2)7  (*+1/2)7 

(■Vo}  =  7T  \dt  ldt'(h(t)h*(t'))exp[±2njAf(t-t')]  , 

1  (£-1/2)7  (£-1/2)7 

which,  for  stationary  channels,  reduces  to 

(S0S*0)  =  2r2 Jp(7£)(l - y cos(fflwy 4  =  r2R2  , 

0 

where  coM  =  2%AfT.  The  cross  correlation  coefficient  of  S0  and  Sx  is 

2  (*+1/2)7  (*+1/2)7 

(s,^>  =  +  ldt  idt’(h(t)h‘(t’))tx?(+2njAft')  . 

1  (£-1/2)7  (£-1/2)7 
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After  some  manipulation  this  reduces  to 


r\/ _ i\A fT  1 

(s,  So )  =  T  r2  - j p(7? ) sin s  r 2«3  . 

With  the  inclusion  of  AWGN,  the  variance  of  the  output  voltage  of  the  filter 
corresponding  to  the  transmitted  tone  ( CJ] ),  the  variance  of  the  output  of  the  other  fil- 
ter  (o0),  and  the  cross  correlation  coefficient  (C)  are 

of=r2[fi1+Y-1] 

aJ=r2[^+Y-']  ,  (F.4) 

C  =  r2  /?3 

where  y  is  the  channel  bit  energy-to-noise  spectral  density  ratio  (Ecb  /  N0).  The  cross 

0  0—1 

correlation  term  goes  as  r  R2  rather  than  r  (R3  +y  )  because  the  noise  out  of  the 
two  filters  is  uncorrelated. 


The  BFSK  demodulation  error  rate  in  fast,  flat  Rayleigh  fading  is  then  the  prob¬ 
ability  that  the  output  amplitude  of  the  filter  corresponding  to  the  transmitted  tone  is 
less  than  that  of  the  other  filter.  This  probability  is  derived  in  Appendix  D  in  terms  of 
the  variances  and  cross  correlation  coefficient.  Writing  this  probability  in  terms  of  the 
R  integrals  defined  above  gives  the  following  result: 


_ ~  E2 _ 

y/(*i  +  R2+  2V1)2 -4/?| 


(BFSK,  Fast  Rayleigh  Fading)  . 


Unfortunately,  the  R  integrals  cannot  be  written  in  closed  form  for  the  Gaussian 
Doppler  frequency  spectrum,  but  such  closed  form  expressions  are  possible  for  the 
other  spectra  in  given  Chapter  2.  Because  the  f”4  spectrum  is  the  DSWA  standard  for 
flat  fading  [Wittwer,  1980],  we  give  the  R  integrals  for  this  case: 
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R,=^-[2T4-3+(r4+3)e-r<] 

M 

_  2{2I45  -3T44  +2co^(r43  +3742)  +  co^  +[r45  +  3744  -6co^r42  -coi(T4  +l)]e_7i} 

(r4  +03^) 

/?  =  2(  i)Af r  3742  + ^  ~ 111 + 3142  + 

where  (£>M  =  2%AfT,  J4  =  a4T/x0,  and  a4  (a4  =  2.146193---)  is  a  numerical  constant 
defined  in  Section  2.1. 

In  the  limit  that  the  fading  is  slow  (T  « x0),  Rl  =1,  R2  =  R2-  0,  and  the  BFSK 
demodulation  error  rate  reduces  to  the  familiar  slow  Rayleigh  fading  expression: 

(Pe)  =  (2  +  y)-1  (BFSK,  Slow  Rayleigh  Fading)  . 

BFSK  channel  bit  error  rate  curves  for  several  values  of  the  ratio  x0  !Tcb  and 
for  an  f^4  Doppler  frequency  spectrum  are  plotted  in  Figure  F-4  for  minimum  tone 
spacing  (AfT  =  1)  and  in  Figure  F-5  for  three  times  the  minimum  tone  spacing 
( AfT  =  3).  As  is  the  case  for  DPSK  demodulation,  the  BFSK  curves  exhibit  an  irre¬ 
ducible  error  rate  which  depends  on  the  value  of  x0  I  To  and  the  Doppler  frequency 
spectrum.  Unlike  DPSK,  the  irreducible  error  rate  can  be  lowered  by  a  means  other 
than  increasing  the  channel  bit  rate  ( i.e .,  increasing  x0  /  Tcb  by  decreasing  Tcb),  namely 
by  increasing  the  tone  spacing.  For  example,  the  irreducible  error  rate  for  T0  ITcb  =1 
is  about  0.07  for  the  minimum  tone  spacing  but  drops  to  0.005  when  the  tone  spacing  is 
increased  to  AfT  =  3. 

To  summarize  these  results,  the  fast  fading  BFSK  irreducible  error  rate  (( Pe ) 
with  y  -»  0=)  is  shown  in  Figure  F-6  versus  the  normalized  decorrelation  time  t0  I  To 
for  three  tone  spacings  (AfT  =  1,  3,  and  10)  and  for  an  Z-4  Doppler  frequency  spec¬ 
trum.  Obviously,  the  irreducible  error  rate  decreases  as  the  tone  spacing  increases.  The 
fading  causes  a  Doppler  frequency  spread  in  the  received  signal,  and  some  of  the  signal 
energy  is  spread  from  the  correct  filter  to  the  other  filter.  The  further  the  tones  are 
separated  in  frequency,  the  less  signal  energy  can  be  spread  into  the  wrong  filter. 
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Figure  F-4.  BFSK  demodulation  error  rate  for  minimum  tone  spacing  in  fast 
Rayleigh  fading  channels. 
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Figure  F-5.  BFSK  demodulation  error  rate  for  three  times  minimum  tone  spacing 
in  fast  Rayleigh  fading  channels. 
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Figure  F-6.  Irreducible  BFSK  demodulation  error  rate  for  three  tone  spacings  in 
fast  Rayleigh  fading  channels. 


An  equivalent  view  of  the  Doppler  frequency  spread  is  obtained  by  considering 
the  tone  filter  equations.  In  the  correct  filter  [Eqn.  (F.2)],  the  presence  of  the  channel 
response  function  in  the  integrand  reduces  the  signal  energy  at  the  output  of  the  filter, 
primarily  because  of  the  random  phase  fluctuations  contained  in  h(t)  prevent  the  signal 
vector  from  summing  coherently  during  the  integration  period.  In  the  other  filter, 
there  is  a  residual  phase  rotation  that  in  the  absence  of  fading  has  the  effect  of  wrap¬ 
ping  the  signal  vector  around  a  circle  AfT  times.  Thus  for  orthogonal  signaling  and  no 
fading,  the  output  of  the  other  filter  has  no  signal  contribution  because  the  signal  vec¬ 
tor  is  wrapped  around  to  “bite  its  tail”  during  the  integration  period.  With  random 
phase  perturbations  caused  by  fading,  the  head  does  not  end  up  exactly  at  the  tail,  and  a 
signal  contribution  to  the  filter  output  results.  Thus  the  fading  causes  a  reduction  in  the 
signal  energy  out  of  the  correct  filter  and  an  increase  in  the  signal  energy  out  of  the 
other  filter. 

The  effect  of  increasing  the  tone  spacing  is  to  decrease  the  effective  integration 
period  to  Tcb  1  {AfT)  because  there  are  Af  T  complete  phase  rotations  during  the  chan- 
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nel  bit  period.  Thus,  to  first  order,  the  effect  of  increasing  tone  spacing  is  to  simply 
shift  the  AfT -l  irreducible  error  rate  curve  to  the  left  by  a  factor  of  Af  T. 

Of  course  this  does  not  explain  the  odd  change  in  the  shape  of  the  curves  as  Af  T 
increases.  This  change  is  caused  by  the  signal  energy  out  of  the  other  filter,  as  illus¬ 
trated  in  Figure  F-7  where  the  filter  output  signal  energy  is  plotted  versus  x0/Tcb.  Ob¬ 
viously  the  signal  energy  out  of  the  filter  corresponding  to  the  transmitted  tone  does 
not  depend  on  the  tone  spacing,  but  the  signal  energy  out  of  the  other  filter  is  very  sen¬ 
sitive  to  this  parameter.  It  is  the  behavior  of  the  output  signal  energy  of  the  other  filter 
that  causes  the  odd  shape  of  the  irreducible  error  rate  curves. 

Before  leaving  BFSK  performance  in  fast  fading  there  is  one  other  point  that  we 
want  to  make.  In  principle  this  analysis  can  be  extended  to  M- ary  FSK  demodulation. 

In  fact  we  already  have  almost  everything  we  need  with  the  exception  of  the  cross  cor¬ 
relation  of  the  outputs  of  filters  that  do  not  correspond  to  the  transmitted  tone.  But  it  is 
these  cross  correlation  terms  that  are  the  problem. 


Figure  F-7.  BFSK  filter  output  signal  energy  in  fast  Rayleigh  fading  channels. 
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F.4  M-ARY  FSK  IN  CONTINUOUS  FAST  FADING  CHANNELS. 


In  Rayleigh  fading  the  outputs  of  all  the  M- ary  filters  are  zero-mean,  normally 
distributed  random  variables  with  non-zero  correlation  coefficients.  Hence  the  calcula¬ 
tion  of  the  probability  that  one  filter  output  amplitude  is  less  than  the  maximum  am¬ 
plitude  of  all  the  other  filters  requires  the  calculation  of  the  joint  probability  density 
function  of  M  correlated  Rayleigh  amplitudes.  This  function  must  then  be  integrated 
over  an  M-dimensional  space  defined  by  a,  >  max (a2,a3, •••,<%).  With  the  exception 
of  the  M  =  2  case,  for  which  an  exact  expression  for  the  error  rate  is  calculated  in  Ap¬ 
pendix  D,  this  may  not  be  a  tractable  mathematical  problem. 

To  estimate  the  fast  fading  M- ary  FSK  demodulation  error  rate  we  first  assume 
Rayleigh  fading  so  that  the  output  signal  plus  noise  voltages  of  all  M  filters  are  com¬ 
plex,  zero  mean,  normally  distributed  random  variables.  We  then  compute  the  mean 
signal  plus  noise  energy  at  the  output  of  the  filters  and  calculate  the  demodulation  error 
rate  with  the  approximation  that  the  cross  correlation  between  the  filter  outputs  is  neg¬ 
ligible.  To  estimate  the  effect  of  this  approximation,  we  compute  the  magnitude  of  a 
few  cross  correlation  coefficients.  We  find  that  while  the  correlation  between  the  cor¬ 
rect  filter  and  the  other  filters  is  indeed  small,  the  correlation  between  the  outputs  of 
incorrect  filters  can  be  large  and  ignoring  these  terms  does  affect  the  calculated  error 
rate.  In  this  section  we  consider  analog  filters  with  continuous  Fourier  transforms.  In 
Section  F.5  we  consider  filters  implemented  with  discrete  Fourier  transforms. 

With  this  approximation,  the  M- ary  FSK  demodulation  error  rate  problem  re¬ 
duces  to  finding  the  probability  that  the  maximum  amplitude  of  M  - 1  uncorrelated, 
zero  mean,  normally  distributed  random  variables  is  less  than  that  of  another  zero 
mean,  normally  distributed  random  variable.  As  was  the  case  for  M- ary  demodulation 
in  non-fading  channels,  it  is  easier  to  compute  the  probability  that  the  correct  filter  has 
the  largest  amplitude.  This  probability  is 

co 

Pc  =  \  fsia)Foia)da  - 
0 

where  fs(-)  is  the  probability  density  function  of  the  amplitude  of  the  correct  filter, 
and  F0( •)  is  the  cumulative  distribution  of  the  amplitude  of  the  other  filters  ( i.e .,  it  is 
the  probability  that  the  largest  amplitude  of  the  other  filters  is  less  than  the  argument). 
For  uncorrelated  and  hence  independent  filter  outputs,  F0{  )  reduces  to  the  product  of 
the  cumulative  distributions  of  the  M- 1  filter  output  amplitudes: 
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Fo(*)  =  T[Fu(a)  , 

(=i 

i&l 

where  Fi  t  (•)  is  the  cumulative  distribution  of  output  amplitude  of  the  ith  filter  given 
that  the  Ith  filter  is  the  correct  one.  This  notation  is  necessary  because  the  signal  energy 
out  of  one  of  the  other  filters  depends  on  how  far  away  in  frequency  that  filter  is  from 
the  correct  one. 

We  have  already  calculated  the  variance  of  the  output  voltages  of  the  M  filters, 
although  a  slight  generalization  is  needed.  These  results  are  given  in  Equation  (F.4). 
The  required  generalization  is  that  the  R2  integral  becomes 

R2W  =  2jp(T5)(l-acos(toMy4  ,  (F.6) 

0 

where  k  is  the  distance  of  the  other  filter  from  the  correct  filter  [k  =  (i-l)f  2  where  i 
and  l  are  odd  integers].  The  formula  for  R2(k)  for  an  f~A  Doppler  spectrum  is  given 
by  the  R2  expression  in  Equation  (F.5)  with  coM  replaced  by  ka>M.  The  Rl  integral, 
defined  in  Equation  (F.4)  for  the  output  energy  of  the  correct  tone,  remains  the  same. 
To  simplify  the  notation,  we  rewrite  the  filter  output  variances  as  follows: 

p0=r2[R1+Y-'] 

H*=rJ[R2(*)  +  Y-']  ‘ 

where  we  note  thati?2(0)  =  R\  so  |i0  =  m=o- 

These  equations  define  the  diagonal  elements  of  the  filter  covariance  matrix.  The 
off-diagonal  elements  are  given  by  the  filter  cross  correlation  coefficient.  Assuming 
that  the  n0  tone  is  transmitted,  the  cross  correlation  coefficient  of  the  filter  output  sig¬ 
nal  contributions  is 


where 


77  2 

lh{t)exp[-jnAf(n0-i)t]dt  . 
1  -772 
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We  have  already  shown  that  the  cross  correlation  of  the  noise  is  zero  for  orthogonal 
signaling.  After  some  manipulation  the  cross  correlation  of  the  signal  output  reduces  to 
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— - } p(rQ sin [i coM (i  -  i') (1  -  Q] cos {i (0M [n0  ~{{i  +  i')]C} 


ee  r2R4(n0,i,i') 


In  the  limit  that  i'  =  i  this  expression  reduces  further  to 

Cu=r2R2(i )  , 

which  is  equal  to  the  expression  above  for  \ik  {k  =  i )  except  that  when  i'  =  i  the  noise 
variance  is  r  /  y  rather  than  zero. 

For  an  f~4  Doppler  frequency  spectrum,  the  R4  function  is  given  by  the  rather 
complicated  expression 
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Later  we  will  evaluate  this  expression  to  assess  the  impact  of  neglecting  the  cross  cor¬ 
relation  coefficients  in  the  error  rate  calculation. 


The  arithmetic  of  the  M-ary  FSK  error  rate  problem  is  made  easier  by  consid¬ 
ering  the  probability  distributions  of  the  output  energy  (rather  than  the  amplitude)  be¬ 
cause  the  energy  has  an  exponential  distribution  when  the  amplitude  is  Rayleigh  dis¬ 
tributed.  Thus  the  probability  density  function  of  the  correct  filter  output  energy  is 


fs(x)  =  —  exp 

Ho 


x 

Ho 


and  the  cumulative  distribution  function  of  the  output  energy  of  the  k,h  other  filter  is 
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F0jt(x)  =  l-exp 


V-k] 


Now  we  are  in  a  position  to  estimate  the  M-ary  FSK  fast  fading  demodulation 
error  rate  taking  into  account  the  mean  output  energy  of  each  filter  as  a  function  of  its 
distance  from  the  correct  filter. 


As  an  example,  the  filters  for  an  8-ary  FSK  receiver  are  shown  schematically  in 
Figure  F-8  where  the  horizontal  line  segments  represent  the  8  filters  spaced  evenly  in 
frequency.  The  vertical  arrows  represent  transmitted  tones,  and  under  each  line  seg¬ 
ment  is  the  corresponding  value  of  k,  the  distance  of  the  filter  from  the  transmitted 
tone.  There  are  only  four  cases,  because  the  fifth  case  with  the  transmitted  tone  in  the 
fifth  position  from  the  left  is  mathematically  identical  to  case  4,  the  sixth  case  is 
mathematically  identical  to  case  3,  and  so  forth. 

For  case  1  the  probability  that  the  energy  out  of  the  correct  filter  is  larger  than 
that  out  of  any  of  the  other  filters  is 

oo  7 

Pc  =  j  fs(x)tlF0  k(x)dx  .  (Case  1) 
o 


Figure  F-8.  8-ary  FSK  tone  filters. 
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For  case  2  there  are  two  filters  with  a  distance  of  ±  1  from  the  transmitted  tone,  but 
one  can  see  from  Equation  (F.6)  that  the  output  filter  energy  depends  only  on  \k  |. 
Thus  for  case  2  the  probability  that  the  correct  filter  has  the  maximum  energy  is 

Pc=°Sfs(x)F0J(x)YlF0  k(x)dx  .  (Case  2) 
o  k=\ 

Similarly,  the  probabilities  of  correct  decision  for  cases  3  and  4  are 


oo  2  5 

k(x)dx  (Case  3) 

o  k=]  *= 1 

00  3  4 

Pc  =  \  h(x)T[Fo,k(.x)T[Fo  k{x)dx  .  (Case  4) 

0  k= 1  k=\ 

In  general,  the  probability  that  the  correct  filter  has  the  largest  output  energy  is 

9  Ml 2-1  00  /  M-l- 1 

pc=- 1  jAwn^w  nw*  • 

M  1=0  0  k= 1  k=\ 

assuming  that  the  transmitted  tone  is  uniformly  distributed  in  the  M  possible  positions. 
(The  leading  factor  of  2  /  M  in  this  equation  is  there  because  there  are  M  /  2  cases  and 
each  case  is  equally  likely.)  Subtracting  this  probability  from  unity  gives  the  M- ary 
character  error  rate. 

In  fast  fading  the  relationship  between  symbol  error  rate  and  the  channel  bit  er¬ 
ror  rate  is  not  given  by  the  simple  expression  in  Equation  (F.l).  In  deriving  that  ex¬ 
pression,  it  is  assumed  that  when  a  demodulation  error  is  made  all  incorrect  tone  filters 
are  equally  likely  to  be  selected.  This  is  only  the  case  when  all  incorrect  filters  have 
equal  output  amplitudes  on  the  average.  When  the  channel  bit  error  rate  is  less  than  50 
percent  in  fast  fading,  demodulation  errors  are  most  likely  to  be  made  by  choosing  a 
filter  adjacent  to  the  correct  filter  because  these  adjacent  filters  have  the  largest  aver¬ 
age  output  of  all  the  incorrect  filters.  This  changes  the  average  number  of  channel  bit 
errors  per  demodulation  symbol  error. 

In  the  limit  that  only  adjacent  filters  are  chosen,  we  can  compute  the  ratio  of  the 
channel  bit  error  rate  to  the  symbol  error  rate.  For  each  of  the  M  -2  interior  filters, 
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there  are  two  adjacent  filters  that  can  cause  errors  with  equal  probability.  For  the  two 
end  filters,  there  is  only  one  adjacent  filter  that  causes  errors.  Thus  over  the  ensemble 
of  M  transmitted  symbols,  there  are  2  +  2 (M  -  2)  =  2 M  -  2  equally  likely  symbol  er¬ 
rors.  The  average  number  of  channel  bit  errors  per  symbol  error  is  found  by  counting 
the  number  of  bit  errors  for  each  possibilty  and  dividing  by  the  total  number  of  bits.  It 
can  be  seen  that  the  total  number  of  bit  errors,  averaged  over  the  ensemble  of  2 M  —  2 
symbol  errors,  is  given  by6 

log2  M 

2  log2  M +  4  log2  (M/2)  +  8  log2  (M/4)  +  — \-M=  £  2*  log2(21-*M)  . 

k= 1 

The  total  number  of  bits  contained  in  the  2 M  -  2  symbols  is  2 (M  -  l)log2  M.  Thus 
when  only  adjacent  symbol  errors  are  likely,  we  obtain  the  following  relationship  be¬ 
tween  channel  bit  error  rate  Pe  and  symbol  error  rate  1  -  Pc : 

log2  M 

I  2*_1log2(2 x~kM) 

p  =_^L - - - (1-PC)  . 

e  (M-l)log2  M  V  c> 

A  few  examples  illustrate  the  difference  between  the  AWGN  formula, 

1),  and  the  expression  given  above  for  Pe/(l-Pc).  For  8-ary  FSK,  the 
AWGN  formula  predicts  this  ratio  to  be  %  or  0.57,  whereas  assuming  adjacent  filters 
cause  all  demodulation  errors  results  in  a  value  of  %  or  0.52.  This  difference  is  even 
larger  for  16-ary  FSK  where  the  AWGN  formula  predicts  a  ratio  of  %5  or  0.53, 
whereas  the  adjacent  filter  assumption  results  in  a  ratio  of  1%q  or  0.43.  Of  course  the 
ratio  is  1  for  BFSK,  and  one  can  show  that  it  is  %  for  QFSK  in  either  case.  Thus  for 
M  >4,  use  of  the  AWGN  formula  relating  channel  bit  error  rate  to  demodulation  er¬ 
ror  rate  will  provide  an  upper  bound  to  the  channel  bit  error  rate.  To  get  around  this 
analytic  problem  when  comparing  COMLNK  results  with  theory,  we  will  use  de¬ 
modulated  symbol  error  rates  rather  than  channel  bit  error  rates  for  the  8 -ary  and 
16-ary  FSK  cases. 

For  Rayleigh  fading,  all  of  the  terms  in  the  expression  for  correctly  demodulat¬ 
ing  the  M- ary  FSK  signal  are  of  the  form 


6  There  are  2  cases  where  all  log2  M  bits  are  in  error,  there  are  4  cases  where  log2  (M/2)  bits  are  in  er¬ 
ror,  there  are  8  cases  where  log2(M/4)  bits  are  in  error,  and  so  on.  Finally,  there  are  M  cases  where 
there  is  only  1  bit  in  error. 
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where  vM  =  {v0,  Dr.  Scott  Frasier  of  Mission  Research  Corporation 

[Frasier,  1996]  pointed  out  that  this  integral  can  be  written  in  terms  of  two  similar  in¬ 
tegrals: 
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where 


F2(vo,v,)  = 


Vft  +V, 


Thus  the  integral  in  Equation  (F.7)  can  be  evaluated  by  recursion.  The  probability  of 
selecting  the  correct  tone  filter  is  now  evaluated  as 


2  2  M/2~l 
Pr  =—Fm(v0,  v1,---,vw_1)  +  —  X  Fm(v0,v 
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where  vk  =^^7^0  and  v0  =  1. 

Before  proceeding  with  Af-ary  FSK  error  rate  results,  we  need  to  explore  the 
effect  of  our  approximation  that  the  filter  outputs  are  uncorrelated.  Assuming  a  tone 
spacing  of  AfT  =  3,  the  filter  output  energy  and  cross  correlation  coefficients  are 
plotted  in  Figures  F-9  and  F-10,  respectively,  versus  decorrelation  time  normalized  by 
the  symbol  period,  Xq/T.  The  output  signal  energy  is  plotted  in  the  first  of  these  fig¬ 
ures  for  the  correct  filter  (i  =  n0),  the  two  filters  adjacent  to  the  correct  filter 
(i  =  n0  ± 2),  and  the  next  four  filters  closest  to  the  correct  one  (  /  =  n0  ± 4  and 
i  -  n0  ±  6).  As  expected,  the  adjacent  filter  has  the  largest  average  signal  energy  of  all 
the  other  filters,  and  the  average  signal  energy  decreases  as  the  distance  | n0  -  i|  from 

_ O 

the  correct  filter  increases.  When  x0/T  is  less  than  10  or  so,  the  signal  Doppler 
spread  is  so  large  that  signal  energy  is  spread  almost  uniformly,  and  all  filters  have 
about  the  same  mean  signal  energy. 
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Normalized  Decorrelation  Time,  t0/T 

Figure  F-9.  FSK  filter  output  signal  energy  in  fast  Rayleigh  fading  channels. 


Figure  F-10.  FSK  filter  cross  correlation  coefficient  in  fast  Rayleigh  fading  channels. 
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The  cross  correlation  coefficient,  plotted  in  Figure  F-10,  is  given  by 


p(n0,M')  = 


R4(n0,i,i') 


R2{no  ~ i)R2(no  ~ i') 


where  R2  (n0  -  i )  is  the  output  energy  of  the  ith  filter  (normalized  to  r2 )  given  that  the 
n0  tone  is  transmitted.  We  include  the  absolute  value  in  this  expression  so  that  we  can 
plot  the  correlation  coefficient  on  a  logarithmic  scale.  It  is  obvious  in  the  plots  of 
where  R4  changes  sign.  The  correlation  between  the  correct  filter  output 
signal  and  that  of  the  four  closest  filters,  p(n0,n0,n0  ±2)  and  p(n0,n0,n0  ±4),  is  al¬ 
ways  small,  peaking  at  a  value  less  than  }f0,  so  the  other  filter  outputs  are  essentially 
uncorrelated  with  the  correct  filter  output.  The  problem  is  that  the  correlation  between 
two  adjacent  other  filters,  p(n0.«o  ±2,n0  ±4)  for  example,  is  large  for  x Q/T  >  ]/0. 

When  we  neglect  the  correlation,  we  are  essentially  increasing  the  probability 
that  one  of  those  filters  will  have  an  output  amplitude  larger  than  that  of  the  correct 
filter.  Thus  our  theoretical  results  for  M  >2  are  an  upper  bound  on  the  M-  ary  FSK 
demodulation  error  rate.  For  x0/T  <  the  cross  correlation  coefficient  is  small,  and 
our  upper  bound  should  be  close  to  the  true  demodulation  error  rate.  For  x0/T  >10, 
the  mean  energy  of  the  other  filters  is  very  small  compared  to  that  of  the  correct  filter, 
and  again  our  upper  bound  should  be  close  to  the  true  value.  It  is  for  decorrelation 
times  in  the  critical  range  %q<x q/T  <  10  where  we  will  see  the  largest  variation  be¬ 
tween  our  approximate  theoretical  results  and  measured  error  rates  from  COMLNK  or 
actual  hardware. 


To  illustrate  the  effects  of  fast  Rayleigh  fading  on  high-order  frequency  shift 
keying,  we  present  calculated  channel  bit  error  rate  results  for  8-ary  FSK.  Keep  in 
mind  that  these  analytic  results  are  upper  bounds  on  true  performance  because  the 
analysis  ignores  the  effects  of  correlation  between  filters  and  also  ignores  the  change  in 
the  relationship  between  symbol  and  bit  error  rates  due  to  Doppler  spreading. 

The  channel  bit  error  rate  for  8-ary  FSK  in  fast  Rayleigh  fading  is  plotted  in 
Figure  F-ll  for  minimum  tone  spacing  (AfT  =  1)  and  in  Figure  F-12  for  three  times 
minimum  tone  spacing  (A fT  =  3).  An  /~4  Doppler  frequency  spectrum  is  used  for 
these  results.  The  fast  fading  curves  are  plotted  for  three  values  of  the  ratio  of  the 
channel  decorrelation  time  to  the  channel  bit  period,  where  Tcb  is  related  to  the  symbol 
period  T  by  the  expression  Tcb  =  r/logj  M. 
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Figure  F-12. 


8-ary  FSK  demodulation  error  rate  in  fast  Rayleigh  fading  channels  for 
three  times  minimum  tone  spacing. 


Each  tone  in  8-ary  FSK,  for  example,  represents  3  channel  bits,  so  the  channel 
bit  period  is  one-third  of  the  symbol  period.  The  use  of  the  ratio  xo 1  Tcb  (rather  than  a 
ratio  involving  the  symbol  period  T)  and  the  channel  bit  energy-to-noise  spectral  den¬ 
sity  ratio  Ecb  /  N0  (rather  than  the  symbol  energy)  allows  a  direct  comparison  of  these 
fast  fading  curves  to  those  presented  earlier  in  this  appendix  for  BFSK  or  in  Appendix 
B  for  DPSK.  All  curves  are  for  an  equivalent  channel  bit  rate. 

The  shift  to  the  right  in  the  T0  !Tcb=\  curve  in  Figure  F-12  is  caused  by  the  loss 
in  signal  energy  at  the  output  of  the  correct  filter  due  to  channel  phase  fluctuations. 
This  loss  is  3.2  dB  for  x0  /  Tcb  =1  and  the  f~4  Doppler  frequency  spectrum.  The  irre¬ 
ducible  error  rate  is  caused  by  the  presence  of  a  signal  component  in  the  outputs  of  the 
other  seven  filters.  By  comparing  curves  in  Figure  F-ll  with  those  in  Figure  F-12,  one 
can  see  a  significant  reduction  in  the  irreducible  error  rate  as  the  tone  spacing  is  in¬ 
creased. 

A  comparison  of  these  results  to  those  for  BFSK  shows  what  initially  may  be  a 
surprising  result:  8-ary  FSK  has  a  higher  irreducible  error  rate  for  a  fixed  tone  spac¬ 
ing  and  value  of  x0  /  Tcb  than  does  BFSK.  For  a  constant  channel  bit  rate,  8-ary  FSK 
uses  tones  that  are  three  times  longer  than  used  for  BFSK  and  thus  are  three  times 
closer  in  frequency  for  minimum  tone  spacing.  Hence  for  a  given  decorrelation  time, 
more  signal  energy  is  spread  into  adjacent  filters  with  8-ary  FSK  than  with  BFSK,  and 
a  higher  irreducible  error  rate  results. 

This  result  is  summarized  in  Figure  F-13  where  we  plot  the  irreducible  error 
rate  for  BFSK  and  8-ary  FSK  for  three  values  of  the  tone  spacing.  The  BFSK  results 
are  the  same  as  plotted  in  Figure  F-6.  By  comparing  the  demodulation  error  rates  of 
8-ary  FSK  with  A/T  =  3  to  that  of  BFSK  with  AfT  =  1  we  are  comparing  modulation 
formats  with  exactly  the  same  frequency  separation  between  the  tones  (A/  is  the  same 
in  absolute  units).  For  a  fixed  value  of  A/,  8-ary  FSK  does  have  a  lower  irreducible 
demodulation  error  rate  than  does  BFSK.  The  penalty  in  this  case  is  that  the  8-ary  FSK 
waveform  has  a  bandwidth  that  is  about  2.6  times  larger  than  that  of  BFSK. 

F.5  M-ARY  FSK  IN  SAMPLED  FAST  FADING  CHANNELS. 

Modem  digital  FSK  receivers  form  tone  filters  by  first  sampling  the  signal  and 
then  performing  discrete  Fourier  transforms  (DFTs).  This  introduces  an  effect  that  is 
not  in  the  previous  analysis  for  the  continuous  case.  This  is  the  loss  that  results  because 
the  signal  is  sampled  before  the  frequency  shift  nkAf  is  removed. 
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Normalized  Decorrelation  Time ,  rn/7V 

Figure  F-13.  Irreducible  BFSK  and  8-ary  FSK  demodulation  error  rates  in  fast 
Rayleigh  fading  channels. 


Another  motivation  for  this  analysis  is  to  investigate  whether  a  portion  of  the 
Doppler  frequency  spectrum  might  be  cut  off  in  COMLNK  because  the  simulation  up¬ 
dates  the  channel  at  a  rate  slower  than  the  demodulator  A/D  sample  rate  in  most  cases. 
The  default  channel  update  rate  in  COMLNK  is  40 /t0,  which  is  based  on  the  DSWA 
specification  for  time  sampled  channels  [Witwer,  1980;  Dana,  1988].  This  rate  may  be 
modified  slightly  in  COMLNK  so  that  the  A/D  sample  rate  is  an  integer  multiple  of  the 
channel  update  rate  ( i.e .,  so  there  are  an  integral  number  of  A/D  samples  per  channel 
update  period). 

While  a  channel  update  rate  of  40  /t0  is  adequate  to  reproduce  the  temporal  sta¬ 
tistics  of  fades,  we  want  to  ensure  that  it  is  also  adequate  to  represent  the  effect  of 
Doppler  spreading  in  FSK  filters.  The  results  below  show  that  this  channel  update  rate 
is  indeed  adequate  as  the  irreducible  error  rate  agrees  closely  with  the  results  from  the 
previous  subsection  for  the  continuous  case. 

To  simplify  this  analysis  slightly,  we  make  two  assumptions  that  limit  the  channel 
update  period  in  our  analysis:  The  number  of  A/D  samples  within  the  channel  update 
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period  and  the  number  of  channel  updates  within  a  modulation  period  are  required  to 
be  integers.  To  do  this  we  increase  the  number  of  channel  updates  per  decorrelation 
time,  starting  at  40. 

In  the  analysis,  the  channel  update  rate  is  limited  to  not  exceed  the  A/D  sampling 
rate.  More  rapid  channel  sampling  would  account  for  channel  decorrelation  within  a 
single  A/D  sample.  On  the  other  extreme,  the  minimum  channel  update  rate  considered 
here  is  the  FSK  symbol  rate.  Less  rapid  channel  sampling  corresponds  to  slow  fading 
with  no  appreciable  Doppler  spread. 

The  signal  contribution  to  the  kth  A/D  sample  that  is  used  in  the  DFTs  is 

(k+\)At 

Sk=—  \m(t)h(t)dt  (-NT/2<k<NT/2-l)  , 

^  kAt 

where  m(  )  is  the  transmitted  tone  and  h(  )  is  the  channel  response.  For  fast,  flat  fading 
we  only  need  to  consider  a  single  transmitted  tone,  so 

m(t)  =  ejnnaAflU(t/T)  , 


where  n0Af  is  the  tone  frequency.  To  actually  evaluate  the  expression  for  Sk  in  a 
simulation,  it  is  assumed  that  the  integral  is  separable  into  the  product  of  two  terms: 


Sk 


1  (&+l)Ar  1  (fc+l)A; 

r —  | m{t)dt —  ^h(t)dt 

At  tA#  At  /.  A  * 


The  mean  power  of  the  first  integral  is  less  than  unity  because  the  received  signal  has  a 
residual  frequency  of  n0Af  (assuming  ideal  frequency  tracking)  after  downconversion 
to  baseband.  Thus  there  is  a  residual  phase  rotation  of  the  signal  during  the  sample  pe¬ 
riod  At.  The  second  integral  represents  the  effect  of  channel  decorrelation  during  the 
signal  sample  period.  Before  proceeding  with  the  FSK  error  rate,  we  need  to  investi¬ 
gate  the  statistics  of  these  two  terms. 


F.5.1  Sampling  Loss. 

The  first  term  in  the  expression  for  the  A/D  samples  is  denoted  S(kAt)  where 

j  (*+l)Ar 

S(kAt)  =  —  |  m(f )  dt  . 

At  LA. 
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After  substituting  the  expression  for  the  transmitted  tone,  the  sampled  signal  is 

S(kAt)  =  zxp\±jn0«)M(k  +  ±)/ NT]-rf- - — f-  , 

l? no 00 w  '  ^tJ 

where  co^  =  2nAfT  and  the  k  +  y  term  in  the  exponential  just  shifts  the  time  refer¬ 
ence  to  the  center  of  the  samples.  The  mean  power  of  S(kAt),  which  is  less  than  unity, 
gives  the  sampling  loss  assuming  that  the  nQ  tone  was  transmitted.  Assuming  all  tones 
are  equally  like  to  be  transmitted,  the  average  sampling  loss  is 

L  =  2_UJ?  sin2[j(2i-l)(t.M/A'r] 

[{(2/ -IK, /AY]2  ’ 

recognizing  that  the  sampling  loss  is  the  same  for  ±n0.  A  table  of  sampling  loss  values 
for  the  minimum  tone  spacing  (A/T  =  1)  is  given  by  Bogusch  [1989]  for  a  few  values 
of  M  and  NT.  The  loss  depends  only  on  the  ratio  AfT/NT,  so  the  sampling  loss  for 
other  than  the  minimum  tone  spacing  can  be  found  from  the  table  for  some  cases. 

The  average  sampling  loss  is  only  meaningful  for  non-fading  or  slow  fading 
channels  where  the  demodulation  error  rate  is  independent  of  exactly  which  tone  is 
transmitted.  In  fast  fading,  however,  the  demodulation  error  rate  does  depend  on  the 
transmitted  tone,  and  the  sampling  loss  per  tone  is  applied  for  each  transmitted  tone. 

F.5.2  Statistics  of  “Supersampled”  Channels. 

The  second  term  in  the  expression  for  the  A/D  samples  is  denoted  h(kAt)  where 

,  (k+l)At 

h(kAt )  =  —  J  h(t )  dt  . 

^  kAt 

When  the  decorrelation  time  is  so  small  that  it  is  necessary  to  perform  multiple  channel 
updates  per  A/D  sample  period,  the  channel  in  COMLNK  is  referred  to  as  “supersam¬ 
pled.”  The  purpose  of  this  subsection  is  to  calculate  the  statistics  of  the  supersampled 
channel. 

Because  the  channel  response  function  h(t)  for  Rayleigh  fading  is  a  complex, 
zero-mean,  normally  distributed  random  process,  the  supersampled  channel  response 
h(kAt)  is  similarly  distributed,  but  with  different  second-order  statistics.  The  auto¬ 
correlation  function  of  h(kAt),  denoted  Cc,  is 
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1  (*+l)Af  (Z+l)At 

Cc[(k-l)At]  =  (h(kAt)h\lAt))  =  -±j  jdt  jdt'(h{t)h*{t'))  . 

^  kAt  lAt 

After  some  manipulation,  this  reduces  to 

Cc(m) = } {p [(?  -  K) At] + p[K + K) At]} (1  -  Q 4,  . 

0 

where  K-k-l  and  p(  )  is  the  temporal  autocorrelation  function  of  the  channel  re¬ 
sponse  function.  The  supersampled  autocorrelation  evaluated  at  zero  offset, 

Ce(0)  =  2|p(?A()(l-0^ 

0 

is  the  reduction  in  the  signal  energy  within  an  A/D  sample  due  to  the  decorrelation  of 
the  channel  within  that  sample.  An  expression  for  Cc(0),  valid  for  a  channel  with  an 
Z-4  Doppler  frequency  spectrum,  is  given  by  the  Rx  term  in  Equation  (F.5),  where  for 
this  case  TA  =  a4T /NT  x0 . 


F.5. 3  M- ary  FSK  Channel  Bit  Error  Rate. 

Calculation  of  the  M-ary  FSK  channel  bit  error  rate  for  time-sampled  signals  is 
essentially  identical  to  the  calculation  for  continuous  signals.  The  only  difference  is  in 
the  formulas  for  the  output  signal  energy  of  the  filters.  Once  these  values  have  been 
computed  the  error  rate  calculation  is  the  same  as  outlined  in  Section  F.4. 

The  signal  contribution  to  the  output  of  the  nth  DFT  filter,  given  that  the  nQ  tone 
was  transmitted,  is 


AV/2-l^ 

SD{n’no)~TT~  X  S(kAt) h(kAt) exp \-jnn (k  +  ^-) A/ At] 
At  k=-NTn 


There  are  Mx  A/D  samples  per  channel  update  and  M2  channel  updates  per  modulation 
period  (so  MXM2  =  NT).  After  accounting  for  the  difference  in  the  A/D  sample  rate 
and  the  channel  update  rate,  the  signal  contribution  to  the  DFT  output  is 


SD{n,n0)  =  r^jLs{no)&xp 


j(nQ-n)(0M~\  1  1 


4  N7 


..  X  h[{-NT/2  +  lMx)At}D{l,n0,n)  , 
At  i=o 
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where 


(  ^  sin2  \\nQd)M  /  NT] 

Ls(n0)  =  —± - 

l4n0 03 M  !  Nt  j 


is  the  sampling  loss  when  the  n0  tone  is  transmitted,  and 

j(n0-n)(OMk 


-NTn+{i+\)M{-\ 

D(l,n0,n)=  X  exp 

k=-NT/2+lMl 


2  N7 


is  the  sum  of  the  residual  phase  rotations  within  a  DFT  tone  filter  during  the  M2  peri 
ods  when  the  channel  response  function  is  constant. 

The  signal  contribution  to  output  energy  of  the  DFT  tone  filters  is 
E(n0,n)  =  (SD(n0,n)S*D(n0,n)) 


=  r2Ls(n0)-l  2  1  Cc[(l-l')MlAt]D(l,n0,n)D’(l',n0,n) 

%  1=0  l'= 0 

After  some  manipulation,  the  contribution  of  the  “D”  terms  to  the  double  sum  is 

[j(0A/M1[(n0-n)(/-//)]] 


D(l, n0 , n) D* (/', n0,n)  =  ^ ( n0 ,n)S* (n0 ,n)  (-1) A/  7  exp 
where 


2  N7 


Mi-  1 

5,(n0,n)=  J  exp 

k= 0 

A  closed  form  expression  for  this  sum  is 


j(n0-n)ooMk 


2  N7 


S\{n0,n)  = 


1  -  exp  Vr  ]  . 


l-exp[ly(n0-n)(Ow 
Mi  otherwise 


if  (h0  -  n)  Af  T  /  NT  &  even  integer 


Using  these  relationships,  the  mean  signal  energy  at  the  output  of  the  nlh  tone 
filter,  given  that  the  n0  ^  n  tone  is  transmitted,  is 
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E(nQ,n)  =  r2Ls(n0) 


M2  sin2  [^(n0  -n)coMM,  /  NT] 
N$sin2[±(n0  -n)®M/  NT] 


x< Cc(0)  +  2  X  C^kM^t^l-k/ M2)cos[±(n0-n)(»MM1k/ NT]\ 

[  k= 1  J 

and  the  mean  signal  energy  at  the  output  of  the  correct  tone  filter  (n  =  n0)  is 


2  T  \ 


E(n0)  =  r  Ls(n0 ) 


Nr 


Mi- 1  1 

Cc(0)  +  2  XCc(^Ar)(l-*/M2)  . 

a=i  J 


As  we  mentioned  above,  the  difference  between  the  M-ary  FSK  channel  bit  error 
rate  in  fast  fading  with  continuous  channel  response  functions  and  Fourier  transforms 
and  that  obtained  with  A/D  sampling  and  DFTs  is  small  when  the  signal  sampling  rate 
is  sufficient  to  unambiguously  resolve  the  tone  filters.  To  demonstrate  this,  we  show  in 
Figure  F-14  the  irreducible  8-ary  FSK  channel  bit  error  rate  as  a  function  of  the  ratio 
for  three  values  of  the  tone  spacing.  The  solid  and  dashed  lines  in  the  figure  are 
for  the  continuous  case  and  the  symbols  indicate  the  error  rate  for  the  sampled  case. 


Figure  F-14.  8-ary  FSK  channel  bit  error  rate  in  fast  Rayleigh  fading  channels  for 
continuous  and  time-sampled  cases. 
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The  number  of  DFT  points  for  each  tone  spacing  is  indicated  in  the  figure,  and  the 
channel  is  sampled  at  least  40  times  per  x0. 

Clearly  the  results  for  the  sampled  case  reproduce  those  for  the  continuous  case. 
The  only  significant  difference  between  the  two  cases  is  in  the  sampling  loss  (the  con¬ 
tinuous  case  has  no  sampling  loss).  The  irreducible  error  rate  is  independent  of  that 
loss  because  it  just  reduces  the  signal  amplitude  of  the  A/D  samples. 
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APPENDIX  G 


DEMODULATION  PERFORMANCE  OF  BINARY  FREQUENCY  SHIFT¬ 
KEYING  IN  FREQUENCY  SELECTIVE  FADING  WITH  HOPPING 

A  functional  block  diagram  of  a  frequency  hopped,  non-coherent  binary  fre¬ 
quency-shift  keying  (BFSK)  receiver  is  shown  in  Figure  G-l.  There  are  two  filters  for 
either  of  the  possible  transmitted  tones.  For  non-coherent  hard-decision  demodulation, 
the  filter  with  the  largest  output  amplitude  is  selected  to  represent  the  transmitted  tone. 
With  suppressed-carrier  tracking,  the  output  of  the  selected  filter  is  used  in  the  auto¬ 
matic  gain  control  (AGC),  delay  lock  loop  (DLL),  and  automatic  frequency  control 
(AFC)  tracking  loops.  Thus  the  demodulator  output  is  fed  back  into  the  tracking  loop 
measurements  in  this  block  diagram.  This  is  only  one  of  several  possible  design  con¬ 
figurations.  Other  implementations  employ  unmodulated  sync  symbols  for  tracking, 
for  example. 

There  are  two  fundamental  characteristics  of  frequency  selective  fading  that 
complicate  the  analysis  of  the  FSK  demodulation  error  rate.  As  pointed  out  in  Section  2 
of  this  report,  the  two-frequency  mutual  coherence  function  varies  inversely  with  fre¬ 
quency  difference.  As  a  consequence,  the  correlation  between  the  signal  components  at 
the  filter  outputs  is  not  small  as  is  sometimes  the  case  for  fast  fading,  and  one  is  left 
with  the  problem  of  dealing  with  M  mutually  correlated  random  variables  to  compute 
the  error  rate.  A  further  complication  is  that  the  two-frequency  mutual  coherence 
function  is  complex,  so  the  cross  correlation  of  the  tone  filter  outputs  is  also  complex. 
This  effectively  doubles  the  calculations  necessary  to  compute  the  correlation  coeffi¬ 
cients.  Thus  analytic  results  are  practical  only  in  the  case  of  BFSK  modulation.  As  we 
will  show,  the  BFSK  case  is  sufficiently  tedious  mathematically  that  there  is  little  in¬ 
centive  to  attempt  to  develop  analytic  results  for  higher-order  FSK  signaling,  although 
such  results  could,  in  principle,  be  obtained.  Furthermore,  the  BFSK  case  is  sufficient 
to  achieve  our  goal  of  COMLNK  validation.  COMLNK,  of  course,  readily  handles 
much  more  complicated  cases  involving  M-ary  modulation  and  non-linear  carrier 
tracking  loop  operation. 

Frequency  hopping  provides  two  key  advantages  to  an  FSK  communications  link. 
The  primary  advantage  of  hopping  is  protection  from  jamming,  whether  hostile  or  in¬ 
advertent.  A  side  benefit,  if  the  hopping  rate  is  equal  to  or  larger  than  the  modulation 
symbol  rate,  is  protection  from  intersymbol  interference  in  frequency  selective  fading 
channels. 
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Figure  G-l.  Block  diagram  of  a  binary  FSK  receiver  with  frequency  hopping 


In  this  appendix  we  will  only  consider  the  case  where  the  hopping  rate  is  equal  to 
the  symbol  rate.  If  the  hopping  rate  is  faster  than  the  symbol  rate,  then  signal  energy 
from  multiple  hops  per  symbol  must  be  non-coherently  combined.  This  would  add  con¬ 
siderable  complexity  to  the  analysis1,  although  it  is  readily  handled  by  COMLNK.  If 
the  hopping  rate  is  slower  than  the  symbol  rate,  then  signal  energy  from  previous  sym¬ 
bols  within  a  hop  can  interfere  with  the  on-time  symbol,  and  we  consider  the  limiting 
case  (no  hopping)  in  Appendix  H. 

In  Section  G.  1  of  this  appendix  we  give  some  general  results  for  the  BFSK  signal 
with  hopping  and  noise  at  the  output  of  the  tone  filters  for  both  continuous  and  sampled 
channel  impulse  response  functions  (CIRFs).  In  Section  G.2  we  investigate  the  per¬ 
formance  of  delay  tracking  in  slow,  frequency  selective  fading.  Here  we  compute  the 
ideal  delay  offset  for  both  continuous  and  sampled  CIRFs.  The  BFSK  demodulation  er¬ 
ror  rate  with  a  fixed  delay  offset  is  then  computed  in  Section  G.3  for  slow,  frequency 
selective  fading.  Our  results  show  that  BFSK  demodulation  performance  in  frequency 
selective  fading  is  very  sensitive  to  the  delay  offset.  Thus  to  compare  simulation  results 
with  these  theoretical  developments  we  must  turn  the  DLL  in  COMLNK  off,  and 
simulate  demodulation  performance  at  fixed  values  of  the  delay  offset.  In  Section  G.4 
we  calculate  the  BFSK  error  rate  in  fast,  frequency  selective  fading  assuming  zero  de¬ 
lay  offset.  Finally,  in  Section  G.5  we  discuss  the  effects  of  channel  delay  sampling  on 
the  BFSK  demodulation  error  rate. 

Even  ignoring  delay  tracking,  the  BFSK  demodulation  error  rate  result  for  gen¬ 
eral  time  and  frequency  selective  fading  is  extraordinarily  tedious  to  calculate  analyti¬ 
cally  and  is  only  possible  because  of  modem  symbolic  mathematics  computer  programs 
such  as  Mathematica®  [ Wolfram ,  1996]  used  by  the  first-named  author.  To  our 
knowledge  these  are  new  results  that  have  not  appeared  elsewhere  in  the  literature. 

Note  that  the  tedious  computation  presented  here  is  only  associated  with  the  theoretical 
analysis.  The  COMLNK  digital  simulation  algorithms  are  quite  straightforward. 

G.l  GENERAL  RESULTS  FOR  FSK  WITH  HOPPING. 

In  a  binary  FSK  communications  link,  the  transmitted  signal  during  the  ktk  sym¬ 
bol  period  is 


1  Bogusch  [1989]  discusses  8-ary  FSK  non-coherent  combining  loss  in  AWGN  and  slow  Rayleigh  fad¬ 
ing  channels. 
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m(r)  =  X^Cra*A/)'n 

k 


where  A f  is  the  tone  spacing  and  T  is  the  modulation  period  (or  channel  bit  period  for 
BFSK).  The  transmitted  tone  is  determined  by  the  value  of  nk,  where  nk  =  ±1  for 
BFSK.  The  rectangular  function  !!(•)  is  defined  as 


nc*)= 


if  |  x  |  <  y 
otherwise 


Here  m{t)  represents  a  frequency  offset  in  the  transmitted  signal,  so  the  carrier  fre¬ 
quency  per  se  is  never  transmitted  (unless  sync  symbol  tracking  is  employed). 

The  received  signal  is  the  convolution  of  the  channel  impulse  response  function 
and  the  transmitted  modulation.  For  a  continuous  CIRF  the  received  signal  is 

oo 

u(t)  =  rjm(t- x)h(t, %)dx  , 
o 

where  r  is  the  mean  received  signal  amplitude.  In  slow  fading  developments  later  in 
this  appendix,  the  CIRF  does  not  vary  during  the  modulation  period,  so  h(t,  x )  is  re¬ 
placed  by  h{x)  in  this  equation  in  this  case.  In  either  a  simulation  such  as  COMLNK  or 
in  a  hardware  channel  simulator,  the  CIRF  must  be  sampled  in  delay  and  time.  The 
sampled  CIRF  version  of  the  convolution  equation  is 

nx~  l 

u(t )  =  r  m(r  -  zAt )  h(t ,  (At)  At  , 

(=0 

where  At  is  the  delay  sample  size,  and  N,  is  the  number  of  delay  samples.  In  later  de¬ 
velopments  we  use  fy(r)  as  a  shorthand  notation  for  h(t,iAx)Ax. 

The  received  signal  is  processed  in  filters  to  determine  which  tone  was  transmit¬ 
ted.  The  output  voltage  of  the  mth  filter  (m  =  ±1)  during  the  kth  symbol  period  is 

{k+]/2)T+xD 

Zm,k=±  jK0  +  n(0]^(7W,A/)'^  ,  (G.l) 

1  (*-i/2)r+xD 


G-4 


where  xD  is  the  delay  offset.  The  ideal  value  of  XD  is  non-zero  in  frequency  selective 
fading.  The  signal  is  demodulated  by  selecting  the  filter  with  the  largest  output  ampli¬ 
tude2. 


When  the  signal  is  hopped  so  each  symbol  is  transmitted  at  a  different  carrier 
frequency,  signal  energy  from  symbols  other  than  the  “on-time”  symbol  is  severely  at¬ 
tenuated  by  the  receiver  downconverter  and  band-pass  filters.  Ideally  only  energy  from 
a  single  transmitted  symbol  is  received  during  any  sample  period.  Letting  k  =  0  repre¬ 
sent  the  on-time  symbol,  the  signal  contribution  to  the  filter  output  voltages 
[Eqation  (G.l)]  is 


T12+xD 


Sm=r\dxe~JK"° 
o 

for  a  continuous  CIRF  and  is 

Nx-\ 


■j{n0nAf)x 


I  ' 

T  „ 


dth(t,x)e 

-TI2+xD 


fK.(n0-m)Aft 


n 


t-x 


-j(n;inAf)iAx 


1 


T/2+xd 


Sm=rT  e  T 

i~0  1 


dt  ht  (t)  ey7t("°  ~m)A/ 1  n 


t-iAx' 


-T/2+ xD 


for  a  sampled  CIRF. 

The  complex  voltage  n(t)  is  additive  white  Gaussian  noise  (AWGN)  with  the 
usual  properties: 

(n(t))  =  0 

(n(t)n(t'))  =  0  ,  (G.2) 

(n(t)n\t'))  =  N0b(t-t') 


where  N0  is  the  one-sided  noise  spectral  density,  and  8(0  is  the  Dirac  delta  function. 
The  second  equation  results  because  the  real  and  imaginary  parts  of  AWGN  are  uncor¬ 
related.  The  noise  contribution  to  the  filter  output  voltage  is  then 


2  Hard-decision  demodulation  is  assumed  here.  In  coded  systems,  soft-decision  demodulation  may  be 
used,  wherein  all  filter  outputs  are  provided  for  subsequent  processing. 
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.  (k+]/2)T+xD 

Nm.k=~  J n(l)  e-*-”**  dt  . 

1  (k-M2)T+1D 


Because  n(t )  is  a  complex,  normally  distributed  random  process  with  zero  mean,  N  k 
is  similarly  distributed.  Thus  to  complete  the  description  of  the  filter  output  noise,  we 
need  the  variance  and  cross  correlation  of  Nm  k.  The  cross  correlation  is 


1  (k+l/2)T+iD  (k+l/2)T+xD 

*  (k-M2)T+xD  (k-\!2)T+xD 


Because  the  noise  n(t )  is  delta-correlated,  this  expression  reduces  to 


C, 


N 


_^0 


exp  jn(m-  m')Af(kT  +  x^)j 


sin[^7t(m-m/)A/T]  N{ 
^Tt(m-m')A/T 


0-8  , 
Y  mjn 


(G.3) 


for  orthogonal  signaling  (i.e.,  AfT=  positive  integer)  where  8mm<  is  the  Kronecker 
delta-symbol: 

fl  ifm  =  m' 
otherwise 


G.2  IDEAL  DELAY  OFFSET. 

In  a  frequency  hopped  FSK  receiver,  time  tracking  is  done  by  generating  early 
and  late  voltage  samples  at  each  hop  position.  The  DLL  then  attempts  to  equalize  the 
energy  of  these  two  samples.  During  the  k  symbol  period,  the  early  and  late  voltages 
at  the  output  of  the  mth  tone  filter  are  given  by  integrating  the  received  voltage  over 
the  first  and  second  halves  of  the  tone  period,  respectively: 

j  k.T+ 1D 

ze  =  ~  \  [“(0  +  «(f )]  exP  [-y(mrcA/)f]  dt 

1  (k-l/2)T+xD 
-  (k+M2)T+xD 

ZL=—  J[w(r)  +  n(0]exp[-./(m7tA/)f]  dt  . 

T  kT+ xD 

The  filter  output  voltage  used  for  demodulation  is  just  ZE  +  ZL.  With  one  hop  per 
symbol,  we  only  need  to  consider  these  voltages  for  a  single  symbol,  and  the  k  =  0 
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symbol  is  a  particularly  convenient  one.  Now  early  and  late  sample  energy  can  be 
evaluated  for  continuous  and  sampled  channel  impulse  response  functions. 

Continuous  CIRF :  For  this  case  the  signal  contributions  to  the  early  and  late  sample 
voltages  from  the  filter  corresponding  to  the  transmitted  tone  are 

oo 

SE  =  r  J dx  e~jin°%Afn  j  dt  hit ,  x)  n  ^ 

t0-772 
%d+T!2 

dxe~M o7tA/)T  j  J  dt  hit ,  x)  n  ^  . 

We  assume  for  this  calculation  that  the  fading  is  slow  compared  to  the  modulation  pe¬ 
riod  (x0/r»l),  so  the  channel  impulse  response  function  is  invariant  over  the  period 
of  the  two  time  integrals.  With  this  assumption  the  CIRF  can  be  pulled  out  of  the  time 
integrals  to  give: 

oo 

=-  f  h(x)e-j{n°nAf)x  5l~ 2(1  +  -Lx 

2J  T  2. 

o 


SL  =  -  f  h(x)e-j(n°nAf)x  -] dx 

2J  T  2 

o 

where  h(x)  is  the  time-invariant  channel  impulse  response  function,  and  the  trapezoid 
function  5(  )  is  defined  as 

i  if|*|si 

E(x)  =  <  |  -  |;t|  if  y<|x|  <|  . 

0  otherwise 

Similarly,  the  on-time  signal  voltage  in  slow  fading,  given  by  the  integral  of  the  re¬ 
ceived  voltage  over  the  entire  symbol  period  T,  is 


where  A  is  the  triangle  function: 


aw-  i-w  if|x|si  . 

0  otherwise 


The  average  signal  energy  of  the  early,  on-time,  and  late  samples  in  frequency 
selective  fading  is  obtained  by  making  the  usual  assumptions  that  the  CIRF  is  a  zero- 
mean,  complex  normally  distributed  random  process  that  is  wide-sense  stationary  in 
frequency  and  thus  has  the  following  first  and  second  order  moments: 

(h(x))  =  {h(x)h(  x'))  =  0 

/  *  v  ,  (G.4) 

[h(x)h  (t'))  =  G(t)8(t-t') 

where  G(x)  is  the  power  impulse  response  function  defined  in  Equation  (2.8).  We  note 
that  a  phase-rotated  CIRF  such  as 

h(x)e-jin °*A/)T 


that  appears  in  the  equations  for  the  signal  voltages  has  exactly  the  same  statistical 
properties  as  h(x),  so  the  phase  term  multiplying  h(x)  can  be  ignored.  With  these  sta¬ 
tistical  properties  for  the  continuous  CIRF,  the  average  signal  energy  reduces  to 


<££)  =  {S£S£)  =  ^Jg(t)S2 


2(x  — xg)  |  T 
T  2 


dx 


{£0)  =  (S0S;)  =  r2jG(t)A: 


T-T 


D 


dx 


(Continuous  CIRF)  .  (G.5) 


{el)  =  (sls'l) 


2(t-t  d) 
T 


r 

2. 


dx 


o 

These  integrals  can  be  done  in  closed  form  using  the  exponential  form  for  the  power 
impulse  response  function.  The  reader  is  spared  the  details. 


Sampled  CIRF:  For  a  discrete  (tapped  delay  line)  channel  impulse  response  function 
the  expression  for  the  early  voltage  becomes 


SE=-'Z  hie-J{n°KAmx~ 
2  (=o 


’2(/AT-Tn) 


Similar  expressions  hold  for  the  on-time  and  late  voltages.  Equations  similar  to  (G.4) 
hold  for  the  sampled  channel  impulse  response  function: 


<*(>“(*»  *c>  = 0 


where  an  expression  for  the  mean  power  in  each  delay  sample,  Ph  is  given  in  Equa¬ 
tion  (2.14).  The  integrals  in  Equations  (G.5)  are  then  replaced  by  a  summation  over 
discrete  delays  for  the  sampled  CIRF  case: 


r2 

^  1=0 

1=0 

r2  N'~l 

(El)=!j2p,  h2 

4  i= 0 


^(tAx-x^,)  T 

T  +2 


tAx-x 


D 


T 

2(iAx-xD)  T 


(Sampled  CIRF)  . 


A  delay  lock  loop  attempts  to  adjust  the  receiver  timing  relative  to  the  incoming 
signal  until  the  average  signal  energy  in  the  early  sample  is  equal  to  that  of  the  late 
sample.  Thus  we  compute  the  ideal  delay  offset  by  solving  the  equation  ( Ee )  =  (El) 
for  xD.  To  see  how  this  works  in  practice,  it  is  useful  to  plot  the  early,  on-time,  and 
late  energy  for  a  few  cases.  In  Figure  G-2  we  plot  these  quantities  for  the  case  where 
the  frequency  selective  bandwidth  is  one-tenth  of  the  symbol  rate  (/0  T  =  0.1)  and  the 
CIRF  is  continuous.  The  crossover  point  of  the  curves  for  the  early  and  late  energy 
gives  the  ideal  delay  offset,  which  for  this  case  is  xDIT  =  0.49  where  xD  =  0  is  the 
ideal  offset  for  non-fading  or  flat  fading  channels.  This  is  almost  the  same  delay  offset 
where  the  on-time  energy  is  maximum3. 


3  Solving  the  equation  ( Ee  )  =  (El)  is  not  the  same  as  maximizing  (E0). 
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Normalized  Delay  Offset ,  r Q/T 


Figure  G-2.  Early,  on-time,  and  late  sample  energy  versus  delay  for  a  continuous 
CIRF. 


When  the  CIRF  is  sampled  in  the  delay  domain,  the  early  and  late  energy  curves 
versus  delay  are  not  as  well  behaved,  as  illustrated  in  Figures  G-3  and  G-4  for  CIRFs 
with  two  and  four  delay  samples  per  symbol  period,  respectively.  Again  these  curves 
are  plotted  for  a  normalized  frequency  selective  bandwidth  of  one-tenth,  and  the  early 
and  late  energy  curves  for  a  continuous  CIRF  are  plotted  also  for  comparison. 

A  local  maximum  occurs  whenever  the  delay  samples  of  the  CIRF  are  aligned 
with  the  receiver’s  integration  period.  This  is  most  pronounced  in  Figure  G-3  where 
the  early  and  late  energy  curves  have  local  maxima  for  delays  which  are  integer  multi¬ 
ples  of  Til.  The  crossover  point  of  the  sampled  CIRF  early  and  late  energy  curves  is  at 
xd/T  =  0.31,  about  one-fifth  of  a  symbol  period  earlier  than  the  crossover  point  for  a 
continuous  CIRF.  The  sampled  CIRF  curves  for  four  samples  per  symbol  period  in 
Figure  G-4  are  somewhat  better  behaved,  but  clearly  show  a  shift  of  the  entire  energy 
curve  to  earlier  delays  relative  to  the  continuous  CIRF  curves.  Thus  the  ideal  delay  off¬ 
set  also  shifts  to  a  smaller  value. 
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Figure  G-3. 


Figure  G-4. 


Normalized  Delay  Offset,  td/T 

Early  and  late  sample  energy  versus  delay  for  a  sampled  CIRF  with  two 
samples  per  symbol  period. 


Normalized  Delay  Offset,  td/T 

Early  and  late  sample  energy  versus  delay  for  a  sampled  CIRF  with 
four  samples  per  symbol  period. 
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The  ideal  delay  offset  versus  the  normalized  frequency  selective  bandwidth  f0  T 
is  plotted  in  Figure  G-5  for  continuous  CIRFs  and  sampled  CIRFs  with  ND  =  2,  4,  8, 
and  32  delay  samples  per  symbol  period.  It  is  seen  that  a  large  number  of  delay  sam¬ 
ples  per  symbol  is  required  to  achieve  close  agreement  between  the  sampled  and  con¬ 
tinuous  CIRF  ideal  delay  offsets.  However,  this  difference  is  of  little  practical  signifi¬ 
cance  for  delay  offsets  less  than  one-tenth  of  a  symbol  period,  and  for  xD  /  T  >  0. 1 
there  are  diminishing  returns  when  more  than  four  samples  per  symbol  period  are 
used.  Thus  we  conclude  that  four  channel  samples  per  symbol  period  is  probably  suffi¬ 
cient  for  delay  tracking  in  this  case. 

G.3  BFSK  DEMODULATION  ERROR  RATE  FOR  SLOW,  FREQUENCY 
SELECTIVE  FADING  WITH  DELAY  TRACKING. 

As  mentioned  in  the  introduction  to  this  appendix,  the  analytic  expression  for  the 
BFSK  error  rate  in  time  and  frequency  selective  fading  is  quite  complicated  and  adding 
the  effects  of  delay  tracking  further  exacerbates  this  problem.  Thus  we  have  chosen  to 
develop  analytic  demodulation  error  rate  expressions  with  non-zero  delay  offset  only 
for  slow,  frequency  selective  fading  and  to  develop  such  expressions  with  zero  delay 
offset  for  fast,  frequency  selective  fading.  The  first  of  these  two  cases  is  considered  in 
this  subsection. 


Figure  G-5.  Ideal  delay  offset  for  sampled  and  continuous  CIRFs. 
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The  output  of  the  two  BFSK  tone  filters  is  given  by  Equation  (G.l).  With  fre¬ 
quency  hopping,  energy  from  symbols  other  than  on-time  symbol  is  attenuated  by  the 
downconversion  and  bandpass  filtering  processes  in  the  front  end  of  the  receiver,  so 
the  transmitted  signal  can  be  written  as 

m(0  =  ej{nn°Af)t  n 

where  n0  =±1  is  the  transmitted  tone.  In  slow  fading,  the  voltage  from  the  mth  tone 
filter  is  then 


oo 

77  2+ /* 

Zm=-  J  dte-j{mnhf)t  dxh(T)ej{n°W){‘-z)  II 

T -TI2+1D  J 


t-x 


+  N„ 


This  equation  is  easily  extended  to  the  case  where  the  channel  impulse  response  func¬ 
tion  is  sampled  by  replacing  the  delay  integral  with  a  summation  over  the  delay  sam¬ 
ples. 

Without  loss  of  generality,  we  assume  that  the  n0  =+l  tone  is  transmitted.  By 
changing  the  order  of  integration,  the  voltage  out  of  the  filter  corresponding  to  the 
transmitted  tone  can  then  be  written  as 


■>+1 


oo  . 

=  r  h(x)e~^K^^  A 


T-T 


D 


dx  +  JV+j  . 


When  the  CIRF  is  sampled  the  output  of  this  filter  becomes 


Nr- 


Z+1  =r  X  V'(7tA/):ATA 


i=0 


iAx-x 


D 


+  N 


+1 


Similarly,  the  voltage  out  of  the  other  filter  (m  =  -1)  is 

oo 

Z_l=rCM]h(x)F{x,xD)dx  +  N_l  , 
o 

Nz-\ 

z_,  =rCM  £  hi  F(iAx, xD)  +  N_ ,  , 

i=0 


where  the  coefficient  CM  is  defined  as 


(Continuous  CIRF) 


(Sampled  CIRF) 

(Continuous  CIRF) 
(Sampled  CIRF) 
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Cm  ~ 


(-1) 


A/r 


CO 


M 


and  =  2n  AfT  is  the  normalized  tone  spacing  radian  frequency.  We  assume  that  the 
tones  are  orthogonal,  so  A fT=  an  integer  >  0.  The  filter  response  is 


F{X'Xd)  =  ±J 


X  s 


ej(nAf)(2tD-x)  _  ej(xAf)x 


0 


X~XD  £ T 


x-xD>T 


where  the  leading  sign  is  plus  for  x<xD  and  is  minus  for  x  >  xD. 

The  demodulation  error  rate  is  computed  from  the  mean  energy  at  the  outputs  of 
the  two  filters  and  the  voltage  cross  correlation  coefficient.  Using  the  properties  of  the 
continuous  CIRF  given  in  Equation  (G.4)  and  the  properties  of  the  filter  output  noise 
given  in  Equation  (G.3),  the  mean  energy  of  the  signal  plus  noise  at  the  filter  outputs 
are4 


^-(Z^Z^r5 


G(x)  A2 


x-x 


D 


0 


E+l=(z+Xi)  =  r2\  I  Pt  A2 
l  1=0 


T 

iAx  -  t 


dx  +  — 
Y 


D 


+  • 


Y. 


(Continuous  CIRF) 


(Sampled  CIRF) 


and 


E~\  =(z_1Zl,)  =  r2i 

o 

4 

9 

o 

/• 

G(x)sin2 

1 

8 

§ 

1  H 

1 

! 

_ j 

<Yt  +  - 

i  \  l  if 

J 

L  27  J 

Y 

l  o 

\x-xd\^ 
(Continuous  CIRF) 


4  N%-\ 


E.,=(z.,z:i)=r2  -T-  1  pi s”: 

I  i=0 


'aM(xD-iAxj 


2  T 


1 


+  -|  \iAx-xD\<T  , 

(Sampled  CIRF) 


4  The  presence  of  co^  in  the  denominator  of  the  two  expressions  for  indicates  that  one  is  not  going  to 
be  able  to  set  coM  =  0  to  transform  E_ j  into  E+v 
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where  y  =  r2T/N0  is  the  mean  channel  bit  energy-to-noise  spectral  density  ratio.  The 
cross  correlation  of  the  voltage  out  of  the  two  filters  is  complex  because,  as  discussed 
in  Section  2,  the  two-frequency  mutual  coherence  function  for  trans-ionospheric  chan¬ 
nels  is  complex.  We  show  above  that  the  noise  out  of  the  two  filters  is  uncorrelated  for 
orthogonal  signaling,  so  only  the  signal  contributes  to  the  cross  correlation  coefficient. 
After  some  manipulation,  the  complex  cross  correlation  coefficient  is  written  in  the 
form 


C  =  \Z+\  Z_j )  =  2r 


2  (~!l_ 1  + 


G(x)  A  1^2-  sin  ggJI . T-gl  e-j^+XD)/rdx  . 

T  IT 


(Continuous  CIRF) 


C  =  <Z+1Z*)  =  2r^Y^^l4 

'  <°M  »=0  L  T  J  L 


03 M  iAT-T^I  I  -ji 


d\  e~j\aM{iAz+zD)/T 


(Sampled  CIRF) 


The  integrals  for  the  continuous  CIRF  case  can  be  obtained  in  closed  form  for 
the  exponential  form  of  the  power  impulse  response  function.  For  the  sampled  CIRF 
case,  the  above  expressions  are  evaluated  numerically  using  Equation  (2.14)  for  P \.  To 
simplify  the  results  for  the  continuous  CIRF  case,  we  write  the  expressions  for  £+i. 

E_ j,  and  C  in  terms  of  the  normalized  delay  offset  xd  ~ xd/T- 

The  mean  signal  plus  noise  energy  at  the  output  of  the  filter  corresponding  to  the 
transmitted  tone  is  then  given  by 


l  +  (l-k  +  UD)2  2e_X(Ma) 


-l<tn  <0 


E+l=r2  (tD-l)-  + 


2  2(1  + A,-X.xd)  4e 


=  r4 


X  +Y 


•  +  —  0<Tn<l 

7 


Xn  >1 


The  mean  signal  plus  noise  energy  of  the  output  of  the  other  filter  is 
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E- 1  =  ^ 


E,  =  r' 


2A2  cosl 

K^d) 

+  2coMAsin(<x>M 

*Z>D 

®M 

(A2+oy 

CO 


7c+(*2m  y 


'  +  ■ 


A/ 


(ip— !)  _  ^-A.(tD+l) 


A2  +coi 


M 


1 

+  - 
y 


-1<td<1 


TP>1 


where  again  the  tone  spacing  radian  frequency  is  coM  =  InAfT.  The  cross  correlation 
coefficient  of  the  output  voltages  is  complex,  with  real  part  CR  and  imaginary  part  C;: 


Cp  =  r 


A(A2+co^-2A)  (l- A  + AxD)sin(co;Ut£,) 

(A2+co^)2  A2+co^ 


®a/A 


+• 


3A2  +co^; 

sin 

+  2A3  cos 

e-H'-hy 

A(A2+co^) 

2  [ 

-1<XD<0 


Cd  =  r\ 


A  (A2  +co^  +2  A)  Xtd  (l  +  A-Axg)sin(CoA/TD) 

(A2+co^)2  A2+co^ 

2[Acos(comtd)  -  co^  sin  (cQa ^D)]e~Xx° 


®a/A 


A2  +(£>2m 


0<xd<1 


(3A2+C0m) 

sin 

-2A 

3cos(coMxZ)) 

e-X(l+T0)' 

A(A2+co  h) 

i2 

r 

2  A2  cos 

< 

(®M* 

d) 

tXs 

1 

+1) 

(x> 

+  ®AC/ 

2 

com(3A2  +co2/)sin(coMTp)[g-x^+1) 
(A2+co^)2A 

2[Acos(co^xd)  -  co^  sin(coMTz?)]g~XT°  | 

A2  +  ®A* 


td>1 
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-1<TZ)<0 


C,=r 2 


A,[2X.2  (1  +  A,)(X.2  +co^)]  |  X2xg  (l -X.  +  A,Tp)cos(cojV/TD) 
+OiZMf  a)w(X2+co^)  coMX 

[com(3X2  +(o^)cos((oMxz?)-2X3sin(m^;cg)]g~x(1~To) 


C,  =  r 


?i(a,2 +<*&) 

_j2[x[2A,2-(1-^)(A,2+(o^)]  A.2xp  (l  +  a,-£x0)cos(toMxg) 
com(A,2  +co^)2  +com)  “aA 


+ 


+ 


2[coMc°s(coMTD)  +  ?isin(coM;cD)]g 
X2+co2m 

[^m^2  +co^)c°S(coMx0)  +  2?i3sin(a)MTD)]g  ^(1+Td) 


0<xD  < 1 


X(A?  +  to  a/) 


r 

(3A?+coy 

cos(cowxD) 

e 

X  +  CD 

n 

M ) 

2 

1 

2^2sin((o/WtD)[e-X(^+1)-g-"^-,)‘ 

(^2+®m)2 

2[coMcos(coM;ug)  +  ?isin((0MxZ))]e~x^ 

*?+®  l 


The  BFSK  demodulation  error  rate  is  given  in  Appendix  D  with  the  substitutions 
erf  =  a2  =  £+],  and  of  of  p2  =  C2R  +  Cj.  Thus  the  BFSK  demodulation  error  rate 
with  frequency  hopping  in  slow,  frequency  selective  Rayleigh  fading  is 


£+i~£-i 

1/(£+1  +  £_,)2-4(cI  +  C?) 


(G.6) 


As  one  might  guess  from  the  form  of  the  equations  for  the  filter  output  energy 
and  the  cross  correlation  coefficient,  the  demodulation  error  rate  is  quite  sensitive  to 
the  delay  tracking  error.  To  illustrate  this  sensitivity,  we  plot  the  mean  signal  energy 
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0  0 

and  normalized  correlation  coefficient  (p  in  the  expression  for  CR  +  C, )  of  the  filter 
outputs  versus  delay  offset  in  Figure  G-6  for  a  case  where  the  normalized  frequency 
selective  bandwidth  f0T  is  0.1,  the  tone  spacing  AfT  is  3,  and  the  CIRF  is  continuous. 

The  same  parameters  for  a  sampled  CIRF  with  two  delay  samples  per  symbol 
(  Nd  =  T I  Ax  =  2)  are  plotted  in  Figure  G-7.  The  corresponding  irreducible  error  rates 
[i.e.,  Equation  (G.6)  with  y  — » <*>]  versus  delay  offset  are  plotted  in  Figure  G-8. 

A  number  of  observations  are  readily  apparent  from  these  results.  First,  the  de¬ 
lay  offset  that  maximizes  the  output  signal  energy  of  the  filter  corresponding  to  the 
transmitted  tone  does  not  necessarily  correspond  to  the  minimum  BFSK  demodulation 
error  rate.  Indeed,  for  the  continuous  CIRF  case  the  minimum  error  rate  occurs  near 
td  =  0  whereas  the  maximum  energy  occurs  near  td  =  T 12.  Second,  the  irreducible 
error  rate  for  the  sampled  CIRF  case  is  zero  for  xD  <  -T /  2  because  the  normalized 
cross  correlation  coefficient  is  unity  in  this  region.  This  is  an  artifact  of  the  sampling 
(fortunately,  the  DLL,  if  operating  near  its  ideal  value,  will  keep  the  delay  error  posi¬ 
tive).  Third,  the  irreducible  BFSK  demodulation  error  rate  is  quite  sensitive  to  the  de¬ 
lay  offset,  especially  when  the  CIRF  is  coarsely  sampled.  An  active  DLL,  however, 
will  tend  to  average  over  these  delay  offsets  as  the  tracking  error  varies  with  time.  For 
this  reason,  we  turn  the  DLL  off  in  COMLNK  when  generating  simulation  results  to 
compare  with  these  theoretical  results.  Therefore  the  comparisons  have  little  practical 
significance  other  than  for  simulation  verification. 

The  effect  of  delay  tracking  on  BFSK  performance  is  summarized  in  Figure 
G-9,  where  the  irreducible  BFSK  demodulation  error  rate  with  the  ideal  delay  offset 
(td  equal  to  the  ideal  value  from  Figure  G-5)  and  with  no  offset  (tD  =0)  is  plotted 
versus  normalized  frequency  selective  bandwidth.  While  delay  tracking  does  not  mini¬ 
mize  the  error  rate,  it  does  reduce  the  irreducible  error  rate  by  a  factor  of  about  2  for 
f0T  values  greater  than  2  or  so.  Below  this  value  of  f0T  however,  delay  tracking  ac¬ 
tually  degrades  BFSK  demodulation  performance  slightly  from  the  performance  that 
could  be  obtained  if  the  receiver  could  maintain  time  tracking  at  the  position  it  should 
have  in  a  benign  environment  (xD  =  0).  Of  course  the  possible  presence  of  line-of- 
sight  or  total  electron  content  dynamics  or  both  force  one  to  do  delay  tracking  if  the 
receiver  is  to  have  any  chance  of  maintaining  lock  on  the  received  signal.  Furthermore, 
it  must  be  emphasized  that  all  results  involving  the  irreducible  error  rate  apply  only 
when  the  signal-to-noise  ratio  is  infinitely  large,  a  condition  that  is  rarely  representa¬ 
tive  of  actual  practice. 
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Figure  G-6. 


Figure  G-7. 


c 


Normalized  Delay  Offset,  %0/T 


Mean  signal  energy  and  cross  correlation  coefficient  versus  delay  for  a 
continuous  CIRF,  f0T  =  0.1,  and  Af  T  -  3. 


c 


Normalized  Delay  Offset,  1 0/T 


Mean  energy  and  cross  correlation  coefficient  versus  delay  for  a  sam¬ 
pled  CIRF  (Nd  =  2),  f0T  =  0.1,  and  AfT  =  3. 
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Figure  G-8. 


Figure  G-9. 


Normalized  Delay  Offset ,  r 0/T 


BFSK  irreducible  demodulation  error  rate  versus  delay  for  continuous 
and  sampled  CIRFs,/0r  =  0.1,  and  AfT  =  3. 


BFSK  irreducible  demodulation  error  rate  with  frequency  hopping  and 
with  and  without  delay  offset. 
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It  is  interesting  that  the  irreducible  error  rate  of  BFSK  with  hopping  approaches 
a  limit  that  is  less  than  50  percent  in  severe  frequency  selective  fading  ( f0T  — »  0). 
When  the  delay  offset  is  zero,  this  asymptotic  limit  is 


foT-*0,  xD=0)  , 


which  is  equal  to  0.091  for  minimum  tone  spacing  (AfT  =  1),  0.011  for  the  AfT  =  3 
case  plotted  in  Figure  G-9,  and  9.5  xlO"4  for  AfT  =  10. 

The  effect  of  tone  spacing  on  the  BFSK  demodulation  error  rate  in  slow  fre¬ 
quency  selective  fading  with  hopping  is  illustrated  in  Figure  G-10  for  a  continuous 
CIRF  where  we  plot  the  irreducible  error  rate  for  three  values  of  AfT.  The  delay  off¬ 
set  is  set  to  zero  for  these  plots.  For  this  case  when  f0T  is  less  than  1  or  so,  the  de¬ 
modulation  irreducible  error  rate  decreases  by  about  a  factor  of  10  for  each  factor  of  3 
increase  in  the  tone  spacing. 


Figure  G-10.  BFSK  irreducible  demodulation  error  rate  with  frequency  hopping  for 
three  tone  spacings. 
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The  ideal  BFSK  demodulation  error  rate  in  slow,  frequency  selective  fading  with 
frequency  hopping  and  a  continuous  CIRF  is  plotted  in  Figure  G-ll  versus  Ecb  /  jV0  for 
several  values  of  f0  T.  For  each  case  the  ideal  delay  offset  is  given.  At  error  rates 
above  5  percent  or  so,  the  effect  of  frequency  selective  fading  is  just  to  shift  the  error 
rate  curves  to  the  right  by  the  loss  in  signal  energy  at  the  output  of  the  filter  corre¬ 
sponding  to  the  transmitted  tone.  This  loss  in  signal  energy  occurs  because  energy  with 
times-of-arrival  outside  of  the  time  interval  - T/2  +  xD<t<TI2  +  xD  arrives  when 
the  receiver  is  set  at  a  different  carrier  frequency.  Energy  from  the  on-time  symbol 
that  arrives  early  (?<-772  +  td)  arrives  when  the  receiver  is  still  at  the  carrier  fre¬ 
quency  of  the  previous  symbol,  and  energy  that  arrives  late  (t  >  772  +  xD)  arrives  af¬ 
ter  the  receiver  has  hopped  to  the  carrier  frequency  of  the  next  symbol.  As  the  channel 
bit  energy-to-noise  density  ratio  increases,  the  curves  approach  an  irreducible  error 
rate  determined  by  the  amount  of  signal  in  the  output  of  the  wrong  filter. 


G.4  BFSK  DEMODULATION  ERROR  RATE  FOR  FAST,  FREQUENCY 
SELECTIVE  FADING  WITHOUT  DELAY  TRACKING. 


As  discussed  above  the  expressions  for  the  BFSK  demodulation  error  rate  in 
time  and  frequency  selective  fading  are  sufficiently  complex  that  we  have  not  included 
delay  offset  in  this  calculation.  Thus  the  signal  contribution  to  the  tone  filter  outputs  is 


=  rjdxe-J(n°nAf)x 
o 


T 


77  2 

j dth(t,T)eMn°-mW‘  n 


r-x 

T 


-772 


for  the  continuous  CIRF  case.  The  effect  of  the  rectangular  function  in  the  equation  for 
Sm  is  to  change  the  lower  limit  of  the  time  integral  to  —T /  2  +  x .  The  extension  of  this 
equation  to  the  sampled  CIRF  case  is  straightforward.  As  before,  delay  integrals  are 
replaced  by  sums  over  delay  samples.  We  will  not  consider  the  sampled  case  further 
until  we  have  derived  expressions  for  the  signal  energy  out  of  the  two  filters  and  the 
cross  correlation  coefficient. 

To  obtain  the  BFSK  demodulation  error  rate  in  Rayleigh  fading  we  need  only  to 
calculate  the  second  order  moments  of  Sm.  In  such  fading,  Sm  is  a  complex,  zero- 
mean,  normally  distributed  random  variable. 
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Channel  Bit  Error  Rate 


Channel  Bit  Energy-to-Noise  Density  Ratio,  Ecb/NQ  (dB) 

Figure  G-ll.  BFSK  demodulation  error  rate  in  slow,  frequency  selective  fading  with 
ideal  delay  offset. 
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G.4.1  Second  Order  Moments  of  Sm  for  Continuous  CIRF  Case. 

Assuming,  without  loss  of  generality,  that  the  nQ  =  +1  tone  was  transmitted,  the 
signal  energy  at  the  output  of  the  filter  corresponding  to  the  transmitted  tone  is 

T  T  ,77  2  ,  772 

ESM={s*^)  =  r  ldli  \dt'{h(t,t)h\t',%’))  . 

0  0  -77  2+t  -772+t' 

For  the  turbulent  model,  the  expectation  of  the  channel  impulse  response  function  re¬ 
duces  to 


(h(t,  x)h\t\ x'))  =  G(x)  S(x  -  x')  p(7  - 1 ') 

where  the  power  impulse  response  function  G(x)  is  defined  in  Equation  (2.8),  and  p(r) 
is  the  temporal  autocorrelation  function  of  the  fading.  For  simultaneous  time  and  fre¬ 
quency  selective  fading  we  use  the  f~6  form  for  p(?)  defined  in  Section  2. 

The  number  of  time  integrals  can  be  reduced  from  two  to  one  by  the  usual 
change  to  a  difference  variable.  After  changing  to  normalized  delay  (^  =  x/7)  and 
time  ( \-t!T )  variables,  the  resulting  expression  for  the  signal  energy  out  of  the 
m  =  +1  tone  filter  is 


£5,+1=2r2}rc(^)/?+1(0^  , 

0 

where  the  time  integral  R+l  (Q  is 

R*,(0=Jp(n)(i-?-04  • 

0 

We  use  this  separation  of  the  time  and  delay  integrals  to  facilitate  the  extension  of  this 
and  following  expressions  to  the  sampled  CIRF  case.  The  time  integrals  for  both  the 
sampled  and  continuous  CIRF  cases  are  the  same,  the  only  difference  is  whether  or  not 
the  argument  of  the  time  integral  is  discrete  or  continuous.  Thus  R+x  (Q  appears  in  the 
continuos  CIRF  expression  for  Es  +1  and  R+](iAx/T)  appears  in  the  sampled  CIRF  ex¬ 
pression. 
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The  signal  energy  at  the  output  of  the  m  =  -1  tone  filter  is 

Es,.,={s.^/\dx)dx'e-^-'^  T\dt\  7*' 

0  0  1  -772+t  1  -Tf  2+i'  . 

Xe27i/A/(r-r ) 

In  a  similar  manner  to  that  used  to  simplify  the  expression  for  Es+],  the  expression  for 
Es,-\  reduces  to  the  deceptively  simple  form 

£vl=2r2Jrc(7p «_,©<«;  . 

0 

where 

K 

R-\(0=  Jp(7^)cos(mM|)(l-C-^)^  • 
o 

The  cross  correlation  coefficient  between  of  signal  contributions  to  the  output  of 
the  two  filters  is 

c=(s4.ls!,}=r2 

0  0 

T 1 2  T  f  2 

xi  J  dr'  e~j2n^t'  (h(t,  x)h*  (t',  x7)) 

1  -T/2+X1  TI2+x' 

After  considerable  manipulation,  the  real  (CR)  and  imaginary  (C,)  parts  of  this  ex¬ 
pression  can  be  reduced  to 

Q=-r2CM)rG(7t)flc,©<iC 

0 

C,=r2C„jrero*a<©<*S 

0 

where  the  time  integrals  are 

Rcr(0  =  [l  +  cos(®„Q]fis©+sm((DM9[i!pK)  +  $,(©] 
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fic,©  =  [l-cos(co»,g][fipK)  +  i!c(9]+sin(coM0«5(?) 

and  where  the  integrals  R$(Q,  Rc(Q>  and  Rp(Q  are  defined  as 

v  o=  ]p(n)4 

0 

fis(0=  ]p(7^)sin(cowy^ 

o 

K 

Rc(0=  Jp(^)cos(coMy^  . 

0 

At  this  point  we  have  formally  solved  the  problem  of  the  BFSK  demodulation 
error  rate  in  fast,  frequency  selective  fading  with  no  delay  offset.  To  obtain  an  analytic 
answer,  however,  one  must  perform  the  indicated  integrals.  Therein  lies  the  problem. 
For  the  f~6  form  for  the  temporal  autocorrelation  function  and  the  simple  exponential 
form  for  the  power  impulse  response  function,  the  analytic  expression  for  Es  _j  has 
more  than  80  terms  unless  care  is  taken  to  collect  together  similar  factors.  The  expres¬ 
sions  for  CR  and  C,  are  even  more  unwieldy.  Thus  a  symbolic  mathematics  program ' 
such  as  Mathematica®  is  necessary  to  have  any  hope  of  obtaining  correct  answers  for 
these  integrals. 

The  rest  of  this  subsection  is  devoted  to  writing  down  the  analytic  results  for  the 
second  order  moments  of  Sm.  These  results  are  valid  for  the  f~6  temporal  autocorre¬ 
lation  function  p(f)  and  the  exponential  power  impulse  response  function  G(x).  For 
each  moment  we  first  calculate  expressions  for  the  time  integrals  because  these  are  also 
used  for  the  sampled  CIRF  case. 

In  normalized  units,  the  power  impulse  response  and  temporal  autocorrelation 
functions  are 


TG{T^)  =  'ke~K ^ 


and 


pTO=  i  +  F6^  +  i(r6^)2 
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where  A,  =  2nf0T,  T6  =  a6r/x0 ,  and  a6  is  a  numerical  constant  (a6  =  2.904630---) 
defined  in  Section  2. 


Using  the  normalized  temporal  autocorrelation  function,  we  get  the  following 
for  the  time  integrals  of  Es  +l  and  Es_}: 


R+A)jjm^+ 


372 


r62+7r6+i5  2r6+7^  i^2 


312 


37; 


-(i-C)r6 


D  (1-0^6  [^cos(a)MQ  +  G)Msin((0MQ](l-0  .-u-or, 

^-1.1'-’-'  r2  ,  ..2  t2  i  ^2  e 

r6  +©w  r6  +©M 

j>?  ia(0,^lg^fe  |  A1(Qcos(coMQ-B1(Qsin(o)MQ 


(r62+©A#) 


+0)L) 


n  2r62[(i-or6-3](r62-3Q)2M) 

*M,3  (Q  -  ~Z  TT3 

3  (Ti+al) 


A2(Qcos{u>m  Q  +  B2(C)Sin  (mM  Q  ^_(1_q7-6 
3(1?  +ffl2M)3 


«-,,4©  = 


-Soil/tf  +<»%)  A3(Qcos(l»)<Q4-B3(Osin(<oMQ 


3(??+0)2m)4 


C)r« 
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where 


a,  © = [a  -  on  -  i]{<»y i  -  a  -  on ]  ■ -  t62  -  a  -  ix3} 


a2  (0  =  rf.{6o4,n-c_,+oJ;1,[is- smj,  a  -  q2  ]  n 

-<f«[6-«>«a-o2](i-o?6  -6[i+(4o-o2]i6 

-2[2  -  a2M  a  -  o2]a  -  o  t64  -  a  -  o2  Ti + a  -  o3  it } 


A,®  =  r62{3<oJ,[2- <4(1  -  02]-co4„[l8-c4(l -02](1  -on 

+3[2+o)i(i-o2]r64+3[2+02„a-o2]o-O7i5 

+3(i-o2r46+(i-o3r67} 

b,(0 = <o«[(i  -  o  n  -  i]{“m(i  -  o + in  +a -or42} 

Bj (0  =  (&M  n  {^m[2  ~<4(l-02] 

-<“«[l4-a)5<0-O2](l-OJ'6-2[9  +  (0^(l-02]r62 

-z[3  -  ala  -  o2]o -  on1 + a  - c)2  Tt  +  a  -  o3  Ti] 

fi3  (0  =  Ti  {<[6-  <4(1  -  02](1  -  0 

+« 6®«  [4  -  4  (1  -  O2  ]  n  +  3ro  l,  [4  +  <4  (1  -  Q2  ]  (1  -  Q  7/ 
+ 3o>2„  [2  +  co2,  (1  -  O2  ]  Ti  +  3  [6  +  <4  (1  -  o2  ]  (1  -  0  3? 

+6(i-02r/  +(i-0374} 
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and 


R- .  (0  =  R-  u  (0  +  ^-1,2  (0  +  *-,,3  (0  +  R- 1, 


ficient  are 


The  time  integrals  for  the  real  and  imaginary  parts  of  the  cross  correlation  coef- 
t  are 


wo= 


I-®  A/  [l  +  cos(o)ji*C)]  +  sin(q>MQ7^}(l  -Q2  762 

3  (Ti+O 


RcR.2  (0  -  “■ 
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_  8  [l  cos(comQ]T6  _(i-gr6 
->  \3  e 
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)sin(coMC) 

3(r62+co2M)3 
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3( 

[T6+®lt) 

3 

1 

The  time  integrals  for  the  complex  cross  correlation  coefficient  are  then 
W)  =  ^CR,l  (0  +  RcR,2  (0  +  RcR,3  (0 

RCI  (0  =  * c/,1  (0  +  Rci. 2  (0  +  Raz  (0  +  Re, A  (0  ' 

These  integrals  are  then  used  to  compute  the  delay  integrals  in  the  continuous  CIRF 
case  and  the  delay  sums  in  the  sampled  CIRF  case. 

The  signal  energy  out  filter  corresponding  to  the  transmitted  tone  is  then  given 
by  the  expression 

_  1 6  -  1)T6  -  30?i  +  2  (1 5?i  +  8T6 )  ^ 
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The  signal  energy  out  of  the  other  filter  is  an  expression  with  a  large  number  of 
terms.  We  find  this  expression  easier  to  comprehend  when  it  is  broken  into  multiple 
terms  (4),  each  with  common  denominators.  These  terms  are: 


G-30 


B  i6(x-i)r/ 
'U  3X(Ti+aif 


2[r65  +  5r64  +  2| 

(2  +  co^) 

IS 

?  +6co^76 

2  +®m(76  +1)j 

P 

1 

°Vo 

b 

1 

3X| 

(S>2+©a#) 

3 

1 

"-1,2 


2-5r66  +  150)^r64  +  5<T62  +a% 

(3?+®5,)4 

„  T[  +  67?  +  3(5  +  (D^)r^  +  3(5  +  4(0^  )t^  +  3ro^(l  +  co^)r^ 

3(3?  +ffl«)4 


z(r6-x.) 

1 

1 

a 

i 

U 

ft 

<T* 

X 

(T6-Xf+a2M 

X, 

(T6->.)2+(fl 

'm 

2 

2{r63+(i-3i)r62  + 

[X{3X-2)  +  m2M 

T(,  -  co^(X,  + 1)  +  X,2(l -  X.) 

X 

{t6 -if 

+  C0  M 

2 

£-1,4  - 


4(>.-r6) 

i[(r6 -x)2 -3co 

2  ' 

T?  2[765-(5X-2) 

13?] 

3Xl( 

r6-x)2  +  a>i' 

3 

3X 

(T6-X)2+  CO2,]3 

4 

^1  +  co^  —  AX  +  5  A? 

!)3i3-X( 

3  +  3co^  -6X.  +  5X,2) 

3X,[< 

ft-^f 

+  ®M 

3 

2^co^  +  6co2m  ^X?  —  1  j  +  X2  ^6  —  8X,  +  5X?  jjr6 
3i[(r6->.)2+o)2M]3 


+2 


X?| 

(2-2X  +  X2) 

V  J 

|  +  2co2mX\ 

(X2-3 

\  > 

)  +  co^(X,  +  2) 

3X 

\t6-X}2 

+  ®M 

3 

G-31 


where 


£5,-1  -  E-U  +  E- 1,2  +  £-1,3  +  £-1,4  • 

Similarly,  we  organize  the  cross  correlation  coefficient  into  multiple  terms  with 
the  same  denominators.  The  real  part  CR  has  13  such  terms: 
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where  ~  (-l)A^r+1.  The  imaginary  part  has  16  terms: 
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G.4.2  Second  Order  Moments  of  Sm  for  Sampled  CIRF  Case. 

The  extension  to  the  sampled  CIRF  case  involves  replacing  the  delay  integrals 
with  sums  over  the  delay  samples.  Thus  the  signal  contributions  to  the  tone  filter  output 
energy  are 

nd- i 

ESM  =  2r 2  2 7+  X(HND)  .  (Sampled  CIRF) 

i=0 

nd-  i 

Es  __ ,  =  2r 2  2  ^  /-i  {i  /  Nd )  .  (Sampled  CIRF) 

(=0 

where  ND  =  T /  Ax  is  the  number  of  channel  delay  samples  per  symbol  period.  Simi¬ 
larly,  the  real  and  imaginary  parts  of  the  cross  correlation  coefficient  are 

nd-  i 

CR  =  -r2  CM  2^  ICR{i/ND)  (Sampled  CIRF) 

i=0 
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(Sampled  CIRF) 


C,='-2C„  I P'lciiHNo) 

i=0 

These  expressions  are  evaluated  numerically  using  the  analytic  expressions  for  the  time 
integrals  derived  above. 

G.4.3  BFSK  Irreducible  Demodulation  Error  Rate  in  Frequency  Selec¬ 
tive  Fading  With  and  Without  CIRF  Sampling. 

The  BFSK  irreducible  error  rate  is  plotted  in  Figure  G-12  for  one  slow  fading 
(t0  /  T  » 1)  and  several  fast  fading  (t0  /  T  =  0.1  to  10)  channels.  These  results  are  for 
continuous  CIRFs  and  no  delay  offset  (xD  =  0).  Three  times  the  minimum  tone  spacing 
is  used  which  provides  considerable  immunity  to  the  effects  of  fast  fading  for  values  of 
Xq/T  greater  than  one.  As  pointed  out  in  the  previous  subsection,  the  slow  fading  ir¬ 
reducible  error  rate  approaches  an  asymptotic  limit  of  0.011  for  small  values  of  f0T. 
For  t0  /  T  >  1,  the  effect  of  fast  fading  is  essentially  to  add  a  small  amount  to  the  irre¬ 
ducible  error  rate  determined  by  f0T.  For  x0  IT <1,  the  irreducible  error  rate  is  es¬ 
sentially  determined  by  the  value  of  xQ  /  T  and  is  insensitive  to  the  value  of  f0T. 


Figure  G-12.  BFSK  irreducible  demodulation  error  rate  with  frequency  hopping  in 
fast  fading  channels. 


G.5  CIRF  SAMPLING  EFFECTS  ON  BFSK  DEMOD  ERROR  RATE. 


Finally,  we  investigate  the  effects  of  channel  delay  sampling  on  the  BFSK  de¬ 
modulation  error  rate  in  frequency  selective  fading.  As  discussed  above,  sampling  of 
the  channel  impulse  response  function  in  the  delay  domain  is  necessary  to  generate 
fading  realizations  for  either  hardware  channel  simulators  or  software  simulations  such 
as  COMLNK.  The  only  parameter  of  the  sampling  that  we  allow5  here  is  the  number  of 
delay  samples  per  symbol  period,  ND. 

The  BFSK  irreducible  error  rate  in  slow,  frequency  selective  fading  is  plotted 
versus  normalized  frequency  selective  bandwidth  in  Figure  G-13  for  continuous  and 
sampled  CIRFs.  The  tone  spacing  is  three  times  the  minimum  for  these  results,  and  the 
delay  offset  is  set  to  zero. 


Clearly,  the  error  rate  curves  are  quite  sensitive  to  the  both  the  number  of  chan¬ 
nel  delay  samples  and  the  frequency  selective  bandwidth.  This  is  understood  by  consid¬ 
ering  the  total  number  of  delay  samples  Nx  as  a  function  of  these  two  parameters. 
From  Equation  (2.13),  with  the  total  power  Px  in  the  sampled  CIRF  equal  to  the  value 
(0.975)  used  in  COMLNK6  and  in  these  results,  the  number  of  delay  samples  is 


Nx=  1- 


ln(l-f,)Af0 
2lt/0  T 


When  the  second  term  on  the  right-hand-side  of  this  formula  is  less  than  unity,  the 
number  of  delay  samples  is  unity,  and  the  irreducible  error  rate  is  identically  zero.  For 
Nd  =  2  and  Px  =  0.975  this  occurs  when  f0T>  1.17,  and  for  ND  =  64  this  occurs 
when  f0T  >  37.7.  For  values  of  f0T  that  result  in  Nx  >  1, 


foT< 


3-7Ng 

2tc 


5  It  has  been  demonstrated  by  Reinking  [1995]  that  one  can  adjust  the  delay  sample  size  and  the  power  in 
the  delay  bins  to  allow  the  ideal  delay  offset  with  coarse  sampling  to  approach  the  ideal  value  with  a 
continuous  CIRF.  Presumably,  one  could  do  a  similar  thing  with  the  error  rate,  but  it  is  unlikely  that 
one  could  match  both  the  ideal  delay  offset  and  the  BFSK  error  rate  simultaneously.  Furthermore,  it  is 
unreasonable  to  vary  the  channel  model  arbitrarily  on  the  basis  of  minimizing  or  maximizing  some 
measure  of  receiver  performance. 

6  Dana  [1991]  specifies  the  total  signal  power  in  the  delay  grid  to  be  0.975.  It  is  now  clear  that  a  value 
closer  to  unity  should  be  used,  and  a  future  version  of  COMLNK  may  employ  a  value  of  0.999. 
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Frequency  Selective  Bandwidth,  fQT 

Figure  G-13.  BFSK  irreducible  demodulation  error  rate  in  sampled  (Px  =  0.975)  and 
continuous  frequency  selective  fading. 

the  curves  have  a  “stepped”  appearance  as  Nz  varies  from  2  to  3  to  4  and  so  on. 
Eventually,  when  f0T  is  small  enough  that  the  number  of  delay  samples  becomes  large, 
the  steps  smooth  out,  and  the  sampled  CIRF  BFSK  irreducible  error  rate  approaches 
the  continuous  CIRF  curve. 

Increasing  the  fraction  of  signal  power  in  the  delay  grid,  from  0.975  to  say 
0.999,  can  smooth  out  the  steps.  Using  the  formula  above,  this  will  increase  the  re¬ 
quired  number  of  delay  samples  by  a  factor  of  about  1.9  when  f0T  is  small.  The  ad¬ 
vantage,  however,  is  that  the  irreducible  error  rate  is  less  sensitive  to  the  exact  number 
of  delay  samples,  and  the  irreducible  error  rate  curves  are  smoother  as  f0T  varies,  as 
shown  in  Figure  G-14. 

When  the  tone  spacing  is  three  times  the  minimum  value  or  larger,  the  irreduci¬ 
ble  BFSK  error  rate  in  slow,  frequency  selective  fading  is  0.0105  or  less.  The  effect  of 
delay  sampling  is  to  make  this  irreducible  error  rate  even  smaller.  For  demodulation 
error  rates  this  small,  a  link  that  utilizes  error  correction  coding  and  sufficient  inter¬ 
leaving  will  have  a  user  bit  error  rate  of  nearly  zero.  Thus  for  many  applications  the 
effects  of  channel  delay  sampling  may  be  irrelevant  to  the  user  bit  error  rate. 
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Frequency  Selective  Bandwidth,  fQT 

Figure  G-14.  BFSK  irreducible  demodulation  error  rate  in  sampled  (PT  =  0.999)  and 
continuous  frequency  selective  fading. 
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APPENDIX  H 


DEMODULATION  PERFORMANCE  OF  BINARY  FREQUENCY  SHIFT¬ 
KEYING  IN  FREQUENCY  SELECTIVE  FADING  WITHOUT  HOPPING 


The  frequency  selective  fading  performance  of  a  BFSK  demodulator  without 
frequency  hopping  is  considered  in  this  appendix.  This  case  differs  from  the  case  with 
frequency  hopping,  considered  in  Appendix  G,  in  that  the  front-end  downconverter 
and  bandpass  filters  of  the  receiver  do  not  attenuate  energy  from  previous  symbols  be¬ 
cause  all  transmitted  symbols  have  the  same  carrier  frequency.  Thus  there  is  intersym¬ 
bol  interference  (ISI)  in  a  frequency  selective  channel. 

A  functional  block  diagram  of  a  non-coherent  binary  frequency- shift  keying 
(BFSK)  receiver  without  frequency  hopping  is  similar  to  that  shown  in  Figure  G-l. 

The  block  diagram  in  that  figure  is  for  BFSK  with  frequency  hopping,  although  to  turn 
the  hopping  off  one  only  needs  to  set  the  number  of  allowed  hop  positions  to  one  or 
otherwise  disable  the  hop  synthesizer. 

We  assume  that  the  AGC  and  AFC  tracking  loops  are  operating  perfectly  and  in¬ 
vestigate  the  ideal  delay  offset  in  frequency  selective  fading.  Our  results  show  that  this 
ideal  offset  is  a  small  fraction  of  a  symbol  period  in  an  unhopped  system.  Thus  we  ig¬ 
nore  delay  offset  in  developing  expressions  for  the  BFSK  demodulation  error  rate. 

In  the  next  section  of  this  appendix  we  give  some  general  results  for  the  BFSK 
signal  and  noise  at  the  output  of  the  tone  filters  in  terms  of  the  transmitted  waveform. 
Then  in  Section  H.2  we  consider  the  ideal  delay  offset  for  this  case.  In  Section  H.3  we 
derive  the  demodulation  error  rate  with  and  without  sampling  of  the  channel  impulse 
response  function  (CIRF).  The  results  for  slow  fading  in  this  case  are  sufficiently  com¬ 
plex  that  we  have  not  attempted  to  extend  them  to  the  case  of  fast,  frequency  selective 
fading.  This  extension  is  straightforward,  but  the  result  would  involve  even  more 
terms  than  the  result  for  the  case  with  hopping,  which  takes  several  pages  to  write 
down  in  Appendix  G. 


H.l  GENERAL  BFSK  RESULTS. 

In  a  BFSK  communications  link,  the  transmitted  signal  during  the  kth  symbol  is 
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where  A/  is  the  tone  spacing  and  T  is  the  symbol  period.  The  transmitted  tone  is  de¬ 
termined  by  the  value  of  nk,  where  nk  =  ±1  for  BFSK.  The  rectangular  function  II(-) 
is  defined  as 

fl  if  I  JC  I  <  i 

n  (*)=•{  l  2  ■ 

[0  otherwise 

Here  m(t )  represents  a  frequency  offset  in  the  transmitted  signal,  so  the  carrier  fre¬ 
quency  per  se  is  never  transmitted,  assuming  that  suppressed-carrier  tracking  is  em¬ 
ployed. 

The  received  signal  is  the  convolution  of  the  channel  impulse  response  function 
and  the  transmitted  modulation.  For  a  continuous  CIRF,  the  received  signal  is 

oc 

u(t)  =  rj m{t  —  %)h{t,‘Z)dx  , 

0 

where  r  is  the  mean  received  signal  amplitude.  In  slow  fading  the  CIRF  does  not  vary 
over  the  period  of  time  that  energy  from  a  single  transmitted  symbol  arrives  at  the  re¬ 
ceiver.  Thus  in  slow  fading  h(t, x)  is  replaced  by  /z(t)  in  this  equation. 

In  either  a  simulation  such  as  COMLNK  or  in  a  hardware  channel  simulator,  the 
CIRF  must  be  sampled  in  delay  and  time.  The  slow  fading  version  of  the  convolution 
with  a  sampled  CIRF  is 

Nt-\ 

u(t)  =  f  X  m (* —  iAt)  h(iAx)  At  , 

/=o 

where  Ax  is  the  delay  sample  size,  and  Nx  is  the  number  of  delay  samples.  In  later  de¬ 
velopments  we  use  hi  as  a  shorthand  notation  for  /z(/Ax)Ax. 

The  received  signal  is  then  processed  in  tone  filters  to  determine  which  tone  was 
transmitted.  The  output  voltage  of  the  mth  filter  (m  =  ±1)  during  the  k!h  symbol  pe¬ 
riod  is 

1  0fc+l/2)7+TD 

Zmjc=^  jK0  +  n(0]^'(TCmA/)f^  ,  (H.l) 

1  (k-M2)T+iD 
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where  xD  is  the  delay  offset  that  is  non-zero  in  frequency  selective  fading.  Hard- 
decision  demodulation  is  performed  by  selecting  the  received  symbol  to  be  that  corre¬ 
sponding  to  the  filter  with  the  largest  output  amplitude. 

The  complex  voltage  nit)  is  additive  white  Gaussian  noise  (AWGN)  with  the 
usual  properties: 

(«(0)  =  0 

(n(t)n(t'))  =  0  ,  (H.2) 

(n(t)n*  (?'))  =  N0b(t- 1') 

where  N0  is  the  one-sided  noise  spectral  density,  and  §(•)  is  the  Dirac  delta  function. 
The  second  equation  results  because  the  real  and  imaginary  parts  of  AWGN  are  uncor¬ 
related.  The  noise  contribution  to  the  voltage  out  of  the  tone  filters  is  then 

1  {k+M2)T+xD 
1  (k-l/2)T+xD 


Because  n  ( t )  is  a  complex,  normally  distributed  random  process  with  zero  mean,  Nm  k 
is  similarly  distributed.  Thus  to  complete  the  description  of  the  tone  filter  output  noise, 
we  need  the  variance  and  cross  correlation  of  Nmk.  The  cross  correlation  is 

,  (k+M2)T+xD  (k+l/2)T+xD 

CL-=(w»a  <',*)  =  A  J A' („(,)„*(,'))  . 

(k-\!2)T+xD  (k-M2)T+xD 


Because  the  noise  n{t)  is  delta-correlated,  this  expression  reduces  to 


iN 
'  m,m' 


N( 


£-  exp[;‘7t(^ 


t\  i  r>  /  t  /m 


(H.3) 


for  orthogonal  signaling  (i.e.,  for  A/T=  positive  integer)  where  is  the 
Kronecker  delta- symbol. 

After  some  manipulation,  the  signal  contribution  to  the  output  of  the  mth  filter 
in  slow,  frequency  selective  fading  is 


©o 

Sm  =  rT 


1=0 


(l+\)T+xD 

\dx  h(x) 

U-\)T+xD 


T/2+xd 


^  1 

K 

T 

1 

’t-x  " 
-  +  / 

T  J 

T 

-T/2+xd 


(H.4) 


H-3 


for  the  continuous  CIRF  case.  We  will  consider  the  sampled  CIRF  case  later,  after  we 
have  investigated  the  effects  of  delay  tracking.  In  further  developments,  we  find  that  it 
is  convenient  to  divide  this  signal  into  three  parts,  the  on-time  contribution  from  the 
kth  transmitted  symbol  and  two  contributions  representing  the  ISI  from  previously 
transmitted  symbols.  The  on-time  signal  contributions  to  the  filter  output  voltages  are 
given  by  the  /  =  0  term  in  Equation  (H.4): 
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The  ISI  contribution  to  the  filter  outputs  is  given  by  the  /  >  1  terms  in  Equation  (H.4). 
After  changing  variables  in  the  delay  integral,  we  get 
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To  aid  in  the  evaluation  of  the  filter  cross  correlation  and  output  energy,  the  ISI  con¬ 
tribution  is  divided  into  two  parts,  each  with  a  delay  integral  over  the  range  xD  to 
T  +  xd.  These  two  terms  are 


s!,m  =  r£ 

T+^o 

jdxh(x  + 

.  -772+x 

lT)e-j(nk-t-iKAf){'t+lT)  _L  e-j{m-nk-i-[)W t 

(H.6) 

/=0 

Id 

*  -Tl 2+1 D 

oo 

T +x 

,  77 2+xd 

lT)e~^nk-,nAt^z+lT^  —  j dt  e~^m~nk-'^nAft 

Sl=rl 

|  dx  h(x  + 

(H.7) 

/=! 

T  -T !2+i 

The  total  signal  contribution  to  the  filter  output  is 


Sm  ~  S0.m  +  Sl,m  +  Sl/n  • 


H.2  IDEAL  DELAY  OFFSET. 

In  an  FSK  receiver  that  does  not  use  sync  symbols,  time  tracking  may  be  accom¬ 
plished  by  generating  early  and  late  voltage  samples  from  the  first  and  second  halves  of 
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the  modulation  period.  These  samples  are  taken  from  the  filter  with  the  largest  total 
output  amplitude,  which  is  the  one  chosen  to  correspond  to  the  transmitted  tone.  The 
DLL  then  attempts  to  equalize  the  energy  of  these  two  samples.  Rather  than  calculating 
the  early  and  late  samples,  we  are  going  to  find  the  delay  offset  x D  that  maximizes  the 
signal  amplitude  out  of  the  correct  filter.  As  we  have  shown  previously,  this  should  be 
close  to,  if  not  exactly  equal  to,  the  delay  offset  found  by  a  DLL  that  equalizes  the  am¬ 
plitude  of  the  early  and  late  samples.  Ultimately,  we  are  going  to  show  that  the  delay 
that  maximizes  the  output  amplitude  is  a  smaller  fraction  of  the  symbol  period  without 
frequency  hopping  than  it  is  with  hopping.  We  then  use  this  as  justification  for  ignor¬ 
ing  delay  in  the  error  rate  analysis.  Thus  we  are  not  interested  in  the  exact  value  of 
td,  but  rather  we  want  to  show  that  td/T  is  relatively  small  for  this  case. 

Assuming  that  the  receiver  selects  the  output  from  the  filter  corresponding  to  the 
on-time  transmitted  tone  (i.e.,  the  signal  from  the  m  =  nk  filter  during  the  kth  symbol 
period),  the  on-time  signal  contribution  to  the  correct  filter  is  given  by  Equation  (H.5). 
With  m  =  nk,  the  time  integral  in  this  equation  is  just  the  triangle  function,  so 
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where 


AW  = 


(rw 


if  |  x  |  <  1 
otherwise 


The  ISI  terms  in  Equations  (H.6)  and  (H.7)  contain  contributions  from  previously 
transmitted  symbols  ( k-l ,  l  >  1)  and  thus  have  the  same  form  for  either  the  correct  or 
the  other  filter. 


The  signal  contribution  to  the  energy  at  the  output  of  the  correct  filter  is 

ES  =  (Sm  Sm)  =  r2(E0  +  E)  +  Ef  +  C01  +  CIl) 

where  the  normalized1  energy  contributions  are 


1  Normalized  by  the  mean  received  signal  energy  in  the  absence  of  propagation  effects,  r2 . 
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In  evaluating  these  expectations,  one  gets  expectations  of  the  CIRF  that  reduce  to 

(h(x)h*(x'fj  =  G( t)5(t-t')  , 

where  G(-)  is  the  power  impulse  response  function  [Eqn.  (2.8)],  and  8Q  is  the  Dirac 
delta  function.  The  other  two  cross  terms  in  the  expression  for  the  signal  energy  are 
then  identically  zero  because  the  S0  m  and  Sf^  terms  have  no  overlapping  regions  in 
their  delay  integrals. 

The  signal  energy  out  of  the  correct  filter  can  now  be  computed  using  the  delta- 
correlation  property  of  the  CIRF.  The  on-time  contribution  in  normalized  delay  units 
(£  =  X IT)  is 

1  /  v  1+*° 

£0=-(s0.»,^,»)=  \TG(tQ A2K-iD)dC  . 
r  0 

where  xD-xDjT  . 

The  ISI  terms  are  a  little  more  difficult  to  compute.  For  example,  the  signal  en¬ 
ergy  of  first  ISI  term  is 
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We  have  made  the  physically  reasonable  assumption  that  the  CIRF  and  the  modulation 
are  uncorrelated  so  that  the  expectations  of  the  two  can  be  factored  into  two  terms.  The 
expectation  of  the  CIRF  forces  x'  =  x  and  V  =  /.  The  expectation  of  the  phase  term 
then  reduces  to 


l  +  e±/27cA/(r-r') 


because,  with  equal  probability,  n is  either  equal  m  or  it  is  not.  In  the  latter  case, 
nk_i_ ]  -  m  =  ±2.  The  signal  energy  of  the  first  ISI  term  then  reduces  to 
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where  coM  =2nAfT.  Similarly,  the  energy  of  the  second  ISI  term  is 
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The  on-time  -  ISI  cross  correlation  term  is 
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The  CIRF  expectation  again  forces  x'  =  x  and  /  =  0,  and  the  phase  expectation  is 
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The  on-time-ISI  cross  correlation  term  is  then 
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where  SM  =  (-l)A^r+1. 

The  ISI  cross  correlation  term  is 
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Once  again  the  CIRF  expectation  forces  x'  =  x  and  1'  =  l,  so  the  phase  expectation  is 

-y(nA— /-!-«*-/  )K£f{t+lT)+j{nk-i_ ,  -m)nAft-j(nk_rm)nAfc'  ^ 


At  this  point  it  is  convenient  to  pick  a  value  for  the  transmitted  tone,  and  we  select 
nk  =  m  =  + 1 .  The  mean  signal  energy  out  of  the  correct  filter  is  in  fact  independent  of 
the  choice  for  nk ,  but  one  has  to  evaluate  the  ISI  cross  correlation  for  both  choices  to 
demonstrate  this.  The  phase  expectation  depends  on  nk_t  and  nk_l_] .  Assuming  that  the 
transmitted  modulation  is  uncorrelated  from  symbol-to-symbol,  there  are  four  equally 
likely  possibilities: 
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The  phase  expectation  is  then  given  by  the  expression 
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The  time  integrals  in  the  ISI  cross  correlation  term  can  now  be  done  in  closed  form 
with  the  result 
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For  the  exponential  form  of  the  power  impulse  response  function  given  in  Equa¬ 
tion  (2.8),  the  sums  in  the  above  expression  can  be  done  directly: 

£rG[r(c+zr)]=x^50  , 

;=i 


where  X  =  2nfQT  and 
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The  delay  integrals  can  now  be  done  analytically,  and  the  signal  energy  out  of 
the  correct  filter,  as  a  function  of  the  normalized  delay  error  %  D  and  frequency  selec¬ 
tive  bandwidth  X,  can  be  calculated.  Writing  the  signal  energy  in  two  terms 

Es  =  r2(EStl+Esa)  , 

the  second  of  which  is  proportional  to  S0,  we  get  following: 
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where,  again,  coM  =2nAfT  and  SM  =  (-l)Ar/+l.  Note  that  the  flat  fading  limit 
(A, -400)  of  ES]  +  Es 2  is  unity. 


Rather  than  developing  similar  expressions  for  the  early  and  late  signal  energy 
out  of  the  correct  filter  so  that  we  can  find  the  ideal  delay  offset,  we  are  going  to  ap¬ 
proximate  the  delay  offset  by  that  which  maximizes  the  above  expression.  This  delay  is 
plotted  in  Figure  H-l  versus  normalized  frequency  selective  bandwidth,  f0T.  For 
comparison,  the  delay  offset  that  maximizes  the  signal  energy  out  of  the  correct  filter 
of  a  BFSK  demodulator  with  frequency  hopping  is  also  plotted  in  the  figure.  Both  of 
these  curves  are  for  a  continuous  CIRF,  and  for  the  case  without  hopping,  the  tone 
spacing  AfT  is  two2.  The  delay  that  maximizes  the  output  energy  of  the  unhopped  sig¬ 
nal  approaches  one-third  of  a  symbol  period  as  f0T  approaches  zero. 


However,  we  will  show  that  the  irreducible  error  rate  for  this  case  is  below 
10  percent  only  for  f0T  >  0.3,  and  in  this  range  the  ideal  delay  offset  is  less  than  0.13. 
In  further  developments  of  the  BFSK  demodulation  error  rate  for  this  case,  we  will  as¬ 
sume  that  the  delay  offset  is  zero  to  simplify  somewhat  the  resulting  expressions  for  the 
signal  energy  out  of  the  other  filter  and  the  cross  correlation  coefficient. 


H.3  DEMODULATION  ERROR  RATE  WITH  CONTINUOUS  CIRFS. 

To  calculate  the  BFSK  demodulation  error  rate  we  need  the  second  order  statis¬ 
tics  of  the  signal  contributions  to  the  outputs  of  the  two  filters  (i.e.,  the  two  output  am¬ 
plitudes  and  the  cross  correlation  coefficient).  Equations  (H.5),  (H.6)  and  (H.7)  are 
used  to  compute  these  statistics.  The  signal  energy  out  of  the  correct  filter  is  already 
given  by  the  two  terms  in  Equations  (H.10)  and  (H.ll)  evaluated  at  xD  =  0.  Rather 


2  Here  the  signal  energy  out  of  the  correct  filter  depends  on  the  tone  spacing  because  the  ISI  contains 
contributions,  with  equal  probability,  from  both  possible  transmitted  symbols.  In  the  hopped  case,  the 
output  energy  of  the  correct  filter  is  independent  of  the  tone  spacing.  The  reason  for  choosing  AfT  =  2 
for  these  results  will  be  apparent  later  in  this  appendix. 
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Figure  H-l.  Ideal  delay  offset  that  maximizes  the  correct  filter  output  amplitude  for 
BFSK  modulation  with  and  without  hopping. 


than  just  writing  this  expression  down,  we  find  it  convenient  to  express  the  signal  en¬ 
ergy  and  cross  correlation  coefficient  in  terms  of  integrals  over  delay.  These  integrals 
can  then  be  transformed  to  sums  to  get  the  second  order  statistics  for  the  case  where 
the  channel  impulse  response  function  is  sampled  in  the  delay  domain.  It  is  also  con¬ 
venient,  although  not  absolutely  necessary,  to  choose  a  value  for  the  on-time  transmit¬ 
ted  symbol,  and  we  choose  nk  =  + 1 .  The  demodulation  error  rate  is  independent  of  this 
choice. 

With  our  choice  for  the  on-time  transmitted  symbol,  the  normalized  signal  en¬ 
ergy  out  of  the  correct  filter  (m  =  n/t=+l)is 
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Cross  terms  of  the  form 


^o,+i  $1,+ 1 


are  identically  zero  because  there  is  no  overlap  in  the  delay  integrals  of  the  two  terms. 
Each  of  the  terms  in  the  expression  for  E+l  is  given  by  expressions  in  the  previous 
section  with  xD  =  0.  The  signal  energy  out  of  the  correct  filter  is  then  given  by 
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where  50  is  given  by  Equation  (H.9).  The  R  integrals  are  defined  as 


R0=\TG(TQdti  =  l-e-x 

0 

R,=Jrc{ 


0 

1  l-(X  +  l)e~x 


X 


R2=\TG{TQ(,2d^ 


2  —  +  2X  -f  2)e 


X2 


R 


5,  1 


CO 


j  TG(2X)sin(roM04  =  - 


M  0 


R 


5,2 


CO 


■j  TG(TZ,)sm2[liauCl}dt,= 


M  0 


** +«>  M 

2(»-g;x) 

X2  +o)L 


Rs,3  =  “1  TO(rQ^sin(co„0^  =  - 


2X, ^1  —  e  ^ j  —  +  co^ 'je 


co 


M  0 


{x2+®2M)i 


R 


5,4 


> M 


CO 


jrG(7^)(l-20sin2[i(»MC]rfC 


M  0 


Smqom  X(X2  +  co^)(l  +  e  x)-2(3X2 +co^)(l-c 


2?i(a.2 +co  2My 


H-12 


«„=jro(zg?(i-9a“K<K 


2A.co m  A.(X2  +  co^ j^l  +  e  2 j  —  ^3X2  -  co^^l  -  e  2j 

(X2  +0)5,) 

i?c  =  }rG(^)C(l-C)cos((oMQ4 
0 

_  ?i( A4  -  coj, )  (l  +  e~x )  -  2A2  (A,2  -  3co^ ) (l  -  e-% )  ' 


(A,2+coL) 

Closed  form  expressions  for  these  integrals  are  obtained  using  the  exponential  power 
impulse  response  function  [Eqn.  (2.8)].  The  latter  three  integrals  will  be  used  in  subse¬ 
quent  expressions. 

The  normalized  signal  energy  at  the  output  of  the  other  filter  (m  =  -1)  is 


E-\  ~  r2\  PO.-I  +  -1  +  $1,- 1 
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Terms  from  ISI  only  (those  on  the  last  line  of  this  expression)  are  equal  to  the  corre¬ 
sponding  terms  in  the  expression  for  E+ 
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because  these  terms  only  depend  on  previously  transmitted  symbols,  and  are  independ¬ 
ent  of  the  on-time  symbol.  Thus  the  first  two  terms  in  the  second  expression  for  E_ j 
(those  on  the  middle  line)  must  be  evaluated. 
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The  on-time  signal  energy  is 
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The  CIRF  expectation  forces  x'  =  x,  so  this  expression  collapses  to 
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The  on-time  ISI  cross  correlation  term  for  the  other  filter  is 
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Again  the  CIRF  expectation  forces  x'  =  x  and  /  =  0.  The  phase  expectation  then  reduces 
to 
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The  cross  correlation  coefficient  for  this  case  reduces  to 
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Combining  terms  gives  the  following  for  the  signal  energy  at  the  output  of  the 
other  filter: 


E-\  -  2^2  +  ^s,2  ~  2/?si3)  +  j Sq  (Rq  —  +  ^2  +  Rs,\  +  Rs,2  ~  2^5,3)  •  (H.13) 
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All  that  is  left  to  do  to  calculate  the  BFSK  demodulation  error  rate  is  to  compute 
the  cross  correlation  coefficient  of  the  outputs  of  the  two  filters.  Expanded  out  in  terms 
of  the  three  components  of  the  output  signal,  this  cross  correlation  is 


C _  (*^+1  &-i }  -  -p; {(So, +1  S0_ 1 )  +  (Som  ^/,-i ) +  {So,+ 1  Sf_ i ^ 
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Two  of  these  terms  are  zero  because  there  is  no  overlap  in  the  delay  integrals,  so 

{s0,+ 1  Sj_ i  ^  =  (*S/  +1  ‘S'c),-! )  =  0  . 


This  leaves  only  seven  terms  to  evaluate,  each  of  which  can  be  complex.  These  terms 
are  reduced  in  exactly  the  same  way  as  the  energy  terms.  Expectations  of  the  CIRF  re¬ 
duce  the  number  of  delay  integrals  from  two  to  one,  and  expectations  with  the  on-time 
component  eliminate  all  terms  with  /  >  1.  Expectations  of  the  modulation  involving  just 
one  transmitted  symbol  reduce  to  two  terms,  and  expectations  of  the  modulation  in¬ 
volving  two  transmitted  symbols  reduce  to  four  terms.  The  reader  is  spared  the  tedious 
details.  After  considerable  algebra,  the  real  (CR)  and  imaginary  (Q)  parts  of  C  can  be 
reduced  to 


Cr  ~  2  (l  +  ^0  ) [*C  -  *5,1  ~  *5,2  +  2*5,3  ] 

,,  xr  ,  •  (H.14) 

C,=i(l  +  S0)[2Rs,4-fis,5] 

The  BFSK  demodulation  error  rate  without  frequency  hopping  is  given  by  the 
expression  in  Appendix  D  with  the  substitutions 

of  =r2[£_1+y-1] 

°l  =  r2[E+  i+T'1]  ,  (H.15) 

a^olp2  =r2(C2R  +  Cj) 

where  y  =  r2T/N0  is  the  symbol  (or  bit  for  BFSK)  energy-to-noise  spectral  density 
ratio.  Thus  the  BFSK  demodulation  error  rate  in  slow,  frequency  selective  Rayleigh 
fading  is 
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(H.16) 


The  BFSK  irreducible  demodulation  error  rate  without  frequency  hopping 
[Equation  (H.16)  with  y  — >  °°]  in  slow,  frequency  selective  fading  channels  with  con¬ 
tinuous  CIRFs  is  compared  to  the  value  with  hopping  from  Appendix  G  in 
Figure  H-2.  Without  hopping,  the  ISI  drives  the  irreducible  error  rate  to  50  percent 
for  small  values  of  the  normalized  frequency  selective  bandwidth,  f0T,  whereas  the 
irreducible  error  rate  with  hopping  approaches  about  0.02  in  this  limit  for  AfT  =  2 
tone  spacing. 

For  values  of  ffT>3  and  AfT  =  2  the  irreducible  error  rate  without  hopping  is 
less  than  that  with  hopping.  These  curves  do  not  cross,  however,  if  we  compare  the  ir¬ 
reducible  error  rates  with  three  times  the  minimum  tone  spacing.  This  suggests  that 
there  is  a  significant  variation  in  the  irreducible  error  rate  with  tone  spacing  for  BFSK 
without  hopping. 

Because  the  expressions  for  the  BFSK  error  rate  depend  on  the  tone  spacing  in  a 
rather  complicated  way,  it  is  instructive  to  plot  the  irreducible  error  rate  for  various 
values  of  the  normalized  tone  spacing  AfT.  These  plots  are  in  Figure  H-3  for  AfT  in 
the  range  1-10.  Surprisingly,  the  irreducible  error  rate  depends,  in  a  significant  way, 
on  whether  or  not  the  normalized  tone  spacing  is  even  or  odd,  and  there  is  an  optimum 
tone  spacing  which  is  twice  the  minimum  tone  spacing. 

A  word  of  caution  is  necessary.  Based  on  our  results  for  sampled  CIRFs  pre¬ 
sented  in  the  next  section,  the  rich  behavior  of  unhopped  BFSK  demodulation  perform¬ 
ance  with  tone  spacing  in  frequency  selective  fading  depends  on  having  an  infinite 
bandwidth.  Because  real  transmitters  and  receivers  are  band-limited,  it  is  unlikely  that 
an  actual  system  will  have  performance  that  is  this  sensitive  to  the  value  of  the  tone 
spacing.  We  address  the  this  in  more  detail  at  the  end  of  this  appendix. 

The  BFSK  channel  bit  error  rate  without  hopping  for  the  optimum  tone  spacing 
( AfT  =  2)  and  for  slow,  frequency  selective  fading  with  continuous  CIRFs  is  plotted  in 
Figure  H-4  versus  Ecb  /  N0  for  several  values  of  f<fTcb. 
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Figure  H-2. 


Figure  H-3. 


BFSK  irreducible  demodulation  error  rate  in  slow,  frequency  selective 
fading  with  and  without  hopping. 


BFSK  irreducible  demodulation  error  rate  without  hopping  for  several 
tone  spacings  in  slow,  frequency  selective  fading. 
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Binary  FSK  Modulation  Without  Hopping 
AfT=2 

No  Delay  Offset  (xQ  =  0) 

~  "  Slow,  Frequency  Selective  Fading 
Continuous  CIRF 


Ideal  BFSK  (Slow,  Flat  Fading) 

Ideal  BFSK  (Slow,  Frequency  Selective  Fading) 


Channel  Bit  Energy-to-Noise  Density  Ratio,  Ecb/N0  (dB) 

Figure  H-4.  BFSK  channel  bit  error  rate  without  hopping  for  the  optimum  tone 
spacing  in  slow,  frequency  selective  fading. 


H.4  DEMODULATION  ERROR  RATE  WITH  SAMPLED  CIRFS. 


When  the  channel  impulse  response  function  is  sampled  in  the  delay  domain,  as  it 
must  be  in  software  simulations  or  in  hardware  channel  simulators,  the  on-time  signal 
contribution  to  the  output  of  the  tone  filters  when  the  delay  offset  is  zero  is 


77  2 
r 


f  dte~j{m-nk)nAft  n 


/=o 


t  -  iAx 


-772 


where  ND  is  the  number  of  channel  delay  samples  per  modulation  symbol  period. 
Similarly,  the  ISI  contributions  are 


>lm 


=  XX 

1=0 


h+iND  e 


-j(nk.,.tnAf)(iAt+lT) 

T 


-T  /2+iAt 
f  dt  t 

-7/2 


-7(« 


i )  tcA/  r 


oo  Nd-  1 

=  rX  X  hMND 


/=!  i=0 


e-;(«*.,3tAr)(iAT+/7) 


T  -T 1 2+LAz 


The  time  integrals  in  these  expressions  have  exactly  the  same  form  as  they  have  for  the 
continuous  CIRF  case.  The  expressions  written  down  in  the  previous  subsection  for  the 
second  order  moments  of  the  tone  filter  outputs  are  valid  here  when  the  delay  integrals 
are  replaced  by  delay  sums.  Equations  (H.12),  (H.13),  and  (H.14)  still  hold,  with  some 
modification  described  below,  where 

Nd-  1 

*0=  I  Pi 
(=0 

ND- 1 

*1=  2  P,(ilND) 

1=0 

Nd-  1  , 

«2=  2  Pi(‘INof 
1=0 

*5.1=-^“-' 2  Pi  sin[o»M(i  /  1V0)] 

®A7  1=0 
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Rs,2~~rr  X  ^sin2 [^coM(i7iVD)] 

i=0 

RS,  3  =  -  ^ I  ’  P/  («■  /  )  sin  [co  *  07  Nd  )] 

03  Af  1=0 

*5,4  =  [1  -  2(4/  WD)]sin2  [i<0„(<  /  (V0)] 

03  A/  i=0 

*5,5=  TflO'/W0)[l-OV«0)]sin[(0M(i/W0)] 

1=0 

*c=  £ flO'/JVoJll-CiVAToJlcos^OVWo)]  , 

4=0 

for  sampled  CIRFs.  The  upper  limit  in  the  delay  sums,  ND  - 1,  in  these  expressions  is 
replaced  by  Nz  -  1  when  Nz  <  ND.  Equivalently,  one  could  evaluate  these  expressions 
by  setting  Pt  =  0  for  i>  Nz. 

The  mean  power  of  the  sampled  CIRF  in  each  delay  bin  (P{)  in  terms  of  the 
normalized  frequency  selective  bandwidth  (X  =  2nf0T)  and  the  number  of  delay  sam¬ 
ples  per  symbol  period  is  [Equation  (2.14)]: 

P,  =( , 

and  the  total  number  of  channel  delay  samples  is 

ln(l-/>WD 

Nx=l - 1  ^  D-  ,  (H.17) 

A 

where  Px  is  the  fraction  of  signal  energy  in  the  sampled  delay  grid.  The  current  DSWA 
specification  for  Pz  is  0.975  [Dana,  1991]. 

The  modification  mentioned  above  is  necessary  because  with  a  sampled  CIRF 
there  are  not  an  infinite  number  of  delayed  symbols  in  the  1ST  The  ISI  contributions  to 
the  second  order  moments  have  the  form 

oo  Nd-  1 

R-X  =  X  X  Ri+IND  RX  (z  I  Nd  ) 

/=!  4=0 
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where  Rx(i/  ND)  is  one  of  the  delay  sums.  Because  the  sampled  CIRF  has  an  exponen¬ 
tial  fall-off  for  Ph 


Pi+IND  - 

e-lXPt  , 

and  the  ISI  sum  can  be  separated  from  the  sum  over  the  delay: 

Ex  = 

r/vA'o-i  „] 
I  e-°- 

1 

I  p,rx(hnb) 

-  o 

where  Nx  /  ND  is  the  number  of  delayed  symbol  periods  in  the  sampled  CIRF.  There 
are  two  cases.  When  N x  <ND,  only  energy  from  the  immediately  preceding  symbol 
contributes  to  the  energy  received  during  the  on-time  symbol  period,  and 

Ex=  0  NX<ND  . 


When  NX>ND, 
~njnd-  1 


Ey  = 


I  « 

/=1 


-IX 


'ND-l 

^P,Rx(H  Nd) 

.  i=0 


+  e-XNx/ND 


'Nr  n-1 


E^(;/at0) 

i= 0 


nt>nd  , 


where  NxD  is  the  remainder  of  Nx  divided  by  ND.  The  second  term  in  this  expression 
is  evaluated  only  if  NxD  >  0. 

The  BFSK  irreducible  error  rate  for  Af  T  =  2  in  slow,  frequency  selective  fad¬ 
ing  without  hopping  and  with  a  sampled  CIRF  is  plotted  in  Figure  H-5  for  several  val¬ 
ues  of  the  number  of  channel  delay  samples  per  symbol  period  and  for  the  current 
specification  for  total  signal  power  in  the  delay  grid,  Px  =  0.975 .  For  comparison,  the 
irreducible  error  rate  when  the  CIRF  is  continuous  is  also  plotted  in  the  figure. 

As  was  the  case  for  BFSK  with  hopping,  the  error  rate  curves  are  quite  sensitive 
to  the  both  the  value  of  ND  and  the  frequency  selective  bandwidth.  This  is  understood 
by  considering  the  total  number  of  delay  samples  Nx  as  a  function  of  these  two  pa¬ 
rameters  given  in  Equation  (H.17).  When  the  second  term  on  the  right-hand-side  of 
this  equation  is  less  than  unity,  the  number  of  delay  samples  is  unity,  and  the  irreduci¬ 
ble  error  rate  is  identically  zero.  For  ND  =  2  this  occurs  when  f0T  >1.17,  and  for 
Nd  =  16  this  occurs  when  f0T  >  9.4.  For  values  of  f0T  that  result  in  Nx  >  1,  the 
curves  have  a  “stepped”  appearance  as  Nx  varies  from  2  to  3  to  4  and  so  on.  Eventu¬ 
ally,  when  f0T  is  small  enough  that  the  number  of  delay  samples  becomes  large,  the 
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Figure  H-5.  BFSK  irreducible  demodulation  error  rate  in  slow,  frequency  selective 
fading  with  sampled  CIRFs  and  Pz  =  0.975. 

steps  smooth  out,  and  the  sampled  CIRF  irreducible  error  rate  approaches  the  continu¬ 
ous  CIRF  curve. 

The  stepped  behavior  for  small  values  of  Nx  can  be  smoothed  out  by  increasing 
the  fraction  of  signal  power  in  the  delay  grid  from  0.975  to  0.999.  The  resulting  BFSK 
irreducible  error  rate  is  plotted  in  Figure  H-6.  On  the  basis  of  these  results  and  similar 
ones  in  Appendix  G,  the  value  of  Px  in  COMLNK  may  be  increased  to  0.999  in  a  fu¬ 
ture  version  of  the  code. 

Another  effect  of  sampling  the  channel  impulse  response  function  in  delay  is  that 
the  signal  spectrum  is  effectively  truncated.  To  demonstrate  this,  we  present  a  few  gen¬ 
eral  results  for  the  output  of  a  matched  filter  when  the  CIRF  is  sampled.  The  point  of 
this  digression  is  to  show  the  effect  of  sampling  and  bandlimiting  on  the  irreducible  er¬ 
ror  rate  plotted  in  Figure  H-3.  In  discussing  the  results  in  this  figure,  we  state  that  the 
rich  behavior  of  the  error  rate  with  tone  spacing  depends  on  having  a  transmitted  sig¬ 
nal  and  a  receiver  with  an  essentially  infinite  bandwidth.  We  demonstrate  this  in  the 
developments  that  follow. 


H-22 


Figure  H-6.  BFSK  irreducible  demodulation  error  rate  in  slow,  frequency  selective 
fading  with  sampled  CIRFs  and  Px  =  0.999. 


Consider  a  transmitted  rectangular  pulse  with  a  frequency  spectrum  A/(co) .  This 
signal  then  propagates  through  a  channel  with  a  continuous  CIRF  for  the  moment.  In 
the  frequency  domain,  the  channel  transfer  function  (i.e.,  the  frequency  spectrum  of 
the  fading)  is  the  Fourier  transform  of  the  CIRF: 

oo 

H( co)  =  J  h(x)e~Jm  dx  . 
o 

For  the  purposes  of  this  calculation  we  consider  the  channel  to  be  slow  fading  so  we 
have  suppressed  the  time  dependence  of  the  CIRF  and  H( co).  The  signal  contribution  to 
the  output  of  a  matched  filter  is  then  given  by  the  inverse  Fourier  transform: 


S(T)  = 
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where  x  in  this  equation  is  the  offset  of  the  receiver’s  delay  tracking  loop.  For  a  single 
transmitted  rectangular  pulse  of  duration  T,  the  combined  signal  and  matched  filter 
spectrum  is 


=  T 


sin2  (^7co) 

(iH2 


When  the  CIRF  is  sampled  these  two  Fourier  transforms  are  discrete.  The  fre¬ 
quency  sample  size  Aco  is  related  to  the  sampled  delay  grid  size  Ax  and  the  number  of 
frequency  samples: 


Aco  = 


2ft 

NFAx 


where  1  /  Ax  is  the  unambiguous  bandwidth  represented  by  the  sampled  CIRF.  The  ex¬ 
pression  above  just  divides  this  bandwidth  into  NF  frequency  bins  and  converts  fre¬ 
quency  in  Hertz  to  frequency  in  radians.  The  sampled  channel  transfer  function  is  the 
discrete  Fourier  transform  (DFT)  of  the  sampled  CIRF,  ht  =  h(iAx)Ax.  Thus 

Nx- 1 

H(kAoo)  =  ^  exp  (~2nj  ik!  N  F)  (~NF  /2<  k  <  NF  /  2  —  1)  , 

i=0 


and  the  signal  contribution  to  the  output  of  the  matched  filter  is 
Nd  N^~]  sin2 {nN^klNp) 


S(x)  = 


NF  k=-Nr/2  (jiNph/NpY 


H(kAa>)  exp  [2%jk(x  /  Ax)  /  Nf  ]  , 


where  ND  =  77  Ax  is  the  number  of  delay  samples  per  modulation  period.  The  unam¬ 
biguous  radian  frequency  bandwidth  represented  by  the  sampled  channel  transfer  func¬ 
tion  and  this  DFT  is 


itxl.  ft 

- <  ftAco  <  —  . 

Ax  Ax 

For  the  minimum  number  of  delay  samples  per  modulation  period  (ND  =  2),  the 
frequency  bandwidth  of  the  DFT  extends  between  the  first  nulls  in  the  sin  x  /  x  spec¬ 
trum  of  the  signal  (i.e.,  -ft  <  %NDk/ NF  <  +n),  and  the  rest  of  the  sidelobe  structure  of 
the  signal  is  cut  off.  As  ND  is  increased,  more-and-more  of  the  sidelobe  structure  of 
the  signal  is  included  in  the  DFT.  Thus  the  primary  effect  of  increasing  ND  is  to  in¬ 
clude  more  of  the  signal  spectrum  sidelobes. 
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The  BFSK  irreducible  error  rate  without  hopping  for  sampled,  slow  fading 
channels  is  plotted  in  Figures  H-7  and  H-8  for  2  and  64  delay  samples  per  modulation 
period,  respectively,  and  for  normalized  tone  spacings  of  1,  2,  and  3.  The  total  signal 
power  in  the  delay  grid  is  set  at  0.999  for  these  results.  Note  that  the  abscissa  is  differ¬ 
ent  in  the  two  plots. 

For  Nd=  2,  the  rich  behavior  of  the  irreducible  error  rate  with  tone  spacing  is 
not  evident  as  the  plots  for  the  three  tone  spacings  fall  essentially  on  top  of  each  other. 
The  irreducible  error  rate  for  this  case  is  zero  for  f0T>  2.2  because  the  number  of 
delay  samples  is  unity  for  f0  in  this  range.  We  expect  that  similar  curves  would  result 
if  the  irreducible  error  rate  were  to  be  calculated  for  a  continuous  CIRF  when  the 
transmitted  signal  spectrum  is  attenuated  outside  of  the  first  nulls.  The  irreducible  er¬ 
ror  rates  plotted  in  Figure  H-8  for  ND  =  64  are  similar  to  the  corresponding  curves  in 
Figure  H-3  for  a  continuous  CIRF  because  in  this  case  most  of  the  sidelobe  structure  of 
the  transmitted  signal  is  included  in  the  DFT. 
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Frequency  Selective  Bandwidth,  f  T 

Figure  H-7.  BFSK  irreducible  demodulation  error  rate  in  slow,  frequency  selective 
fading  for  sampled  CIRFs  with  ND  =  2. 


Frequency  Selective  Bandwidth,  f  T 

Figure  H-8.  BFSK  irreducible  demodulation  error  rate  in  slow,  frequency  selective 
fading  for  sampled  CIRFs  with  ND  =  64. 
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75  AERO  CAMINO,  SUITE  A 
GOLETA,  CA  93117-3139 
ATTN:  JISE 


TRW  INC. 

SPACE  &  ELECTRONICS  GROUP 
ONE  SPACE  PARK 
REDONDO  BEACH,  CA  90278-1078 
ATTN:  T.I.C.,  S/1930 


TRW  SPACE  &  DEFENSE 
HUNTSVILLE  OPERATIONS 
213  WYNN  DRIVE 
HUNTSVILLE,  AL  35805 
ATTN:  W.  L.  JOHNSON 


VISIDYNE,  INC. 

P.  O.  BOX  1399 
GOLETA,  CA  93116-1399 
ATTN:  J.  CARPENTER 
ATTN:  J.  DEVORE 
ATTN:  J.  JORDANO 
ATTN:  J.  THOMPSON 
ATTN:  T.  L.  STEPHENS 
ATTN:  W.  SCHLUETER 
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DEPARTMENT  OF  ENERGY 


DEPARTMENT  OF  THE  ARMY 


SANDIA  NATIONAL  LABORATORIES 
ATTN:  MAIL  SERVICES 
P.  O.  BOX  5800 

ALBUQUERQUE,  NM  87185-0459 
ATTN:  G.  CABLE,  MS  0977 
ATTN:  TECHNICAL  LIBRARY,  MS  0899 

DEPARTMENT  OF  THE  AIR  FORCE 


AFIWC/MSO 

102  HALL  BOULEVARD,  SUITE  315 
SAN  ANTONIO,  TX  78243-7016 
ATTN:  SAVC 

AFIWC/MSO 

102  HALL  BOULEVARD,  SUITE  315 
SAN  ANTONIO,  TX  78243-7016 
ATTN:  SAZ 


AIR  FORCE  FOR  STUDIES  &  ANALYSIS 
1570  AIR  FORCE  PENTAGON 
WASHINGTON,  DC  20330-1570 
ATTN:  S ATI,  ROOM  1D363 

AIR  UNIVERSITY  LIBRARY 
600  CHENNAULT  CIRCLE 
BUILDING  1405,  ROOM  160 
MAXWELL  AFB.AL  36112-6424 
ATTN:  AUL-LSE 


NATIONAL  TEST  FACILITY/ENC 
ATTN:  DATA  MANAGEMENT  OFFICE 
730  IRWEN  AVENUE 
FALCON  AFB,  CO  80912-7300 

ATTN:  NTF/EN,  MAJ  VAN  FOSSON 

HEADQUARTERS 
US  STRATEGIC  COMMAND 
901  SAC  BOULEVARD 
OFFUTT  AFB,  NE  68113-6580 
ATTN:  DTRA  LIAISON 
ATTN:  J5 
ATTN:  J61 

US  ARMY  NATIONAL  GROUND 
INTELLIGENCE  CENTER 
220  7TH  STREET,  NE 
CHARLOTTESVILLE,  VA  22901-5396 
ATTN:  IAFSTC-RMT 


COMMANDER 

US  ARMY  ENGINEERING  & 

SUPPORT  CENTER 
P.  O.  BOX  1600 
HUNTSVILLE,  AL  35807-4301 
ATTN:  P.  J.  KISS 

US  ARMY  RESEARCH  LAB 
AMSRL-SL-CS  E3331 
5101  HOADLEY  RD. 

ABERDEEN  PROVING  GROUND,  MD  21010-5423 
ATTN:  SLCBR-SS-T,  TECHNICAL  LIBRARY 


COMMANDER 

US  ARMY  SPACE  &  STRATEGIC 
DEFENSE  COMMAND 
CSSD-TC-SR 
P.  O.  BOX  1500 
HUNTSVILLE,  AL  35807-3801 
ATTN:  B.  CARRUTH 


US  ARMY  THAAD  PROJECT  OFFICE 
P.  O.  BOX  1500 
HUNTSVILLE,  AL  35807-3801 

ATTN:  CSSD-GR-S,  W  DICKINSON 
ATTN:  SFAE-MD-NMDR-E, 

C.  KIRCHNRE 

ATTN:  SFAE-MD-THA-S-PC,  CAROL  EVANS 


DEPARTMENT  OF  THE  NAVY 


NAVAL  RESEARCH  LABORATORY 
4555  OVERLOOK  AVENUE,  SW 
WASHINGTON,  DC  20375-5000 

ATTN:  CODE  7604,  H  .  HECKATHORN 

OTHER  GOVERNMENT 


CENTRAL  INTELLIGENCE  AGENCY 
WASHINGTON,  DC  20505 

ATTN:  ORD/E  P  G,  DR  D.  CRESS 
ATTN:  OSWR/SSD  FOR,  L.  BERG 
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Defense  Threat  Reduction  Agency 

8725  John  J.  Kingman  Road,  MS  6201 
Fort  Belvoir,  VA  22060-6201 


SEP  I  2  2001 


MEMORANDUM  FOR  PRINTING  AND  REPRODUCTION  BRANCH  (ADSR) 


SUBJECT:  The  printing  of,  DSWA-TR-98-61,  "Digital  Communications  in  Fading  Channels: 
COMLNK  Validation" 


Referenced  subject  report  was  printed  with  missing  text  in  Block  3  of  the  Standard  Form  298.  The 
report  has  been  determined  to  be  Unclassified.  The  text  should  appear  as  follows: 


Technical  961001  -  980630 


Request  you  distribute  an  errata  with  adhesive  backing  for  easy  installation.  A  distribution  list  and 
labels  have  been  provided  for  your  use.  Your  point-of-contact  in  this  office  is  Miss  Suzie  Ballif, 

(703)  767-4725. 


Sincerely, 

Linda  M.  Powell  ' 

Chief,  Administrative  Services 
Division 


Technical  961001  -  9806j0 


Technical 


961001  -  980630 


